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where f is a transcendental meromorphic function, ¢(# 0) is a small function of f by the reduced
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1. Introduction and Results

In this paper, we assumed that the reader is familiar with the notations of Nevanlinna theory (see,
e.g., [1,2]).Let f(z) and a(z) be two meromorphic functions in the complex plane. If T(r,a) = S(r, f),
then «(z) is called a small function of f(z).

Definition 1. Reference [2] Let k be a positive integer. For any constant a in the complex plane we denote
by Niy(r,1/(f — a)) the counting function of those a-points of f whose multiplicities are not great than k,
by Ny (r,1/(f — a)) the counting function of those a-points of f whose multiplicities are not less than k,
by Ni(r,1/(f — a)) the counting function of those a-points of f with multiplicity k, and denote the reduced
counting function by Ny (r,1/(f — a)), N (r,1/(f — a)) and Ni(r,1/(f — a)), respectively.

Definition 2. If z( is a pole of f(z) with multiplicity 1, then we say w(f,zo) =1, W(f,z0) = 1. Otherwise,
w(f,z0) =w(f,z9) =0.

Clearly, for p meromorphic functions, we have
w(IT_, fi,z0) < T w(fj,z0), (1)
and when f; #0(Vj=1,2,..,p), we have
a)(H]’.’:lfj, 20) = E;;l w(fj,zo). (2)

Definition 3. Reference [2] Let f(z) be a transcendental meromorphic function. The deficiency of a complex
number a with respect to f(z) is defined by

o m(r ) _ N(r, +%)
o(0.9) = it g 7y =1~ mewp 5

It is easy to see 0 < &(a, f) < 1.
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Definition 4. Reference [2] If the coefficients of differential polynomials M([f] area;, j = 0,1, ..., n, which satisfy
m(r,a;) = S(r, f), then M(f] is called a quasi-differential polynomials in f.

In 1959, Hayman proved the following theorem.

Theorem 1. (see [3]) Let f be a transcendental meromorphic function, n(> 3) be an integer. Then ¢ = f" f/
has infinitely many zeros for finite non-zero complex value a.

Moreover, Hayman [4] conjectured that Theorem 1 remains valid for the cases n = 1,2. In 1979,
Mues [5] confirmed the case n = 2 and the conjecture was proved by Bergweiler-Eremenko [6] in 1995
and independently by H.H. Chen and M.L. Fang [7].

Naturally, we will ask that if the constant a is replaced by a small function of a(z), what is the
distributions of zeros of ff — a? Many scholars have studied this problem.

In 1994, Q. D. Zhang proved the following two results:

Theorem 2. (see [8]) Let f be a transcendental meromorphic function, a(# 0,00) is a small function and
6(c0; f) > %, then ff' —  has infinitely many zeros.

Theorem 3. (see [8]) Let f be a transcendental meromorphic function, a(# 0,00) is a small function and
26(0; f) + 6(o0; f) > 1, then ff' —  has infinitely many zeros.

In 1997, W. Bergweiler proved the following special case when f is of finite order and « is
a polynomial:

Theorem 4. (see [9]) If f is a transcendental meromorphic function of finite order and w is a non-vanishing
polynomial, then ff' — a has infinitely many zeros.

In order to achieve the desired result, there are some conditions for the zeros or poles of f in
Theorem 2 and Theorem 3. Except for the order of f, there is no other conditional constraint in
Theorem 4, but the result is only valid for the polynomial.

Yu deals with the general situation of the small functions and proved the following result:

Theorem 5. (see [10]) Let f be a transcendental meromorphic function and a( 0, 00) be a small function.
Then ff' — a and ff' + w at least one has infinitely many zeros.

Remark 1. Note that the proof of Theorem 5 requires the conclusion of Theorem 2, this is, the proof
only holds under the condition §(co; f) < 7/9. In this paper, we will use a new way to get a quantitative
description of Theorem 5 (see [11-13]). In fact, we prove the following result.

