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Abstract: Hard materials have found extensive applications in the fields of electronics, optics, and
semiconductors. Parallel grinding is a common method for fabricating high-quality surfaces on
hard materials with high efficiency. However, the surface generation mechanism has not been fully
understood, resulting in a lack of an optimization approach for parallel grinding. In this study, the
surface profile formation processes were analyzed under different grinding conditions. Then, a novel
method was proposed to improve surface finish in parallel grinding, and grinding experiments were
carried out to validate the proposed approach. It was found that the denominator (b) of the simplest
form of the rotational speed ratio of the grinding wheel to the workpiece has a great influence on
surface generation. The surface finish can be optimized without sacrificing the machining efficiency
by slightly adjusting the rotational speeds of the wheel or the workpiece to make the value of b
close to the ratio (p) of the wheel contact width to the cross-feed distance per workpiece revolution.
Overall, this study provides a novel approach for optimizing the parallel grinding process, which can
be applied to industrial applications.
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1. Introduction

High-precision parts made from hard materials, such as ceramics, glasses, and single
crystals, have important applications in optics, electronics, aerospace, automotive engi-
neering, and semiconductor sectors [1–3]. The high hardness makes them difficult to
machine [4]. Diamond cutting processes, including diamond turning and milling, are
normally applied to machine soft materials and can reliably achieve high accuracy and
good surface integrity [5–7]. By contrast, severe tool wear will occur and result in poor sur-
face quality during diamond cutting of hard materials [8,9]. Although some field-assisted
technologies, such as laser [10–12] or ultrasonic vibration [13–15] assisted technologies,
have been proposed to improve the cutting performance in terms of the diamond cut-
ting of hard materials, additional assistive devices are required, increasing the machining
cost. To date, grinding is still one of the best choices and the most frequently used meth-
ods for processing hard materials, due to its simplicity, high machining quality, and cost
efficiency [16]. In grinding, the workpiece material is removed by the protruded grits
distributed on the working surface of the grinding wheel, and many factors, including the
grinding parameters [17,18], wheel geometry [19,20], grit size [21,22], lubrication [23,24],
workpiece material properties [25], dressing condition [26], and vibrations [16,27], influence
the surface generation processes, determining the final surface quality. In order to optimize
the grinding process to obtain good surface quality, it is important to study the surface
generation process in grinding.
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During the past few decades, numerous efforts have been directed towards under-
standing the surface formation mechanism in grinding processes. In fact, it is highly
dependent on the grinding modes. Different grinding modes, such as straight surface grind-
ing [28], external cylindrical grinding [29], internal cylindrical grinding [30], self-rotating
grinding [31], parallel grinding [32], and cross grinding [33], have different geometrical
motion relationships between the grinding wheel and the workpiece. Thus, the surface
formation mechanism varies from one grinding mode to another. It is easily found in the
literature that, in cases where both the wheel and the workpiece rotate in the grinding
operations, the rotational speed ratio (the angular speed ratio) of the grinding wheel to the
workpiece plays a significant role in the surface generation in the grinding processes. For
instance, Patel et al. [34] conducted cylindrical plunge grinding experiments using both
the integer and non-integer speed ratios and found that integer speed ratios produced a
poor surface finish, while non-integer ratios yielded a complex pattern of roughness spikes.
Finally, they concluded that the speed ratio had a great influence on the roughness and
texture of the workpiece surfaces and the power consumption. In a self-rotating grinding
process, the rotational axis of a cup wheel is parallel with that of the workpiece but offset by
the distance of the wheel radius. During grinding, the cup wheel and workpiece both rotate
around their own rotational axes, with the wheel feeding toward the workpiece, which can
achieve a highly flat surface and is widely used in wafer grinding. Chidambaram et al. [35]
built a mathematical model for predicting the grinding marks on the ground wafers and
performed grinding experiments to validate the model predictions. The curvature of the
grinding lines and the distance between the neighboring grinding lines were found to
be highly dependent on the rotational speed ratio. Huo et al. [36] developed a grinding
marks formation model for wafer grinding and conducted a series of grinding tests to
verify the model and study the influences of grinding parameters including the rotational
speeds of the wafer and the grinding wheel, the infeed rate, and the wheel axial run-out
on the surface topography. They found that the wavelength of the surface waviness was
governed only by the angular speed ratio of the grinding wheel and the silicon wafer, and
choosing a proper ratio value can effectively suppress the grinding marks on the surface.
Wang et al. [37] established a three-dimensional surface formation model for small ball-end
diamond wheel grinding and investigated the effects of various grinding parameters on the
surface characteristics. The spatial wavelength in the circumferential direction was found
to only be influenced by the integer part of the rotational speed ratio, while the surface
residual height was governed by the integer part and the fractional part of the speed ratio,
and other grinding parameters.

