. mathematics ﬁw\o\w

Article

Fixed Point Results on A-Symmetric Quasi-Metric
Space via Simulation Function with an Application
to Ulam Stability

Badr Alqahtani !, Andreea Fulga 2 and Erdal Karapinar 3*

Department of Mathematics, King Saud University, P.O. Box 2455, Riyadh 11451, Saudi Arabia;
balgahtanil@ksu.edu.sa

Department of Mathematics and Computer Sciences, Universitatea Transilvania Brasov, 500036 Brasov,
Romania; afulga@unitbv.ro

Department of Mathematics, Atilim University, 06836 Ankara, Turkey

Department of Medical Research, China Medical University, Taichung 40402, Taiwan

Correspondence: erdalkarapinar@yahoo.com

Received: 8 September 2018; Accepted: 13 October 2018; Published: 17 October 2018 f‘r;’e‘f;(tfeog
Abstract: In this paper, in the setting of A-symmetric quasi-metric spaces, the existence and
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1. Introduction

In the last few decades, one of the hot topics in topology and analysis has been the quasi-metric,
which is a natural generalization of the notion of the metric; see, e.g., [1-4]. Roughly speaking, the
quasi-metric appears to be obtained by relaxing the symmetric condition from the axioms of the
standard metric. Regarding the physical phenomena, the quasi-metric can be more useful to consider
in solving real-life problems [5]. On the other hand, one can ask an impulsive question about whether
there is a positive constant A such that the distance from a point p to g is dominated by A times
the distance from g to p. The answer is affirmative, and such spaces are called the A-symmetric
quasi-metric. These spaces are quite rich and lie between the quasi-metric and metric.

Quasi-metric spaces are very interesting topics for researchers who work in fixed point theory;
see, e.g., [6,7] and the references therein. It is an indispensable fact that real-life applications of fixed
point theory have a wide range. Indeed, the border of the range is beyond the following question: Do
we transfer the real-life problems in the form of f(x) = x or not? Consequently, after the first metric
fixed point result of Banach, several authors have reported a number of interesting results in various
directions. Here, we mention one of the interesting generalization of the Banach contraction mapping
principle that was given by Seghal [8].

Theorem 1. ([8]) Let (M, d) be a complete metric space and T a continuous self-mapping of M, which satisfies
the condition that there exists a real number q, 0 < q < 1 such that for each v € M, there exists a positive
integer m(v) such that for each w € M,

d(T")o, T"®)w) < gd(v,w). 1)
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Then, T has a unique fixed point in M.

This result above was improved by Guseman [9] by removing the continuity condition. Later,
K.Iseki [10], J. Matkowski [11], Singh [12] and Ray and Rhoades [13] extended the result of Seghal [8].
The result of Kincses and Totik [14] is one of the most improved results in this direction.

Theorem 2. ([14]) Let T be a self-mapping on a metric space (M, d) such that for some g € [0,1) and for all
v, w € M, we can find a positive integer m(v) such that:

d(T"@)y, T"(®)w) < gmax {d(v, w),d(w, T")v),d(v, T’”(U)w)} . )
Then, T has a unique fixed point v*.

Theorem 3. ([14]) Let T be a self-map of a metric space (M, d). Assume there exists a nonincreasing function
B :(0,00) — [0,1) such that for each v € M, there exists a positive integer m(v) such that for each w € M
withw # v,

d(T")y, T"®)w) < Bld(v, w)]d(v, w). ©)

Then, T has a unique fixed point v*.

The inflation of so many results causes a commotion. Therefore, it is natural to consider combining
and unifying the existence results. The notion of the simulation function is one of the successful
consequences of this approach. By using the simulation function, it is possible to combine several
distinct types of contractions and hence unify a number of existing results in a single theorem.

In this paper, we aim to get not only the most general metric fixed point results in the context of
quasi-metric space, but also unify the several existing results in this direction, including the results of
Seghal [8], Guseman [9], Kincses and Totik [14].

2. Preliminaries

We denote the set of non-negative reals by Ry

Definition 1. For M # @, a function q : M x M — R{ is called quasi-metric if the following assumptions
are held:

(q1)  q(s,t) =q(t,s) =0 s=u;
(q2)  q(s,u) <gq(s, t)+q(t,u), foral s, t,u € M.

Here, the pair (M, q) is called a quasi-metric space.

The quasi-metric notion is a concrete extension of the metric concept. Therefore, as expected, each
metric space forms a quasi-metric space, but the converse is not necessarily true. For instance, the
well-known functions /,7 : R x R — R, defined by I(s, t) = max{s — t,0} and r(s, t) = max{t —s,0},
are quasi-metric, but not a metric. Indeed, d(s, t) := max{I(s,t),r(s, t) } forms a standard Euclidean
metric on R.

A sequence {s, } in M converges to s € M if:

lim g(s0,5) = lim q(s,5,) = 0. @

In a quasi-metric space (M, q), the limit for a convergent sequence is unique. If s, — s, we have
foralls € M:

lim g(su,t) = q(s, t) and lim q(t,s,) = q(t,s).

n—o0 n—o0
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Let (M, q) be a quasi-metric space and {s, } be a sequence in M. We say that a sequence {s, }
is left-Cauchy if for every € > 0, there exists a positive integer N = N(e) such that q(s,,sm) < €
for all n > m > N. Analogously, a sequence {s,} is called right-Cauchy if for every € > 0, there
exists a positive integer N = N(e) such that g(su,s,) < € for all m > n > N. Furthermore, the
sequence {s, } is said to be Cauchy if for every € > 0, there exists a positive integer N = N(¢) such that
q(sn,sm) < € forall m,n > N. Itis evident that a sequence {s, } in a quasi-metric space is Cauchy if and
only if it is left-Cauchy and right-Cauchy. A quasi-metric space (M, q) is left-complete (respectively,
right-complete, complete) if each left-Cauchy sequence (respectively, right-Cauchy sequence, Cauchy
sequence) in M is convergent.