Theorem 6. Let f be a transcendental meromorphic function and ¢( 0) be a small function. Then

T(r,f) < 6N(r )+ S(r, f). 3)

1
oA
Corollary 1. Let f be a transcendental meromorphic function and «( 0) be a small function of f. Then

1 — 1
r, W) + 6N(r,m

From the corollary, we can obtain Theorem 5.
Recently, Y. Jiang obtained the following inequality:

T(r, f) < 6N( )+ S(r, f). 4)
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Theorem 7. (see [14]) Let f be a transcendental meromorphic function, let ¢(# 0) be a small function and
n(> 2) be an integer. Then

6 1
N o1

where S*(r, f) = o(T(r, f)) asr — oo, v & E*, E* is a set of logarithmic density 0.

T(r,f) <@+ )+5°(r, f), ©)

n—1

If n = 2, Theorem 6 improves the conclusion of Theorem 7. Not only is the coefficient 9 reduced
to 6, but also the counting function is replaced by a reduced counting function. We conjecture the
coefficient 3 + néj can be reduced to 6 for n > 2 in Theorem 7.

2. Lemmas

In order to prove our result, we need the following lemma.
Lemma 1. (see [15]) Let f be a non-constant meromorphic function in the complex plane, let Q1[f], Q2[f] be
quasi-differential polynomials in f, satisfying f"Q1[f] = Qa[f]. If the total degree of Q» is inferior or equal to

n, then

m(r, Qulf]) = S(r, ).

Notations:
F(z) = 9(2)f2(2)(f(2)* -1, (6)
h(z) = 58 =20 2)f"(2) + (f' )% + ¢ D) f () (f(2)2, )
_h(z) 1 F(2)

YO R T T ®
G(Z) — ZO(FF/((ZZ)) )2 + 24( 1;((22)) )/ —39 1:((;)) I:((ZZ)) + 18(71/((22)) )2 _ 18(71/((§>) )/ (9)

JBYEEE) _99@INGE) g 9G)) 15 ¢,

4 ¢(z) F(z) 4 9(z) h(z) ¢(z) 8 ¢(z) "

Lemma 2. Let f(z) be a transcendental meromorphic function and let ¢(z)(# 0) be a small function.
Then @ f%f'? is not equivalent to a constant.

Proof. Suppose ¢f2f"2 = C, where C is a constant.
Obviously, C # 0. Then

f AN
Therefore, !
mrg) < gmingo)?
< )+ g (L) 400 = S0, 9),
1 1
N(’:j?) < N(”'chzflz)

From the above, we have T(r, f) = S(r, f). It is a contradiction. Hence the proof of Lemma 2
is completed. O
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Lemma 3. Let f be a transcendental meromorphic function, and let ¢(z)(# 0) be a small function of f. Then

Tirf) < NP+ ")
N S G TS (o
+ N Gy) Nl o) S
where No(r,m) denotes the counting function of the zeros of (¢f2f")!, which are not zeros of
flof?f?-1).
Proof. Let
" 10 01 o1 -1
AR & oo (efr )y
We have
4m(r,j17) = m(r,f14)
2 £12 2 212 2 12/
< w2l ffi 7 b+ mir, gL ]232 2>+m<r,<”f{>>+o<1>
L@, o271
< N 'svfzf’z—l) NG (<P{2f’2)’ )43 f) : 11)
_ r 2 12N/ r _ r _
= N( /((Pf f ))"’N( '(pfzf’z—l) N( ’ (qofzf/Z)/)
N(r,¢f?f? =1) +5(r, f)
— 1
= N f)+N(r, i )= N(r, ((szf,2),)+5(nf)
Hence
AT(f) = dm (,})+4N( ,}>+o<1)
NG NG Y NG — N —L s,
- NNt N pm ) N Gy TS0
Let
N, ) = Nooo(r, ) + Noo(r, —p) + No(r, —ay) 13)
(pf2f?) (of2f2) (ef2f2) (ef2f2)”

where Ny (7 denotes the counting function of the zeros of (¢f?f"?)’, which come from the

1
7 (q)fo/Z)/ )
zeros of f2f? —1, Noo(r, W)
from the zeros of f. Then we obtain

denotes the counting function of the zeros of (¢ f2f'?)’, which come

o - v
TefffP -1 "(of2f62) Tefffr -1

Suppose that zj is a zero of f with multiplicity g and the pole of ¢ with multiplicity of f.

