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Abstract: In this paper, we study the influence of the initial data and the forcing terms on the regularity
of solutions to a class of evolution equations including linear and semilinear parabolic equations
as the model cases, together with the nonlinear p-Laplacian equation. We focus our study on the
regularity (in terms of belonging to appropriate Lebesgue spaces) of the gradient of the solutions. We
prove that there are cases where the regularity of the solutions as soon as ¢t > 0 is not influenced at all
by the initial data. We also derive estimates for the gradient of these solutions that are independent
of the initial data and reveal, once again, that for this class of evolution problems, the real “actors of
the regularity” are the forcing terms.
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1. Introduction

Let us consider the following evolution problem

in Qr=Qx(0,T),
on 9O x (0,T), )
on (),

uy —div(a(x,t,Vu)) = f(x,t)
u=20
u(x,0) = up(x)

where ) is an open bounded set of RN with Q) regular (for example, satisfying the property
of positive geometric density), N > 3,and T > 0.

Here, the function a(x,t,&) : Q x (0, T) x RN 5 RNjsa Caratheodory function (i.e.,
it is continuous with respect to ¢ for almost every (x,t) € Qr, and measurable with respect
to (x,t) for every ¢ € RN), satisfying, for a.e. (x,t) € Qr and for every ¢ and 7 € RN, the
following structure conditions

a(x,t,E)E > ale]?, @)
(a(x,t,8) —a(x,tn)][c—n] >alc—yF, «>0, 2<p<N, )

and
la(x,t, )| < BllEl" +h(x,t)], p>0, hell () ;+;,=1. @)

The typical model cases included in this class of problems are as follows

up—Au= f(x,t) in Qr,
u=20 on 90 x (0,T),
u(x,0) =up(x) on Q,

i.e., the heat equation with a forcing term f, with all its linear slight modifications as follows
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uy —div(A(x, t)Vu) = f(x,t) in Qr,
u=0 on 90 x (0,T), )
u(x,0) = up(x) on Q,

where A is a bounded matrix satisfying the coercivity condition

(A(x,1)C,8) > alZ]?,

together with the nonlinear version (1) with p = 2 and the p-Laplacian equation
up — div(|VulP=2Vu) = f(x,t) in Qr,
u=20 on 90 x (0,T), (6)

u(x,0) = up(x) on Q.

Because of the numerous physical applications of this class of problems, there is extensive
literature on these evolution problems, starting from the sixties up until today, and it is
difficult to provide an exhaustive bibliography. The initial works have become milestones,
like the papers of Nash, Moser, LadyZenskaja, Solonnikov, Ural’ceva, J.L. Lions, Aronson,
and Serrin (see [1-5] and the references therein). Many interesting results can be found in
more recent papers, for example [6-22] (see also the references therein).

The aim of this paper is to study the influence of the initial datum u and the reaction
term f on the regularity of the solution gradient, as soon as t > 0.

We recall that in the absence of the forcing term f, it is well known that, even if
the initial datum is only a summable function, there exists a solution of (1) that becomes
immediately bounded (see [20] if ug € L?(Q) and [23] in the general case uy € LY(Q)).
Moreover, this solution satisfies the following decay estimate

||”0||£]1<p(;z)+p
(1) [0y < ¢ —— 2 @)

tN(p-2)+p

(see [23] and the references therein). Notice that the previous bound is exactly the same
bound that is satisfied in the p-Laplacian case (6) (see [9,10,22,24-26] if N = 1, [23] and the
references therein).

It is of note that if ug is in L!(Q), then the solutions of (1), even when f = 0, are
not unique. Despite this, it is unique the solution that immediately becomes bounded
(see Theorem 1.7 in [27]) and this solution is also the unique solution constructed by
approximation.

This immediate regularization of solution u in L*((}), as soon as t > 0, produces an
immediate regularization of its gradient. In detail, it results in Vu € (LP(Q x (¢, T)))N for
every 0 < t < T (see [27]).

Here, we want to understand what happens in the presence of a forcing term f # 0.

If the forcing term is not sufficiently regular, even in the presence of bounded initial
data, we cannot expect to have bounded solutions for (1). As a matter of fact, from the
classical theory, we know that the sharp condition on f to have bounded solutions is the
following condition

m .TS : ]' N
feLl™0,T;L°(Q))) with a+ﬁ<1. (8)

Moreover, it is well known that unbounded solutions of (1) exist with gradient belong-
ing to (L7 (Qr))N (and hence to (LP(Q x (¢, T)))N for every 0 < t < T) even if f doesn’t
satisfied (8).