Definition 2. Suppose that (M, q) is a quasi-metric space, and {s,} C M and s € M. Let T be a
self-mapping.We say that T is:

(i) right-continuous if q(Ts,, Ts) — O whenever q(s,,s) — 0;
(ii)  left-continuous if q(Ts, Ts,) — O whenever q(s,s,) — 0;
(iii)  continuous if {Ts, } — Ts whenever {s,} — s.

Observe that the simultaneous right and left continuity of a mapping yields the continuity of it.

Definition 3. Suppose that (M, q) is a quasi-metric space. We say that it is A-symmetric if there exists
a positive real number A > 0 such that:

q(t,s) < A-q(s,t) foralls,t € M. )
It is clear that if A = 1, then the A-symmetric quasi-metric space (M, q) forms a metric space.

Example 1. Suppose that (M, q) is a quasi-metric space, and a function q : M x M — Ry is defined
as follows:
) 3-d(s,t) ifs>t
(s, 1) = { d(s,t) otherwise

(M, q) is a three-symmetric quasi-metric space, but it is not a metric space.
In the following, we recall the main properties of A-symmetric quasi-metric spaces.

Lemma 1. (See, e.g., [15]) Let (M, q) be a A-symmetric quasi-metric space and {s,, } be a sequence in M and
s € M. Then:

(i) {sn} right-converges to s < {s, } left-converges to s < {s, } converges to x.
(ii)  {sn} is right-Cauchy < {s, } is left-Cauchy < {s, } is Cauchy.
(iii)  If {tn} is a sequence in M and q(s,, t,) — 0, then q(t,,s,) — 0.

A non-decreasing function ¢ : Rj — R] is called a comparison function (see, e.g., [16]) if:

(Q) lim ¢"(t) =0, fort € RY.

n—oo

Proposition 1. (See, e.., [16]) Let  : Rf — R} be a comparison function. Then, we have:

(A) 1 is continuous at zero.
(B)  Fork € N, each y* also forms a comparison function.
(T)  (t) < tforallt>0.

A non-decreasing function ¢ : Rj — R is called a c-comparison if
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(%) i P"(t) < oo, forall t € (0,00).
n=0

We reserve the letter ¥ to denote the family of all c-comparison functions. Note that each
c-comparison function forms a comparison function. For more details and examples for comparison
and c-comparison functions, see, e.g., [16,17].

Let ¢ : Ry — Ry be a c-comparison function that satisfies the following condition:

(@) lim (¢~ ¢(t)) = oo.

We shall use the letter ® to represent the class of such functions (i.e., the set of all c-comparison
functions that satisfies the condition (E)).
In what follows, we recollect the definition of the simulation function.

Definition 4. See, e.g., [18]. Suppose that { : RJ x [0,00) — R fulfills:
(C1) C(t,s) <s—tforallt,s > 0;

(C2) if {tn},{sn} are sequences in (0, 00) such that nl1_r>ro10 ty = nh_r)r(}o sp > 0, then:

limsup {(ty, 1) < 0. (6)

n—oo
Then, ( is called a simulation function. Further, the letter S denotes all simulation functions (.

We underline the fact that the condition {(0,0) = 0 is superfluous. Due to the axiom ({1 ), we have:
g(t,t) < Oforall t > 0. (7)

For more details and examples on simulation functions, see, e.g., [6,7,19-22].
The notions of an a-admissible mapping [23] and triangular x-admissible mappings [24] were
refined by Popescu [25] as follows:

Definition 5. [25] Let a : X x X — Ry be a mapping and M # @. A self-mapping T : M — M is said to
be an w-orbital admissible if for all s € M, we have:

a(s, Ts) > 1 = a(Ts, T?s) > 1. 8)

Furthermore, a-orbital admissible mapping T is called triangular a-orbital admissible if the following
condition holds:

(TO) (s, t) > 1and a(s, Tt) > 1implies that a(s, Tt) > 1, forall s,t € M.

Each a-admissible mapping is an a-orbital admissible mapping. For more details and interesting
examples, see, e.g., [21,26-35].

A set M is regular with respect to mapping a : M x M — R{ if {s,} is a sequence in M such
that a(sy, sy+1) > 1forallnand s, — s € M asn — oo, then a(s,s,) > 1 forall n.

The following technical lemma will be used in the proof of the first main result of this paper.

Lemma 2. Let M be a non-empty set and T : M — M form a triangular a-orbital admissible mapping.
Consider the iterative sequence s, = Ts,_1,n € N. If there exists s) € M such that a(so, Tsg) > 1, then for
any k € N, we have:

oc(kalso,Tkso) >1, 9)

and:
a(sy, TPsi) > 1, (10)

forallp € {0,1,2,...}.
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Proof. Due to the statement of the theorem, there exists a point sy € M such that a(sg, Tsg) > 1.
Based on the definition of the iterative sequence {s,} C M and taking into account that T is a-orbital
admissible, we get:

(s0,51) = a(so, Tsg) > 1 = a(Tsp, T?sg) = a(sy,52) > 1

Recursively, we derive that:
w(sy_1,51) = a(T" s, T"sg) > 1, forall n € No. (11)
On the other side, using the condition (TO) of Definition 5, we deduce that:

a(sk, Tsx) = a(sg, sx11) = 1 and a(sgr1, Sk2)a(seq1, Tsgrn) > 1
implies that a(sy, sk40) = a(sg, T?s;) > 1.