N(r ) — Nooo (7 ) =N(r )- (14)

Casel. Suppose that t < 4q — 3. If ¢ = 1, then zg is a zero of (¢f2f"?)’ with multiplicity at least
1 —t;if ¢ > 2, then zg is a zero of (¢f2f"2)" with multiplicity at least 49 — 3 — t.
CaseIl. Suppose that t > 4g — 2. Then z is at most the pole of ¢.
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Hence we have

1 1
) = Noo(r, =) < 2Ny (r,

N7 (0F2F2)

)+ Nyy(r, ) +3Np(r, ) + N(r, ) 5)

e e N

= 2Ny)(r, ) + N(r, j%) +2No(r, j%) +S(r, ).

Combining (12)—(15), we have

1 1

1 _
R B ]

f

This completes the proof of the Lemma 3. O

AT(r,f) < N(r,f)+3N(r, ).

Lemma 4. Under the hypotheses of Theorem 6, for any zg € C, we have
w(%,zo) +w(},20) < w(fih,zo) +w(e,z0) + w(é,zo). (16)

Proof. This proof is divided into three Cases:

Casel. f(zg) #0,00. If h(zg) # 0, then w(%,zo) + a)(%,zo) = 0. If h(zp) = 0, from (2), then we get
w(%,zo) -l—CU(%,Zo) = w(flfh,Z()).

Hence the inequality (16) holds.
Case2.  f(z0) = 0. By w(%,z0) <1, wehave

§ =2 (PP G # o(z = 20).

From this, (1) and (2), we have

A\
£
S

W(%,Zo)ﬁ-a)(%,Z(]) /ZO)+W(%/ZO)+(“](%/ZO)

IN
g &€
PN
R
& e
SN— N
+ =
g +
—

- &
~ —~
N [=
o

S— N
+ <
I

—

I

N

o

N—

Hence the inequality (16) holds.
Case 3.  f(zg) = co.Suppose! = w(f,zp), 11 = max{w(¢, zo),w(%,zo)}. In the following, we divide
into two Subcases:

Subcase 3.1. Letl <[ <. Then

W(%,Zo)ﬁ-W(%,Zo) = (U(
< o

“frz0) < W(fihlzo) + w(f,z0)
7,20) + w(@,z0) +w(é,zo).

-z

Subcase 3.2.  Let! > I; > 0. Using the Laurent series of J%q) = Z[f}fzu + (f7/)3] + % . (fTI)Z at

the point z, we obtain the coefficient of (z — zo) =3
a_3=-22(114+1)-2B -?(I; +1) <O0.
Thus w(ﬁT(P,zo) = 0. Therefore,

w(jl,,zo) +wll) = w2 % )

IN
g
—~
"‘\
NS
S
N
(==}
~ @
_|_
W
g
—~
S
N
(=}
~
_|_
g
—
Sl=
N
(==}
~
\
€
—~
I
N
(=}
~—
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Hence the inequality (16) holds.
This completes the proof of Lemma 4. [

Lemma 5. Under the hypotheses of Theorem 6, if zg € C and G(zp) = 0, then

wwﬂwéﬂdﬁm%HM;%% 17)

w(%,zo) < w(%,zo) +2w(e,z0) +w((1p,20). (18)

Proof. First, we prove the following inequality

@ 20) < wlp,20) + (2 7). (19)

Obviously, if F(zp) # 0, then the inequality (19) holds. Now let w($,z9) = I(I > 1) and
@(z0) # 0,00. Since @(z0)f%(20)f"*(z0) = F(zo) +1 = 1, then f(zg) # 0,00. Thus, zg is a zero of
h(z) = % with multiplicity I — 1 (if I = 1 and h(zg) # 0, ). Using the Laurent series of G(z) at the

2

point z(, we obtain the coefficient of (z — zp) ~*:
b_p =201> — 241 —391(1 — 1) +18(1 —1)> +18(1 — 1) = —I(I +3) < 0.