Parallel grinding is the most frequently employed machining method for manufactur-
ing complex surfaces on hard and brittle materials. The workpiece and the grinding wheel
both rotate around their own rotational axes, controlled by the X-Z slides to machine the
required surface form. This method has been widely used to generate flat surfaces [38], SiC
Fresnel molds [39], aspheric molds [40], a noncoaxial nonaxisymmetric aspheric lens [41],
and freeform surfaces [42]. The rotational speed ratio has also been found by researchers
to be an important variable governing surface formation. Chen et al. [43] found that the
fractional part of the rotational speed ratio of the grinding wheel to the workpiece had
a significant influence on the surface roughness and surface patterns, and a phase shift
(fractional part of the ratio) of 0.5 is recommended to minimize the scallop height in order
to achieve a better surface finish in the parallel grinding process. Pan et al. [39] built a
model for the spatial period and amplitude of the surface waviness in parallel grinding.
They pointed out that the phase shift introduced by the fractional part of the non-integer
rotational speed ratio was helpful in suppressing the waviness amplitude. However, the op-
timal values of the fractional part of the speed ratio were different in the above two works.
This is because the surface roughness was not only influenced by the speed ratios but
also the other grinding conditions like the feed rate. When the other grinding conditions
change, the optimal value of the fractional part of the speed ratio will change accordingly;
but how to determine the optimal rotational speed ratio value while considering the other
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grinding conditions remains unclear. In previous works [44,45], we studied the vibration
characteristics of the grinding wheel spindle and the surface formation mechanism under
the spindle vibration in a parallel grinding process, and proposed a method using the
reduced fraction of rotational speed ratio (not the fractional part of the decimal form) to
predict the surface patterns. In this work, further analysis will be conducted to study how
to optimize the grinding processes by using the reduced fraction.

The remainder of this paper is organized as follows. The surface formation mech-
anism will be revealed theoretically and the optimization method will be described in
Section 2. The experimental details for the parallel grinding will be introduced in Sec-
tion 3. Section 4 validates the method by experimental results and analysis. Conclusions
will be drawn in Section 5.

2. Theoretical Analysis

In this section, the surface formation processes under different grinding parameters
in parallel will be analyzed, and then an optimization method for improving the surface
quality will be derived accordingly.

The configuration of the parallel grinding in this study is shown in Figure 1. The
grinding wheel and the workpiece are held by the wheel spindle and the workpiece spindle,
respectively. Both of them rotate in an anticlockwise direction at rotational speeds of n1 and
n2, respectively. The grinding wheel moves from the edge of the workpiece to the center
of it at a constant cross-feed rate of vf during the grinding process. Thus, the locus of the
grinding wheel is an Archimedes spiral, and it can be expressed in the global coordinate
system O(XwYwZw) of the workpiece as a function of time t:{

xw = (R2 − v f t) cos( 2πn2
60 t)

yw = −(R2 − v f t) sin( 2πn2
60 t)

, (1)

where R2 is the radius of the workpiece.
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It can also be written as: {
xw = (R2 − v f

30θ
πn2

) cosθ

yw = −(R2 − v f
30θ
πn2

) sin θ
, (2)

where θ is the rotation angle of the workpiece from t = 0 to t.
In the workpiece coordinate system O(XwYw), the workpiece surface is discretized into

certain elements in the circumferential direction and the radial direction according to the
two-dimensional locus of the workpiece expressed in Equations (1) or (2). The number of
sections in the circumferential direction (Nc) and radial direction (Nr) can be calculated as:{

Nc =
2π
∆θ

Nr =
R2
s

, (3)

where ∆θ is the angle interval in the circumferential direction, and s is the feeding distance
per when the workpiece completes one revolution.