Recursively, for all p € {1,2,...}, we have:
a(sg, TPsg) > 1, forany k € N. (12)
O

Definition 6. Let o : M x M — RJ be a function. We say that a self-mapping T : M — M satisfies the
condition (U) if:
a(u,v) >1and a(v,u) > 1 (13)

forall u,v € Fix(T") = {x eM: Ty = x}.

3. Main Results

We state our first main results.

Theorem 4. Let (M, q) be a complete A-symmetric quasi-metric space, T be a continuous self-mapping and
a:Mx MRy, CeS, ¢ €Y. Suppose that for every x € M, there is a positive integer n = n(s) such
that the inequality:

C(als, Hg(T"s, T"O1), 9(q(s,1))) = 0, (14)
is fulfilled for all t € M. Moreover, assume that:

(i) T forms a triangular a-orbital admissible;
(i) there exists so) € M with the property a(so, Tsg) > 1 and a(Tso,sp) > 1;

Then, T has a fixed point u € M.
Proof. Fixs € M. By assumption, there exist n = n(s) such that for all t € M:

G(a(s,)g(T")s, T"O)t), 9 (q(s,1))) = 0. (15)

Regarding the condition ({1), we find:

0 < Zlals, (T, T"O), gl(q(5,1)))
< @(q(s,1)) — a(s, £)q(T")s, T"C)t),

which yields that:
a(s, )g(T"Cs, T"Ot) < 9(q(s,t). (16)
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Now, we shall define 1 (s) and 7, (s) as follows:

ri(s) =sup{q(s,T™s):m € N},

ra(s) =sup{q(T™s,s) : m € N}, (17)

for any s € M.
In what follows, we shall show that r1(s) < co and r;(s) < co.

First of all, for a given p € {0,1, ..., n(s) — 1}, we set | = max {ao, q(s, T"(s)s)} and:

am = q(s, T™)4Ps) for all m € N.

Due to (X), there exists ¢ € (0,00), with ¢ > I such thatt — ¢(t) > [ forall t € [c, c0). Notice that
c>1>a.
Now, we claim that there exist ¢ € (0, c0), with ¢ > I such that:

am < cforallm € N. (18)

Observe that the assumption (18) holds for m = 0. On the contrary, we suppose that there is a
positive integer k so that:
g1 < ¢ < ay. 19)

Regarding the triangle inequality, together with the inequalities (16) and (12), we have that:

ap = q(s, TF"9)+Ps) < g(s, T"G)s) 4 g(T")s, TRN(5)+ps)
=q(s, T”(S)s) + q(T”(S)s, T"(s) (T(k—l)'"(S)ﬂﬂs))
< 1+ a(s, T,V 1) +pg) g (Tn()s, TH() (T<k—1>-n<s>+ps))
<Il+¢ (q(s, T(k71>-n<s>+ps)>
=1+ ¢(a-1).

Taking, the assumption (19) into account and keeping ¢ € ¢ in mind, we get:

a — @(ag) < 1.

This is a contradiction, since we already supposed that gy > ¢, and we have a; —
¢(ay) > 1 due to (2). Hence, the set {q(s, T nS)+P)  m € N} is bounded. Due to fact
that p € {0,1,..,n(s) —1}, we conclude that the set {q(s,T"s) : m € N} is bounded, and so,
r1(s) = sup {g(s, T"s) : m € N} < +o0.

On the other hand, the space (M, q) is the A-symmetric, so, for all s € M and m € N, we have:

qg(T™"s,s) < C-q(s, T"s) < C-ry(s).

From here, we conclude that the set {q(T™s,s) : m € N} is also bounded and ry(s) < +co.
Therefore, for all s € M and all mq,m; € N,

g(T™s, T"2s) < g(T™s,s) +q(s, T™2s) < ri(s) +ra(s) < +oo0

which shows that the orbit {Tks :keN } is a bounded subset of M.

Now, let sy € M be an arbitrary point. If Tsy = s, then sy forms a fixed point of T, which
completes the proof. Hence, we assume that Tsy # sp. Starting from sj, we construct inductively a
sequence {s }, by:

Spr1 = ks forallk € N, (20)
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where 1, = ng(s). Since:
51 = T"sgand s, = T"s; = TM 1Mo,

by induction, we deduce that:
Sgy1 = kT tog,, (21)

which means that {s;}, > 0is a subsequence of the orbit {Tkso ke N}. Furthermore, we observe

that:
= Trotn(L)t it ot tiyiongy

= Tk HMegpr et i (Tno+n1+..‘+nk,150) (22)
= T”k+”k+1+--~+”k+i—1sk.

Sk+i

We shall prove that {s,} is right-Cauchy and left-Cauchy in (M, q). First of all, notice that
from (20),
q(skrsk1) = Gk, Tsp) = q(T™ g, T (T 155q))
= (T 1sp_q, T"1(T"ks_q)),

for any k € N and replacing s = s;_1 and t = T"s;_q in (16), we get:

q(TM=1sg_q, T2 (T sg_1))

a(sg_1, T™sp_1)g(T™1s;_q, T"1(T"sy_1))
@(q(sg—1, T"sx_1))

q(sk—1, T"ks_1).

q(sk, T"sy)
(23)

A VA VANl

Hence, since ¢ is increasing, we obtain that:

q(sk5k1) = (5K T"s) < @F(q(s0, T"s0)) < ¢*(q(r1(s0)), for all k € N. (24)
By using the triangular inequality and (24), for all i > 1, we get:

q(xk, Xiq1) < g8k k1) + G(Skg1,5k42) o+ G (Skt1—2, Skpi—1) + G(Skt1—1,Sk+1)
ktl-1