In addition, even if uy is regular (for example the null function ug = 0), solutions of (1)
exist with a gradient that does not belong to (L (Qr))N if f is not sufficiently summable.

Hence, the aim of this paper is to understand the role of the initial datum u( and of
the forcing term f on the regularity of the gradient for the solutions of (1).
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To gain a better understanding of what happens, we decided to study the worst case in
terms of the regularity of u, i.e., to directly consider the case of only summable initial data.

As discussed above, in this case, the solutions of (1) were not unique without further
requirements of the solutions. Hence, we focus our study on the unique solution of (1),
which is constructed by approximation, not only because when f = 0 it coincides with the
unique solution that becomes immediately bounded, but above all because it is the most
natural way to build solutions.

The main result proven in this paper is that if f is a function satisfying

fel™0,T;L°(QY)) with s>1,m>1, )
even if on the initial datum uy, we assume only that
up € LY(Q) (10)

then the unique solution u of (1) constructed by approximation immediately increases its
regularity reaching the same summability properties of the gradient of the unique solution
u? obtained by approximation of the following problem

(%O)t —div(a(x,t, Vu®)) = f(x,t) in Qr,

u’ =0 on 90 x (0,T), (11)
u%(x,0) =0 on Q.
Thus, for every t € (0, T), it results
Vil e (L1(Qx (t,T))N = Vue (L1(Qx(T)))N. (12)

Moreover, we derive estimates on Vu in (L7(Q x (t, T)))N, which become universal esti-
mates when p > 2. To our knowledge, this regularizing phenomenon and these estimates
are not known in the literature.

We recall that in [28], (if p > 2), and in [29], (if p = 2), we prove that under the
previous assumptions (9) and (10) on the data of f and u, the unique solution u of (1) that
is constructed by approximation immediately increases its regularity, reaching the same
summability properties of the unique solution of u° obtained by the approximation of (11),
ie., forevery t € (0,T), it results

W el’(t,T;LV Q) = uel’(,T;LY(Q)).

Hence, this paper completes the previous known results, showing that the gradient of u
immediately inherits the same regularity as the gradient of u°.

Another interesting property of the solutions of (1) that we will prove here is that if v
is the unique solution obtained by the approximation of the following problem

vy —div(a(x, t, Vo)) = f(x,t) in Qr,
v=20 on 90 x (0,T), (13)
v(x,0) = vp(x) on Q,

(i.e., v solves (1), but with a different initial datum vg) then, even if the data f, ug and vy are
only summable functions, it results

V(u—v)e (LP(Qx(t,T)N, forevery 0<t<T. (14)

It is important to note that (14) is truly surprising given that neither of the two functions
Vu and Vo belongs to (LP(Q x (t,T)))N.

The paper is organized as follows: in the next section, we state all of our results in
detail and, then, in the following Section 3, we provide all the proofs.
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2. Statement of Results

Before stating our results we recall our notion of solution and global solution of (1).
Definition 1. Assume that the data f and g satisfy
felly(Qr), uelQ). (15)

A measurable function u € L*(0, T; L'(Q)) N LY(0, T; W&’l (Q))) is a solution of (1), if a(x,t, Vu)
€ (LY(Q7))N and

Ik,

for every ¢ € WY*(0, T; L®(Q)) N L®(0, T; Wy*™(Q)) satisfying ¢(T) = 0.

2 +a(x,t,Vu)V(p} ddt — /Quogo(O)dx—i—//Qquo, (16)

We observe that under the structure assumptions (2)—(4), if the data satisfy (15) there
exists at least one solution u of (1) (see [7]). Moreover, this solution satisfies

N(p—-1)+p

q N
Vu e (L1(Qr))"Y, forevery g < NT1

(17)
and is a solution constructed by approximation. Here, a solution constructed by approxi-
mation means the following.