Therefore, the two-dimensional workpiece surface can be expressed in the discrete
form as:  xw(i, j) =

[
R2 − i R2

Nc Nr
−(j − 1) R2

Nr

]
cos(i∆θ)

yw(i, j) = −
[

R2 − i R2
Nc Nr

−(j − 1) R2
Nr

]
sin(i∆θ)

f or
i = 0, 1, 2 . . . Nc
j = 1, 2, 3 . . . Nr

. (4)

In the grinding process, a series of scallops are often generated due to the wheel
run-out, wheel spindle vibration, or the ununiform grit height distribution on the wheel
surface. The grinding wheel spindle vibration will produce the same vibration to the center
of the grinding wheel, and then the trajectory paths of grits during rotation of the grinding
wheel change correspondingly. As a result, the vibration will be copied onto the workpiece,
producing a wavy surface [16,46]. Similarly, wheel run-out can also produce ups and
downs on the ground surface, and an analysis of the influence of the wheel run-out on the
wavy surface formation can be found in [39,47]. The trajectories of ununiform size and
the distribution of grains on the grinding wheel surface may form a wavy surface and the
corresponding analyses can be referred to in [16,46].

It is accepted in previous studies that the scallop height increases with the radial
distance of the workpiece since a larger distance leads to a higher linear velocity when the
workpiece spindle is operated at a constant rotational speed. If the scallop height is wv at a
certain radial distance, the surface profile can be simplified as:

h(i, j) = wv(1 −
∣∣∣∣cos(

n1

2n2
(i∆θ + 2π(j − 1)))

∣∣∣∣) . (5)

How to calculate the value of wv is not the focus of this study, but this can be found
in [16,39,45]. It should be noted that the surface profile calculated using Equation (5) is just
a simplified form, describing the primary characteristics of the profile. Some secondary
characteristics of the final generated surface profile induced by the uneven height and
distribution of grits could not be considered in Equation (5).

In our previous research [45], a method using the lowest form of the rotational speed
ratio of the grinding wheel to the workpiece has been proposed to reveal the formation
mechanisms of the scallop waviness patterns of the workpiece surface in parallel grinding.
In this method, b and d are defined as:

d
b
=

n1

n2
. (6)

By reducing the fraction (n1/n2) to lowest terms, the corresponding denominator and
numerator are the values of b and d, respectively. In other words, b and d are the smallest
integers that satisfy Equation (6).
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Figure 2 shows the simulated surface profiles during three workpiece revolutions. In
the simulation, the scallop height wv of the wavy surface profile is set to be 1 µm, and the
contact width of the grinding wheel is considered to be less than the feeding distance per
workpiece revolution (s). b = 1 means that the rotational speed of the grinding wheel is an
integer (d) times that of the workpiece. Thus, when the workpiece completes one cycle, a
wavy surface profile with d periods is generated. In addition, since the rotational speed
ratio is an integer, the surface profiles generated during each workpiece revolution are in
the same angular position, as shown in Figure 2a. The red point denotes the center of the
workpiece. It is clearly seen that the peaks of surface profiles generated during different
workpiece revolutions are positioned at the same angular coordinate, as indicated by the
green line with an arrow. However, if b ̸= 1, the rotational speed ratio will not be an integer.
Phase shift occurs during every adjacent workpiece revolution, as shown in Figure 2b.
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Figure 2. The wave surface profile generation (a) b = 1; and (b) b ̸= 1.

In the actual grinding process, the cross-feed rate vf is often selected to be small
enough to make sure that the feed distance per workpiece revolution is smaller than the
contact width of the workpiece. In this situation, there exists a primary grinding zone and a
secondary grinding zone, as shown in Figure 3. The primary zone corresponds to the feed
distance per workpiece revolution (s). The secondary grinding zone is introduced since the
contact width is larger than s.
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Figure 4 illustrates the surface profile generation due to the existence of the secondary
grinding zone. It can be clearly seen that the surface profile generated by the primary
grinding zone (indicated by the blue line) will be changed by the secondary grinding zone
(the red line). If the ratio of the grinding wheel contact width to the feeding distance per
workpiece is p, the width ratio of the secondary grinding zone to the primary grinding
zone will be p − 1, which means that the surface profile generated by the primary grinding
zone in the j-th workpiece revolution will be changed by the following p − 1 workpiece
revolutions if phase shift exists (i.e., b ̸= 1). This effect is called the overlapping effect.
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It can be observed that the overlapping effect leads to a reduction of the scallop height
of the surface profile, which indicates that b ̸= 1 can produce a better surface finish in
comparison to b = 1. The degree of the overlapping effect which is related to the value of b
determines how much reduction the scallop height experiences. Thus, how to select the
value of b corresponding to the best surface finish is very important, and can be a way to
optimize the parallel grinding process.