< Y ¢(n(x) < i(pj(rl(xo)). (25)
j=k j=k

However, assuming that Tsy # so, we have r1(sg) > q(so, T"sg) > 0, and by (X), the series
‘ ktl-1
¢/ (r1(s0)) < cois convergent and then Y ¢/(r1(sg)) — 0. Therefore, for an arbitrary ¢ > 0, there
0 i=k

e

]
exists kg € N such that Z ¢! (r1(sg)) < e for all k > kg, and from (25),
1=k
q(sk, Sk+1) <&,

which ensures that {x;} is a right-Cauchy sequence. On account of Lemma 1, we derive that {x;} is
a left-Cauchy sequence in (M, q). Therefore, it is Cauchy in the complete quasi-metric space (M, q). It
yields that there exists u € M such that:

lim q(sg, u) = lim q(u,s;) = 0. (26)
k—o0 k—o0

For the rest of the proof, we consider that {s } is the sequence defined above and u is the limit of
this sequence.
Since T is continuous, by using the property (q1) we derive that:

lim q(sg, Tu) = lgn q(Ts;_1,Tu) =0, (27)
n—oo

k—o0
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and:
r}l_{rolo q(Tu,s) = nh_r};loq(Tu, Ts;_1) = 0. (28)
Thus, we have:
lim q(sg, Tu) = lim q(Tu,s;) = 0. (29)
k—oc0 n—o0

Keeping (26) and (29) in mind together with the uniqueness of a limit, we conclude that u = Tu,
that is u is a fixed pointof T. [

In the following theorem, we remove the assumption of the continuity of the mapping T.

Theorem 5. Let (M, q) be a complete A-symmetric quasi-metric space, T be a self-mapping and « : M x M —
Ry, €S, ¢ €Y. Suppose that for every x € M, there is a positive integer n = n(s) such that the inequality:

C(als, Hg(T"s, T"C)), 9(q(s,1))) > 0, (30)
is fulfilled for all t € M. Suppose also that:

(i) T is a triangular a-orbital admissible;
(ii)  there exists s) € M such that a(sg, Tsg) > 1 and a(Tsg,s0) > 1;
(iii) M is a-regular.

Then, T has a fixed point u € M. Furthermore:

(@)  foreachx € M, im T"s = u;
m—ro0

(b)  the mapping T"") is continuous at u.

Proof. Asin Theorem 4, we can construct an iterative sequence {s, } that converges to a point u € M,
which means that:
lim q(sg, u) = lim q(u,s;) = 0. (31)
k—o0

k—o0

We claim, under the assumption that M is a-regular, that u is a fixed point of T"(u), that is
T"(u)u = u. First of all, replacing in (30) s = s;_; and t = T"")s;_;, we have for ny_1 = n(sp_1):

G(a(s1, T s 1)q(T s, T (T s _1)), @(q (51, T" sy 1)) > 0, (32)
or, keeping in mind ({7),

q(sk, T"Wsp) = q(TM1sg_q, T (T"Wsp_yq)

< a(sg_1, T"Wsp_q)q(T™ 155y, T2 (T"Wsy_y)
< o(q(sp_1, T"Wsp_y)
<

q(se_1, T"Wsy_y).

(33)

Taking into account that ¢ is monotone increasing, we can write the chain of inequalities:

sk, T"Wsi) < @(q(sp—1, T"Wsy_q)
< ¢*(q(sk—2, T"Wsp_) (34)
< .. < @k (q(s0, T"Wsg) < @k (r1(s0)).

Note that ¢ € ¥ is a c-comparison function, and hence, it satisfies ((2) condition. Thus, we get
that:
lim (s, T"™s;) = 0. (35)

k—o0



Mathematics 2018, 6, 208 9 of 19

Furthermore, from (35) and Lemma 1, we have:

lim g(T" sy, s¢) = 0. (36)
k—o0
By contradiction, we assume that Ty £ y, and let ¢ = q(u, T"(”>u) > 0and & =

q(T"®)u, 1) > 0. Without loss of generality, we suppose that £; < ¢5.
Again, since ¢ € ¥, (T') holds, which means that:

p(e1) < e (37)

From (31) and respectively (36), there exists kg € N such that for any k > ko, there hold:
€1 €1 n(u) €1
g(sx,u) < 3 g(u,sg) < 3 and g(T""sy, s) < 3 (38)

If M is regular with respect to «, then there exists a subsequence {s; } of {s, } such thata(u,s;) > 1
for all k and using the triangle inequality, we obtain:

€2 (T, u) < g(Tmu, T"Wsp) + q(T"Wsy, s5) + (s, 1)
() (T"u, T" W) + F + 3
(q(us%) + 3 + %

€ €
-0-71-1-@1281,

R

(39)

AANVAN|
Wl

which is a contradiction. As a consequence, T"(")y = u.
Let us show now that uis the fixed point for T. Since (M, q) is a-regular, using the triangle
inequality, we have:

T(T" 1), 1) = q(T"0+10), )

Tn(u)+1u),Tn(lz)+1Sk)) +Q(Tn(u)+15k15k) +q(sk,u)
u,si0)q(T"0 ), T g )) 4+ (T sy s) + g (s, u)
(,5)) +g(T" O sy, 51) + (s, 1)

ssk) +q(T"0 s, 51) + (s, u).

q(Tu, u)

LR
—_—
(Y

AN INININ
bS]

Y
—~
<

Letting k — oo, together with (31) and (35), we obtain:

g(Tu,u) <0 (40)