Definition 2. A solution u of (1), (according to the above definition 1), is obtained by the approx-
imation (sola) if it is the a.e. limit in Qr of the solutions u, € L®(Qr) N C([0,T];L*(Q)) N
LP(0,T; Wé’p (Q))) (denoted as “approximating solutions”) for the following (approximating) problems

u, =0 on 90 x (0,T), (18)
uy(x,0) = ugp on O,

{ (un)t —div(a(x, t, Vuy)) = fu(x,t) in Qr,

where f,, and ug ,, satisfy
fu €L®(Qr), fu—f in LY(Qr), (19)
ugy €L®°(Q), wugy —up in LYQ). (20)

The solutions of (1) are not unique. Anyway, under further requirements of the so-
lutions, for example that u is a solution constructed by approximation (according to the
above definition 2), such a solution becomes unique, i.e., only one solution of (1) exists,
which is constructed by approximation (see [16]). Indeed, some of our results concern the
global solutions of (1); hence, we recall what we mean here by global solutions.

Definition 3. Assume that the data f and u satisfy (15) for every T > 0. We say that u is a global
solution of (1), or equivalently, that u is a solution of

u=0 on 90 x (0,+00), (21)

{ up —div(a(x,t,Vu)) = f(x,t) in Qe =Q x (0,400),
u(x,0) = up(x) on Q,

if u is a solution of (1) for every T > 0. Finally, u is a global solution constructed by approximation
of (1), (or equivalently u is a solution constructed by approximation of (21)), if u is a solution
constructed by approximation of (1) for every T > 0.

We recall that if (2)—(4) and (15) are satisfied for every T > 0, then there exists one and
only one global solution constructed by approximation of (1) (see [30]).
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Theorem 1. Let (2)—(4) hold true. Assume f € L'(Qr), ug € LY(Q), and that u and u° are the
unique solutions constructed by approximation of (1) and (11), respectively. If Vu® belongs to
(L(t, T; L™(Q)))N, for some t € (0,T), q € [1,p] and m € [1, p|, then it results

Vu e (L1(t, T, L™ (Q)))N, (22)
and the following estimate holds true

= =

2
ol ST (Tt
IV ulllza o)) < co Y + IV |llLage,r.im ) (23)

tPIN(p—2)+p]

where ¢y = C” Q)™ ] depends only on N, p, m, a, and |Q)| (see Formula (54) for the definition
Of Co)
Moreover, if p > 2, the following universal estimate holds true

- =
==

(T —t
N9l e ey < € 0T <)> IV ) 24)
tr(p—2

1
where C* = (Cy) , Q] mp depends only on N, p, m, a and | QY| (see Formula (50) for the definition
of Cy).
Finally, if p = 2, the following exponential estimate holds

=

1
luoll 1oy (T = 1)772
1Vl manoy < e —— IVl ranioy)  @9)

where ¢ = /C1|Q|™ Z depends only on N, p, o, m and |Q)| (see Formula (52) for the definition
2
of C1) and o = ¢(N)a|Q)|™N.

Remark 1. Theorem 1 reveals that, as soon as t > 0, the summability of the initial datum doesn’t
influence the summability of the gradient of u since it has the same summability of the gradient of
the solution u® whose initial datum is the null function.

Notice that estimate (24) on Vu in (L1(t, T; L™(Q)))N is a universal estimate as it does
not depend on uy. Hence, when p > 2, the initial datum uy affects neither the reqularity nor the
estimates of the gradient of the solution u.

Remark 2. We point out that it results

2N L2
pIN(p—2)+p] plp—2)

if p>2,
and

2N B

pIN(p—2)+p] 2

Hence, estimate (23) becomes interesting when Vu ¢ (L9(0, T; L™(Q)))N, as it allows for affirm-
ing thatfor t — 0, the blow-up of the norm of Vu in (L9(t, T; L™ (Q)))N is controlled by the power

t VN R . Finally, estimate (25) becomes significant when t is large, as the exponential function
e’ surpasses every power of t when t is large.

| Z

if p=2.

Corollary 1. Let (2)—(4) hold true. Assume f € L7(Qr), 0 > 1, uy € LY(Q), and that u is the
unique solution constructed by approximation of (1). If it results

o> (ﬂ;z)', 6)
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then for every 0 < t < T we have
Vu e (LP(Q x (t,T)))N. (27)
If otherwise it results
N+2\'
1 —_— 2
<o< (P2, 8)
then for every 0 < t < T we have
N(p—1)+plo
L"™(Qx (t,T)))N _ N =1+ plg 29
Vue @@x )Y,  m— P 29)

Remark 3. Notice that it results

lim NP =D +ple  Np-1+p
o> N+2-¢ N+1

and hence the result of the previous limit is exactly the value that appears in (17) when o = 1.
Indeed, the regularity (27) is achieved in the following more general case.