It contradicts with G(zp) = 0. Hence zj is a zero or a pole of ¢(zp). This implies that the
inequality (19) holds.
In order to prove (17), we will divide two Cases.

Case 1. f(zo) # 0.
Suppose that F(zg) # 0. By (19), we have

w(p,z0) =

w(p20) = (3 F7) =0

If f(zg) # oo, since ¢(zo) f*(z0) f*(z0) = F(z0) + 1 = oo, then we get

w(g,zg) >1

Therefore,
!/

w(p,20) < w(3,70) + () =1 < w(p20)

Case 2. f(zo) = 0.

Suppose that w(},20) > w(g,z0). Then F(z0) = p(20)f2(20)f(20) =1 = —Tand £ f # oo

(z = zg), therefore

1
w(flzo) = O/

wa=waﬁww4“+ﬁﬁ%a»:0

w(
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Thus, w(g,20) = w(}- £ - 9,20) < (b 20) + (L, 20) + w(p,20) = w(p,20).
Suppose that 1 < w(jl?,zo) < w(¢,zp). Then

/

w(g,20) < w(},zw ot m) < w(pyz0) +1 < 20(p,20).

Therefore, the inequality (17) holds.
In the following we begin to prove the Equation (18).
If F(zp) # 0, then the inequality (18) obviously holds. If F(zg) = 0, then from (19) we obtain

/-\
=
&
SN—
/\
’71‘»—!
l\l
=
SN—

W(%/ZO)—‘U(%IZO) = [w [w(fih,zo) (irzo)]
< > <} 20) < w(},20) + w(g,20) + w(}, 20).

If f(z9) # 0, then we have w(%,zo) =0.
If f(z) = 0, then from ¢(z0) f*(20)f*(z0) = F(z0) +1 = 1 we have w(},20) < w(g,z0). Hence

wl(F20) = (i, 20) € 20(g,20) + (5, ).

Thus, the inequality (18) holds.
This completes the proof of Lemma 5. [

Lemma 6. Let f be a transcendental meromorphic function, and let a;(z)(j = 0,1,- - - ,5) be meromorphic
functions, satisfying T(r,a;) = S(r, f). If

a5(2) f°(2) + a4(2) f*(2) + a3(2) f(2) + a2(2) f*(2) + a1 (2)f (2) + a0(2) = 0,
thenaj(z) =0,(j=0,1,---,5).

Proof. If a5(z) # 0, then from f° = —Z4f* — B3 — 22 71 f — %0 we get

5T(r, f) (r, f)+T(r,3t) + T(r, 22)
+5S

f
(r, f) +S(r f)

It is a contradiction. Hence a5 = 0. Similarly, we get aj = 0(] =0,1,---,5).
This completes the proof of Lemma 6. O

4T
4T

ININ

3. The Proof of Theorem 6

Now we begin to prove Theorem 6.

Since F(z) = ¢(z) f2(z)(f'(z))* — 1 and

) = 2 = 29U @) + (7 @F) + ¢ @@ )

Obviously, h(z) # 0. If h(z) = 0, then F(z) = C, where C is a constant. By Lemma 2, it is
a contradiction.
Suppose z( is a simple pole of f, such that ¢(zg) # 0, co. We firstly prove G(zg) = 0. Near z = z,

we have
f(2) = = {14+ bz = 20) + ez~ 20) + Oz — )]} (a £ 0),

(z—z20)

and

9(z) = A {1+ x(z = 20) +y(z — 202 +O[(z— 20)°] } (A #0).
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Therefore we obtain

Fiz) = ¢(2)f2()(f(z)" -1
Aa* Aa*(x +2b)  Aa*(b? +2bx +y)