Hence, q(Tu,u) = 0. Moreover, since the space is A-symmetric, q(u, Tu) < Mg(Tu,u) = 0, then
q(u, Tu) = q(Tu,u) = 0, so u is a fixed point of T.
We are demonstrating now (a). To begin, we claim that klim q(u, T*s) = 0, for each x € M. For
—00

this purpose, let s € M be fixed, and let p € {0,1, ..., n(u) — 1} be arbitrary. For all k > 1,

q(u’Tkn(u)ers) :q(Tn(u)u’Tn(u)(T(kfl)n(u)erS)
<a (M,T(kq)n(u)ws) g (T g, Tn() (Th=1)n(w)+pg)
< (q(u, T(k—1>n<u>+ps)) < g(u, Tk=Dn()+pg)

Since ¢ is monotone increasing, repeatedly applying the previous inequality, we obtain:

9(u, T FPs) < 9 (q(u, T?s)).
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Since p, u and s are fixed, we have lim ¢*(q(u, TPs)) = 0, which implies that:
n—o00

lim (q(u, T +Ps)) = 0.

n—o0

If wedop € {0,1,..,n(u) — 1}, we conclude that klim q(u, T¥s) = 0. Taking Lemma 1 into
—00
account, we get that lim q(T¥s,u) = 0 and also lim T™s = u.
k—ro0 m—o0

Finally, we prove that the statement (b) holds. For this purpose, we will show that q(u, T"")t;) <
q(u, t;) where {t;} is an arbitrary sequence in M such that:

lim q(t, u) = khﬁrrolO q(u, ty) =0. (41)

k—o0

Assume, by contradiction, that there exists some k € N such that:
9, T 1) > q(u, ).
Replacing in (30), we have:
G, ) (T, T"ty), 9(q(u, 1)) = 0.
Since { € S and using the a-regularity of M, we have:

g ty) < q(u, T"Wt) = q(T" 0w, T ) < a(u, t)q(T"Wu, T
< o(q(u tr)) < q(u,ty)

which is a contradiction. As a consequence, klim g(u, T”(”)tk) = 0. Since g(T"®Wt, u) < Mq(u, T"Wt;)
—00

for all k € N, we get that klim q(T”(“)tk, u) = 0, and therefore:
—» 00

lim Tn(u)tk =Uu,
k—o0

which means that T"(*) is continuous ats = u. O

We notice that to guarantee the uniqueness, we need to add an additional condition.

Theorem 6. Adding the condition (U): If u is a fixed point of T"") for any t € M, a(u,t) > 1 to the statement
of Theorem 4, respectively 5, we obtain the uniqueness of the fixed point.

Proof. By Theorem 4, we know that T"(*) has at least one fixed point. We suppose that there exists
v € M such that T"Wy = v +u= T"()y. Then, due the condition (U):

0<q(uv) = q(T”(”)u, T”(”)v) < zx(u,v)q(T”(”)u, T"(”)v) < ¢(q(u,v)) < q(u,v)

which is a contradiction.
In this case, it is obvious that Tu = T(T™"")u) = T"(*) (Tu) which shows that Tu is a fixed point of
T, and due to its uniqueness, we conclude that Tu = u. O

Example 2. Let M = [0,4], 9 : M x M — R, defined by:

) 2-(s—t) ifs>t
9(s.t) = { (t—s) otherwise
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It easy to see that (M, q) is a complete two-symmetric quasi-metric space. Let T : M — M,

s ifse[0,1]
T(s)=1< 3 ifse(1,2)
s ifs € [2,4]

anda: M x M — RT,

2 ifs,te[0,1]
a(s,t) =4 1 if(s,) € {01 x R4 u{R4 x 01t {(%3)}

0 otherwise

We shall prove that T satisfies the conditions of Theorem 5. If s € [0,1], then Ts, T?s € [0,1] and
a(s, Ts) =2 > 1= a(Ts, T?s) = 2 > 1. Furthermore, if s € [2,4], then Ts, T?s € [0,1] and a(s, Ts) = 1 >
1= a(Ts, T?s) = 2 > 1. Hence, T is an a-orbital mapping. For a(s,t) > 1, we consider the following cases:

(@) Ifs,t€0,1], then Tt € [0,1], a(t, Tt) =2 > land a(s, Tt) =2 > 1;
(b)  Ifsel0,1)],t € [2,4], then Tt € [0,1], a(t,Tt) =1 > 1and a(s, Tt) =2
(c) Ifse[2,4],t€[0,1], then Tt € [0,1], a(t, Tt) =2 > land a(s, Tt) =1
(d) Ifs:%,t:%,sinceT%:E},tx(%,B):O.

Therefore, T is a triangular a-orbital admissible mapping, so the assumption (i) of Theorem 5 is satisfied.

Remark 1. We remark that, since x(3,%) = a(1,3) = 1and a(3,3) = 0, T is not triangular a-admissible
mapping.

Further, Condition (ii) is satisfied, since a(0, TO) = «(0,0) = 2. Moreover, if {s, } is a sequence in M
such that a(sy, $y+1) > 1 foralln € Nand r}l_r;r(}o sy =5 € M, thens = 0and «(0,sy,)geql for all n. Hence,
M is a-regular. Due to the manner in which we defined the function «, the following cases are the interesting
ones, letting, for example {(t,s) = 5 — t and ¢(t) = .