Figure 5 shows the surface profile generation process at different b values. p is set to
be 3, thus the surface profile generated by the primary grinding zone in the first workpiece
revolution will be influenced by the following two revolutions. In Figure 5a–d, b = 5, 4, 3,
and 2, respectively. It can be seen that the scallop height decreases first and increases as
the value of b decreases. More importantly, it achieves the minimum when b = p (3). In
Figure 5, the phase shift (fractional part of the rotational speed ratio) is 1/5, 1/4, 1/3, and
1/2. It should be noted that b = p still corresponds to the minimal scallop height, even if the
phase shift is changed to 2/5, 3/5,4/5, 3/4, and 2/3. In Figure 5, p = 3 is just an example; if
p is changed to other values, the conclusion that b = p produces the minimal scallop height
is still valid.
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3. Experimental Details

To validate the theoretical analysis in Section 2, a series of grinding experiments were
conducted at different rotational speed ratios corresponding to different b values, and the
measured ground surface profiles were analyzed.

The experimental setup is shown in Figure 6. Grinding experiments were performed
on an ultra-precision grinding machine (Nanotech 450UPL, Moore Nanotechnology Sys-
tems, LLC, Swanzey, NH, USA). The workpiece with a fixture was mounted on the work-
piece spindle through a vacuum chuck, and the grinding wheel was held by the wheel
spindle. Both spindles were supported by ultra-precision aerostatic bearings to provide pre-
cise rotation motions. They rotated in an anticlockwise direction in the grinding operation.
The grinding depth was controlled by the Z slide and the cross-feed motion was controlled
by the X slide. The workpiece material was reaction-bonded silicon carbide sheets with
a dimension of 8 mm × 8 mm × 5 mm. A resin-bonded diamond grinding wheel with a
mesh number of 325# was employed in the experiments. The diameter and width of the
grinding wheel were 20 mm and 5 mm, respectively. The grinding wheel had a sharp edge
whose measured radius was approximately 30 µm, as shown in Figure 6. The minimum
quantity lubrication was applied to all the grinding tests.
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Figure 6. Experimental setup with an enlarged view of the geometrical motion relationship between
the workpiece and the grinding wheel.

The values of the grinding parameters are shown in Table 1. The cross-feed rate, the
grinding depth, and the workpiece spindle speeds were 8 mm·min−1, 2 µm, and 2000 rpm,
respectively. The grinding wheel speeds were set to be 40,000 rpm, 40,200 rpm, 40,400 rpm,
40,667 rpm, and 41,000 rpm. Thus, the corresponding b values are 1, 10, 5, 3, and 2,
respectively. For the grinding wheel spindle, the actual rotational speed deviated slightly
from the preset one. However, by carefully adjusting the preset values in the experiments,
the actual rotational speeds could be ensured to be almost consistent with the values listed
in Table 1 within an error of less than 1 rpm.

Table 1. Grinding conditions.

Parameters Values

Cross-feed rate 8 mm·min−1

Grinding depth 2 µm
Workpiece spindle speed 2000 rpm

Grinding wheel spindle speed 40,000 rpm, 40,200 rpm, 40,400 rpm,
40,667 rpm, 41,000 rpm

Before each grinding test, truing and dressing operations for the grinding wheel were
performed on machine to keep the grinding wheel surface fresh and reduce the influences
of the grinding wheel wear. Also, the balancing operations were performed carefully for
both spindles, because the mass imbalance-induced vibration can have a great influence
on surface generation in grinding. After grinding, the workpieces were removed from the
fixture and cleaned using alcohol. Then, the surface topographies of the workpieces were
measured by an optical surface profiler (Zygo@ Nexview, Zygo Corporation, Middlefield,
CT, USA) for analysis.

4. Experimental Results and Discussion

The three-dimensional surface topographies of the workpieces at different grinding
wheel spindle speeds, which corresponded to different b values, were obtained by Zygo@
Nexview. The scallop height was different at different radial distances of the workpieces;
that was, a larger radial distance produced a higher scallop height due to a higher linear
velocity in the parallel grinding processes. Thus, the surface roughness was not uniform
along the radial direction of the workpiece. In this study, the surface profiles in the
circumferential direction at the radial distance of 1.5 mm were extracted from the three-
dimensional surface height data from the measurement results for analyzing the variation
of the surface roughness with the value of b.