- (z —z0)® + (z—z0)? + (z—z0)8 +0[(z—129)73,
_F(z) _ 6Aa> Aa®(5x +4b)  Aa®(3bx + 4y — 6¢) -
h(z) = f(z) = _(Z—Z0)6 - (z—20)° - (z—z)d +O[(z — z0) 3]‘

% =x+ (2y — x%)(z — z9) + O[(z — z0)?],

b=yt (e 20) + 2y 2 - 2?) (2~ 20) + O[(z ~ 2)?),

e oy T (B + 3b) + (% + b7 + gbx + 20 — 3y)(z — 20) + O[(z — 20)],
N2 ,
(%) = 85 — BEE) 4 (1322 42807 + 4bx — 24y) + Ol(z — 20)),

N\
(%) = 24 4 2y 4 4c — 22— 26%) + O[(z — 20)),

(z—20)

Bl 36 _ (Lx+16b) 4 (11x2 + 16b2 + 3bx + 12¢ — 20y) + O[(z — z0)],

(z—20)? (z—20)

2
) = 28y - B 4 (B2 + P62 + B+ 24c — 16y) + O[(z — 20)],

(z—20)? (z—20)

N
(%) = (Z_6ZO>2 + (B2 + g%+ $bx +2c — 3y} + O[(z — 20)],

/

%% = —(2767;‘0)2 + (7x% 4 2bx — 12y) + O[(z — z0)],
S =~y + (87 + 5br —12y) + Ol(z — 20)],

N\ !

(£)' = @y - )+ Oz z0)],

(%)2 = x> +2x(2y — x%)(z — 20) + (2y — x*)*(z — 20)* + O[(z — 20)°].

Substituting (23)—(31) into (9), we have

G(z) = Ol(z — 20)]-

8of 12

(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)

(31)

This shows G(zg) = 0, which means that the simple pole of f(z) is the zero of G(z) except for the

zeros and poles of ¢(z).
In the following, we begin to prove G(z) # 0.
Suppose G(z) = 0. From (17) and (18) of Lemma 5, we have

N(r,¢) <2N(r,9) + N(r, 5) = S(r, f),

and
N(r,+) — N(r, 1) <2N(r, ¢) + N(r, %) = S(r, f).

By (11), we have

(32)

(33)

(34)
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By (16), we have
N(r,%) +N(r, 1) < N(r,fih) + N(r, @) +N(r,%).

From (34) and (35), we have

am(r, ;) <N(r, f) +N(r, ) = N(r, ) = N(r, ;) + 5(r, f).
From (33) and (36), we have
3m(r,%) < N(r,%) - N(r,%) +S(r, f) =S(r,f)

From (32) and (37), we have

T(r,¢) = m(r,¢)
!

IN
3
=

By (8), we have

and
h/ o F/ / o !
=+ S =0r+5
Substituting (39) and (40) into (9), we have
fr=50f =35+ ) f + 165

where

P—a8(5) —48(5)2 + 654 + 24(5) +5(£)2
Therefore,

oS

F=of'f?=1 = 509°f* — op(F5 + 5)F + olf + (5 + 57

P / / 3 PZ )
- 1%74)(2%;4—%)]( +2(5P6¢2f -1

Differentiating (43) and combining (41), we have

2/
Fo= e+ (o) -
7¢pP
Fe + 4

‘*S
oS
N
—_
N
R
<+
SRS
—_
-
(o))

‘"‘S
<

— o~

+ +
S
%

+ + *

-S\O\

3 Steshs

T4+

A3

<

=

-e\

&+

<[

=

a1

|
S
N~
2y
o+
S|
&=

+ + +
o —
Rl E\ﬁ
<
D —

N
Shlh
o, +
\.:.e_‘-e.