(1)  Fors € [0,1], t € [0,1], we have T = 5 and T"t = . Ifs > t, then q(s,t) = 2(s — t) and
q(T"s, T"t) = 255, Thus, (14) becomes:

a(s, t)g(T"s, T"t) = 2- 28— t < 2s 1) = 1(p(q(s,if)),

1
2 =2 3 2

which holds for any n € {1,2,..}. Ifs < t, then q(s,t) = t — s and q(T"s, T"t) = 5. In this case,

t—s 1 (t—s) 1
1q(T"s, T") = 2- <. - t
lX(S, )q< S’ ) zn — 2 3 24)(1/7(5’ ))’
holds also for any n € {1,2,...}.
(2)  Forse[0,1],t € [2,4], wehaves < t,T® = 5, T"t = 4_2% = 2,1% and T"s < T"t. Hence,

t—2s _1(t—s) 1
’ o+l — E 3 - 547(!](5,1’)),

a(s, £)q(T"s, T"t) =2

(3) Forse[2,4],te|0,1], wehaves >t, T"s = 2,;11, Tt = % and T"s > T"t. Hence,

(s—1)

2(s — 2t) 1 1
S <2 = el

on+l <2

a(s, £)q(T"s, T") =2
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(4)  Fors=gandt=3 wehave T"y = 3ls, T"3 = T"1(T3) = T"13 = T"2(T3) = T" %3 =

“% = 2%, S0 T"% < T”%. Hence,
sl 3l 3y (30 L Y2 5 1 1G-3) 1o
1yt )T\ T ) Tt S T2 3 WS

Therefore, for any s € M, there exists n(s) € N, for example n(s) = 4, such that for every t € M,
all assumptions of Theorem 4 are satisfied. Then, T has a (unique) fixed point u = 0. On the other hand,
(T3, T3)=q(1,3)=3-1=4,493,3) =3 -1 =1andq(T},T3) <k-q(3},3) imply k > 1. Hence
T is not a contraction. Moreover, we cannot find the functions { € S, ¢ € ¢ such that:

13 1.3 13
~- = gy e ~ = >
This shows that Theorem 5 is indeed a generalization of known results.

Theorem 7. Let (M, q) be a complete A-symmetric quasi-metric space, a self-mapping T and a map « :
M x M — Ry . Suppose that there exist { € S, ¢ € ¢ such that for every s € M, there is a positive integer
n = n(s) such that for all t € M:

la(s, t)g(s ), 9(S(s,1))) = 0, (42)

foreach s, t € M, where:
S(s,f) = max {q(s, t),q(s, T”(S)s), q(s, T”(s)t)} . (43)

Assume that:

(i) T forms a triangular a-orbital admissible;

(ii)  thereis sy € M such that a(sg, Tsg) > 1 and a(Tsg,so) > 1;
(iii)a  either, M is a-reqular,
(iii)b  or, T is continuous.

Then, T has a fixed point u € M. Furthermore, for each s € M, liin T"s = u.
m (o)

Proof. We remark firstly that if s € M, then there exist n = n(s) such that forall y € M:
Glals, t)g(s ), @(S(s,))) = 0, (44)

or, with ({1) in mind,

Furthermore,

a(s,1)q(s,t) < @(S(s,)). (45)

The functions 1 (s) and r(s), defined by (17), are finite, which is observed by following step by
step the lines in the proof of Theorem 4. By substituting s by T"(*) and y by T*~1"(*)+s in (45) and
taking (T') into account, we have:

a(x, T(kil)n(s)+ps>q(5, T(kil)n(s)+ps) S (p (S(S, T(kil)n(s)+ps)) , (46)

where:
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S(S, T(k_l)”(s)+ps) — max q(s[ T(k—l)”(5)+P5), q(s, T”(S)S)’ q(s[ TH(S) (T(k_l)n(5)+ps))}

47
= max q(s,T(k_l)”(s)+ps),q(s,T”(S)s),q(s,Tk”(s)+7’s)} @

Denoting by ax = q(s, Tk(9)+Ps) for k € N, from the triangle inequality, we have:

ag = E](S, Tk”(5)+l75)

I IA

q(s, Tn(s)s) + q(T"(S)S, Tkn(s)+ps)
q(s, T"(s)x) + q(T”(s)s, T"(s) (T(kil)"(sﬂ’ps)).

and combining with (46), we get, for any k € N:

a <qls, T"()s) 4 q(Tn(S)5, Tn(s) (Th=Dn(s)+rpg))
<q(s, T"6)s) + (s, T(k—l)n(s)+ps)q(Tn(s)S, Tn(s) (Tk=1)n(s)+pg))
< q(s, T"®)s) + @(S(s, Tk=Dn(s)+ps))
= q(s, T")s) 4 @(max { g(s, Tk=11()+Ps), g (s, T")s), q(s, T (5)+Ps) })
= q(s, T"®)s) 4 @(max { ax_1,4(s, T”(S)s),ak}).

Following the reasoning in the previous theorem, notice that we can find ¢ € (0,0), with
¢ > 1 =max{ag,q(s, T"(s)s)} > ag such that t — ¢(t) > I forall t € R . We shall prove that a; < ¢ for
all k € N. For this, we assume, on the contrary, namely, that there exists a positive integer i such that
a;_1 < ¢ < a;. We have then:

a; <1+ @(max{a;_1,1,a;}) <1+ ¢(a;), (48)

or a; — ¢(a;) < I, which is a contradiction. Therefore, the set {gq(s, T"s) : n € N} is bounded and
r1(s) < oco. Since the space (M, q) is A-symmetric, we have for all s € M and all k € N that:

q(T"s,s) < Mq(s, T"s) < Mri(s),

which shows that the set {q(T"s,s) : n € N} is also bounded. Hence, 7;(s) < oo.
Let sg € M be arbitrary. We will show now that the sequence {s;} constructed inductively by:

my = n(so), s1 =T"so
mi = n(s;), siy1 = TMis;

is a Cauchy sequence. By this construction of sequence {s;}, it follows that forany i € Nand I > 1,