Figure 7 shows the surface profiles in the circumferential direction for different b
values. It can be seen that the scallop height was the highest when b = 1 among these
five profiles. This is because there was no phase shift when b = 1, and the surface profiles
generated by the primary grinding zone were not influenced by the secondary grinding
zone. If b ̸= 1, the phase shift occurred between the profiles generated by neighboring
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workpiece revolutions, resulting in the overlapping effect, which contributed to a reduction
of the scallop height. In the experiment, the ratio (p) of the grinding wheel contact width to
the feeding distance was close to 3. It can be seen that the scallop height decreased first and
then increased with the decreasing value of b. When b = p, it reached the minimum.
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In addition, when b = 1, the period number of the surface profile was 20, which
was equal to the value of d. When b < p, the period number would increase due to the
overlapping effect (for example, in Figure 7d, the period number increased to 41); however,
it was still equal to the value of d. When b > p, the period number would change very
slightly (less than 1).

The roughness values of the above surface profiles shown in Figure 7 were also
calculated for analysis, in which the arithmetic roughness (Ra) and the root-mean-square
roughness (Rq) were adopted. Figure 8 shows the variation of the surface roughness
including Ra and Rq with the value of b. The measured surface profiles are in the circumfer-
ential direction that is perpendicular to the feed direction. The data of the surface profiles
are extracted from the three-dimensional surface data measured by the optical surface
profiler. The length of the surface profiles is 9.4248 mm and there are 6390 measurement
points along the circumferential direction. It can be seen that the value of b has a great
influence on the roughness of the surface profiles of the workpiece. When b is close to p,
both Ra and Rq are the minimum, though the values of Rq are slightly larger than those of
Ra for all the cases.
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In addition, to evaluate the influence of b values on the whole surfaces, the roughness
values of the whole surfaces of the workpieces are obtained, including the arithmetic
roughness (Sa) and the root-mean-square roughness (Sq) at different values of b, as shown in
Figure 9. Similar to the results of the roughness of the surface profiles in the circumferential
direction described in Figure 8, the root-mean-square roughness (Sq) values are slightly
higher than the arithmetic roughness (Sa) values for all the b values. It can also be found that
the roughness values of the whole surfaces are higher than those of the surface profiles in
the circumferential direction at the radial position of 1.5 mm by comparing Figures 8 and 9.
More importantly, b values have the same influence on the roughness of the whole surface,
that is, the roughness decreases first and increases with b. When b is close to p, the roughness
can reach the minimum. This indicates that the grinding process can be optimized in terms
of surface roughness by selecting an appropriate b value.

Therefore, adjusting the rotational speed of the workpiece or that of the grinding
wheel to regulate the value of b to make it close to the ratio (p) of the grinding wheel contact
width to the cross-feed per workpiece revolution can be a convenient way to optimize the
parallel grinding process for achieving a better surface finish without compromising the
machining efficiency.
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In the grinding operation, it is generally accepted that the smaller workpiece speeds
and higher grinding wheel speeds can produce a better surface finish if the overlapping
effect does not exist. However, it should be noted that the grinding wheel speeds close to the
natural frequency of the grinding spindle system may deteriorate the surface roughness due
to the resonance [16]. After the rotational speed values of the grinding wheel spindle and
the workpiece spindle are roughly determined, the overlapping effect can be introduced
to decrease the surface roughness. By carefully adjusting the speed values to make the b
value close to the ratio p, the optimal surface roughness can be achieved.

5. Conclusions

In this study, the surface generation processes were analyzed at different grinding
conditions for parallel grinding, and a novel approach to optimizing the surface finish was
proposed. Finally, grinding experiments were conducted to verify the effectiveness of the
approach. The main conclusions are drawn as follows:

(1) There exists a primary grinding zone and a secondary grinding zone when the grind-
ing wheel contact width is larger than the feed per workpiece revolution.

(2) The denominator (b) of the simplest form of the rotational speed ratio of the grinding
wheel to the workpiece has a great influence on surface generation. When b ̸= 1,
the phase shift occurs between surface profiles generated by neighboring workpiece
revolutions, introducing the overlapping effect. The surface profile generated by the
primary grinding zone will be revised by the secondary grinding zone.

(3) The overlapping effect makes a contribution to the reduction of the scallop height on
the ground surface. The surface finish can be optimized by adjusting the rotational
speeds of the workpiece spindle or the grinding wheel spindle to make the value of b
close to the ratio (p) of the wheel contact width to the feed per workpiece revolution.

In summary, the proposed approach for optimizing the parallel grinding process is
an effective way to improve the surface quality of workpieces without compromising the
machining rate, which can be applied to industrial applications.
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