S—

N

N
o
S|
’U —

RS
i~ |

N7
o, =
T%Jg’\ﬁe

<+
+ o
'S-\\_/
= |
=
N

g5

—

Lls

_|_

[

SN—

+

Qe

£
=)

Substituting (42) and (43) into the equality ¢ = %, we have

asf° 4+ asf* +asf>+arf? +arf +ag =0,

where

9of 12

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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P ! ! !/ / /
a4=%+%¢(%+%)’—(¢f) (%—l—%),
/ / / / / P / / /
5= Qe+ DG +G P+ TG+ -+ H+EH+5
2 qo/ 47/ (P/ // 1 qD(P/P ,
— 9+ )+ ) T mlTg — P+ (eP)],
_ 9P ¢ ¢y P e ¢y (eP) 9 ¢ p
”2—%(2%+$) T30 —1)(55+5)— 5 (g+$)+2(€56¢r
2 /PZ / /
a1 = 25é¢2 {(q)PZ)/ (P(g) 4 P2(% J’_ 4) )]/

_ P
20 = 355855 T ¢-

From the assumptions of Theorem 6, (38) and (42), we have
T(r,9) =S(r,f), T(r.¢)=S5(r,f), T(r,P)=S5(rf).

Therefore,
T(r,a;) =S(r,f) (j=1,234,5).

Applying Lemma 6, we have
aj(z) =0 (j=1,234,5).
From (51) and 4¢(z) = 0, we have

6 _ 2048298
po = 2897

¢
Therefore
P(z) #0
From (50) and a1 (z) = 0, we have
9Py
(&)_(ﬂ+£)
%ﬁ 20 ¢
Therefore "
P
b = o,
where c is a nonzero constant.
Combining (52) and (54), we have
2048
5 +10
¢ = c
Therefore
H+5=0

It is a contradiction with (53), thus G(z) # 0.
Differentiating the equation F = ¢f2f"2 — 1, we get

10 of 12

(47)

(48)

(49)
(50)

(51)

(52)

(53)

(54)

(55)

(56)
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where 2t
B= ¢SS +200f ) +20ff " ~ ff*F, h=—pF

Note that the poles of G(z) whose multiplicities are at most two, come from the multiple poles of
f(z), the zeros of F(z) and h(z), or the zeros and the poles of ¢(z).

Next we consider the poles of f2G. From h = —BF, we know the zeros of I are either the zeros
of F, or the zeros of B. From (56), we know that the multiple poles of f with multiplicity (> 2) are
the zeros of B with multiplicity of 4 — 1. Therefore, the poles of 82G only come from the zeros of F,
except for the zeros and the poles of ¢(z), and the multiplicity of 82G is at most 4. Thus

N(r,B*G) < 4N(r,1/F) +S(r, f).

By (56) and Lemma 1, we have m(r,$) = S(r,f). Note that m(r,G) = S(r,f). Therefore
m(r, B2G) = S(r, f). From the above, we have

T(r, B>G) < 4N(r,1/F) + S(r, f).

If z; is a zero of f with multiplicity p(>2) and a pole of ¢(z) with multiplicity ¢, then z; is a
zero of B with multiplicity at least 3p — 3 — ¢, therefore, is a zero of f2G with multiplicity at least
2(3p —3) —2 —t = 6p — 8 — t. Also note that the simple pole of f is the zero of B>G except for the
zeros and poles of ¢. Hence we have

Ny f) + 4N1(r, ) = N(r,) < N(r, o)+ N(r. )+ N(r. )
< <,ﬁlc> 5(.) 67)
<AN(r, 1) +5(1.),
where Ny (r, 1) = N(r, 1) = N(r, }).
From (10), we have
m(r )+ Nir,£) = N(r, ) +3m(r, 5) +3MNi(r, 1) < N(r, )+ S(0.). 8)
Combining doubled (58) with (57), we have
T(r, ) + N, ) = 2N(r, £) + mr, ) + 6m(r, 1) + 10N, )
< 6N )+ S0 f),
Hence we have .
T(rf) < ON(r, ) + S0 ).

This completes the proof of Theorem 6.
4. The Proof of Corollary 1

Let ¢ = a%, « # 0, 00. Then by Theorem 6, we have

T(rf) < 6N(r, fzf,zl ) 450, 1)

< 6N(, ) + 6N ffla)JrS(r,f).

This completes the proof of Corollary 1.
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