— M — Y.
Sipr = T8y = Tmiypq + ..+ Mg + myx;
— Tm,»+,,1+...+ml-+1+m,~+m,-_1...+m1+m050‘

(49)
If we denote by sg = m; ;1 + ... + m; 1 + m;, using the condition (42) or, equivalently, (45), for
s = s;_1 and t = TPot;_1, we have:

q(xi, TPos;) < a(si—1, TP0s;j_1)q(T™i-1s;_q, T™i-1 (TF0s;_q)

- 50
S @(S(Si,l, Tposl'*l))/ ( )

where:

S(si—1, TPs;_1) = max {q(si_1, T"s;_1), T(si_1, T""1s;_1),q(si_1, TP ™i-1s; 1))} .
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Let us now have a positive integer p1 € {po, m;_1,po +m;_1} such that S(s;_1,TPs; 1) =
q(si—1, TP1s;_1). Replace in (50):

q(si, TPs;) < @(q(si—1, T"'si-1)). (51)

Hence, ¢ is monotone increasing, and we obtain that:

q(si, TPs;) < @(q(si_1, TP1si_1)) < ¢?(q(si_2, TP2s;_5))

q(si/si-i-l) = ) )
<. < 9'(q(s0, TPisg)) < @' (r1(s0)),

(52)

for po, p1, ... pi € N. However, ¢ is a c-comparison function, and from (Q}), there exist ¢ > 0 such that,
¢'(r1(s0)) < 0 for any i € N. Hence,

q(si,siv1) <e
for arbitrary i € Nand ! > 1. We conclude that {I;} is a right-Cauchy sequence on (M, q). Since (M, q)

is supposed to be A-symmetric, then, from Lemma 1, it is a Cauchy sequence. As the space is complete,
there exists u € M such that s, — u, which means that:

lim g(s;, u) = lim q(u,s;) = 0. (53)

i—00 i—00
If we use the hypothesis that the map T is continuous, we obtain:
u=lims; 1 = lim Ts; = Tu
1—00 1—00

that is, u is a fixed point of T.
We want to show now that T"(1)y = u, that is u is a fixed point of T”(”), under the assumption
that M is a-regular. First, we show that:

lim q(s;, T""s;) = 0 (54)
1—00

and:
lim g(T"®s;,s;) = 0 (55)
1—00

By proceeding as above, from (45), we get:

q(si, T”(“)Si) g(TMi-1s;_q, T™i-1 (T”(“)Sifl)

a(si_1, T”(”)si,l)q(T’”Hsi,l, Tmi-1(T"(Ws; 1)

P(S(si-1, T"Ws;_1))

= ¢(max {q(sifll T"Ws;_1), T(si—1, T"-18;_1),q(si_1, T"+Mi-15;_y)) })
9(

q(si-1,T"isi—1)),

where r; € {n(u),mi_1,n(u) 4+ m;_1} is an appropriate index such that S(s;_1, T"Ws;_;) =
q(si—1, T"s;_1). Using the same arguments as previously given and taking into account that ¢ is
monotone increasing, we obtain that:

q(si, T”(”)si) < goi(q(so, T'isg) — 0.

Therefore, indeed, (54) holds. We remark than from Lemma 1, also (55) holds. Let ¢ > 0 be
arbitrary chosen. Then, there exists iy € N such that for any i > iy, the following hold:

€ €
g(si,u) < 3 q(u,s;) < 3 q(T”(”)si,si) <

W m
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Consequently, since (M, q) is a-regular, and ¢ € ¥, we have:

q(T"Wu, u) (T"0u, T"Ws;) 4 q(T"Ws;, s;) + q(si, u)

/Si )q(T"(”)u T"Ws;) + q(T"Ws;, ;) + q(s;, u)
u,s 1)) +q(Tn(u)sl/ )+q(si/u)
+§+3
J’_

E—¢
3

-
=

VANRVANR VAR VAR VAN
+ wWim N

We_| | K
m‘m\//—\

Thus, it follows that T"(") 1 = u. We claim now that T"s — u, for each x € M, that is q(T"s,u) =
g(u, T"s) = 0. Fors € M fixedand p € {0,1,2,...,,n(u) — 1},

Q(u, Tkn(u)+ps) (Tn(u u, Tn )(T(k—l)n(11)+ps))

(u, TR=Dn()+py) g (T, () (TR=D)n()+pg))

(S(u, TU=Dw 7)) )
(max { g(u, T®=D1@+p3) a(u, T y), g(u, Tn(u)(T<k—1>n<u)+ps))})
(

max q u, T(k 1)n (u)ers)/q(u, Tkn(”)erS)}).

(VAR VAN
S 8§ 8 2=

If max {q(u, TU=1nW)+ps), g(u, Tk +ps) } = q(u, T"(W)+Ps), then:

CI(U, Tkn(u)+ps) < (/7(‘7(”/ Tkn(11)+ps)) < q(u’ Tkn(ll)+Ps)

which is a contradiction. Hence, q(u, T**()+Ps) < q(u, Tk=Dn()+ps). Since ¢ € ¥, ¢ is a comparison
function, we obtain:

q(u, T TPs) < g(q(u, TE-D"WHPs)) < < ¢F(q(u, TPs) — 0,
where 1,5 € M and p > 1 are fixed. Using Lemma 1, we obtain that, for any n € N,

lim T"s = u.
n—o00

O

Next, we shall show the uniqueness of the obtained fixed point of T, defined in Theorem 7.
In order to prove the uniqueness of the fixed point, we propose the following condition:

(U)  Ifuisa fixed point of T"(") for any t € M, a(u,t) > 1.

Theorem 8. Besides all assumptions of Theorem 7, suppose that the condition (U) is satisfied. Then, T has
a unique fixed point.

Proof. The existence of a fixed point is observed by Theorem 7. For the proof of the uniqueness, we
use the method of reductio ad absurdum. Let 1, v € M be two fixed points of T"(*) with u # v. Then,
we have from hypotheses (U) that a(u,v) > 1 and:

(u,0)q(T"u, ") < @(S(u,0))

<u
swmax{q(u 0),4(u, T"®u), q(u, T"")o) |
< g(maxq(u,0),4(u,u)) = p(g(1,0)) < q(1,0),

q(u, )

which is a contradiction. Hence, u is the unique fixed point for T"*), Then, Tu = T(T""u) =
T"(#)(Tu) implies that Tu = u, which shows that u is the unique fixed point of T. [J
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Example 3. Let M = {0,1,2,3}, 9 : M x M — R, defined by:

Then, (M, q) is a two-symmetric quasi-metric space. Let T : M — M, T0=0,T1 =2,T2=3,T3=0
and a : M x M — Ry be defined by a(s,t) = 1if (s,t) € {(0,0),(1,2),(1,3),(2,3),(1,0),(2,0)(3,0)}
and w(s,t) = 0 otherwise. Since:

«(0,T0) =a(0,0) =1 = a(T0,T?0) = «(0,0) =1
a(1,T1) =a(1,2) =1=a(T1,T?1) =a(2,3) =1
x(2,T2) =a(2,3) =1= a(T2,T?2) =a(3,0) =1
«(3,T3) =a(3,0)=1= a(T3,T?3) =«(0,0) =1,

T is a-orbital admissible. Furthermore, it is easy to check that T is triangular a-orbital admissible, but is
not triangular o admissible, since, for example,

x(2,3) =1and «(3,0) = 1buta(2,0) =0 < 1.

Notice that, for n > 4, we have T"s = 0. Hence, for any { € S, ¢ € ¢ such that for every s € M,
there is a positive integer n = n(s) (for example, any n € {5,6,...}) such that for all t € M, all conditions
of Theorem 7 are satisfied, and s = 0 is the fixed point of T. We notice that T is not a contraction, since for
example, for s = 1 and t = 3, we have:

q(T1,T3) = q(2,0) =3 > k-1 =k-q(1,3)
forallk € [0,1).

4. Ulam Stability

There is a strong relation between fixed point theory and Ulam stability; see, e.g., [36—41].

Definition 7. Let (M, q) be a A-symmetric quasi-metric space and T : M — M be a mapping. The fixed
point equation:
s=Ts, seM (57)

is called generalized Ulam stable if for each € > 0 and s € M, there exists n(s) € {1,2,...} such that for any
v € M satisfying the inequality:
g(T")y,v) < ¢ (58)

there exists an increasing function p: Ry — R{ continuous at zero, with B(0) = 0 and u € M a solution of
Equation (57) such that:

q(u,v) < p(e) and g(v,u) < B(e). (59)
Remark 2. If B(t) = ct forall t > 0, where ¢ > 0, the fixed point Equation (57) is said to be Ulam stable.

Theorem 9. Let (M, q) be a complete A-symmetric quasi-metric space. Let the function p : R — R,
defined by B(t) :=t — @(t), with ¢ € Y. Suppose that the hypothesis of Theorem 6 is satisfied. Then, the fixed
point Equation (57) is generalized Ulam stable.
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Proof. From Theorem 6, there exists a unique u € M such that Tu = u, which means that u is
a solution of fixed point Equation (57). Let v € M. There exist n(v) € {1,2, ...} such that (58) holds.
Using condition (14), for s = u and t = v, we get:

G(a(u,0)q(T"u, T"0), 9(q(u,0))) = 0. (60)

Keeping in mind the properties of , ¢, the condition (U) imposed on the alpha function and
using the triangle inequality, we obtain:

u, T"Ou) + g(T"@u, T")v) + g(T")v, v)
u,u) 4 g(T"@y, T"©)y) 4 g(T"®)y, v)
0)q(T"@u, T")y) + ¢

u,v)) +e.

q(u,v)

— o~

(61)

RS
=

VANRVAN (I VAN
= 3

i/\

Taking into account the definition of the function , we have:

q(u,v) — o(q(u,v)) = B(q(u,v)) <e

’ a(,0) < p(e)

and since B is continuous, strictly increasing, f~1 is also increasing, continuous with ~1(0) = 0
On the other hand, the space (M, q) is A-symmetric, so that, for a given positive real number M > 0:

9(v,u) < M-q(u,0) < MB~'(e)
for all u,v € M. Hence, the fixed point Equation (57) is generalized Ulam stable. [J

5. Conclusions

In this paper, we obtain fixed point theorems in quasi-metric spaces by using simulations functions.
Notice that the class of simulation functions is quite rich; see, e.g., [6,7,18-20,22]. Accordingly, for each
simulation function, we find not only the existing results in the literature, but also some new results; in
particular, by letting simulation function {(t,s) = gs — t,q € (0,1) in Theorem 4.

On the other hand, we have used an auxiliary function « in simulation functions that unifies the
results in standard (quasi-)metric and results in a partially ordered (quasi-)metric and also the frame
of the cyclic mappings. As was shown in several papers (see, e.g., [26,28,35]), by taking the auxiliary
function « in a proper way, we shall get analogous results in a partially ordered structure and in the
setting of cyclic maps. Regarding these aspects and several possible combinations of them, one can get
a long list of corollaries of the results of this paper. Regarding the length of the paper, we avoid listing
these consequences explicitly. We underline also that we give a simple form of Ulam stable results.
It is easily improved in some other directions.
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