Corollary 2. Let (2)~(4) hold true. Assume ug € LY(Q) and f € L"(0,T; L7 (Q)), with r and ¢
satisfying

N p Ny py Np+2p—N
MY AP T e ) S

p<a+r_r(1 2)+ 2 ! (30)

1<r<yp oc>1. (31)

If u is the unique solution constructed by approximation of (1), then, for every 0 < t < T, we have
Vu e (LP(Qx (t,T)))N. (32)
Remark 4. Notice that if r = 0, it results

N p N p\  Np+2p—N N+2Y)’
4+ Pl < (1L T = > —_
+ (1-%)+ 2 7=\PF N

cor
Moreover, being r < p', it follows that f ¢ LV (0, T; W=1#'(Q)).

Remark 5. We recall that when ug belongs to L' (Q), the regularity (LF(Q x (t,T)))N of Vu
was already proven in [27] when f = 0, in [29] when p = 2 and f € L*>(0, T, H1(Q)), and in
[28] when p > 2and f € LV (0, T; W~ 1¢'(QQ)).

Theorem 2. Let (2)—(4) hold true. Assume f € LY (Qr), ug € LY(Q), and vy € LY(Q). If u and
v are the unique solutions constructed by approximation of (1) and (13), respectively, then for every
t € (0,T), it results

V(u—0) € (LP(Qx (tT))V, (33)

and the following estimate holds true

2p
+p

T 1o — Uo||£]1(62>)
/t /Q IV (u—)|P < Co - ) (34)

tN(p—2)+p

where Cy depends only on N, p, a, and |Q)| (see Formula (54)).
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Moreover, if p > 2 for every t € (0, T) it results

| i< 5

where the constant C,. depends only on N, p, «, and |Q}| (see Formula (50)).
Otherwise, if p = 2, for every t € (0, T), we have the following bound

||M0 voHLl
// IV (u—o)2 < — N (36)

where Cq depends only on N, p, «, and |Q)| (see Formula (52)) and o = C(N)zx|Q|_%.

Finally, if assumptions (2)~(4) and f € L'(Qr) are satisfied for every T > 0, and u and v
are the unique global solutions constructed by approximation of (1) and (13), respectively, then for
every t > 0, it results

(35)

V(u—0) € (LP(Q x (t,+))N, (37)
and
2P
oo g — | NPT
/ |V(u—0)|P <Co 2NL] Q) ’ (38)
£/ tNG-2)Fp

where Cy is the same as in (34).
Moreover, if p > 2 the following estimate holds true for every t > 0

+oo C.
[ LVa=or <= (39)
t Q 2
where the constant C, is as in (35), while if p = 2, it results (for every t > 0)
o0 1o — vol|
N2 L'(Q)
| V=0l <o, (40)

where Cy and oy are the same as in (36).

Remark 6. The previous result is rather surprising as it reveals that when the data of f and
uq are only summable functions, even if both the gradients of the solutions u and v are not in
(LP(Q x (t, +00)))N, their difference V (u — v) belongs to (LP(Q x (t, +00)))N. In addition, for
p > 2, it is also possible to obtain an estimate for V (u — v), which is independent of both the initial
data of ug and vy.

3. Proofs of the Results
Since in the proof of Theorem 1 we use the results of Theorem 2, we start proving
Theorem 2.

Proof of Theorem 2. Let u and v be the unique solutions constructed by approximation
of (1) and (13), respectively. Hence, u is the a.e. limit in Q)7 of the sequence of solutions

Uy € L®(Q1) N C([0, TJ; L2(Q)) N LP(0, T; W, (Q)) of the following problems

(up)e —div(a(x, t, Vuy)) = fu(x, ) in Qr,
Uy =0 on 0 x(0,T), (41)
Uy (x,0) = ugu(x) on O,

where the data ug,(x) € L°(Q) and f,(x,t) € L®(Qr) satisfy

ugn(x) = ug in LY(Q), (42)
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fulx, t) = f(x,t) in LY Q7). (43)

Thanks to the fact that by assumption v is the unique solution constructed by approximation
of (13), we can choose in the following construction of the sequence v, that converges a.e.
in Ot to v the same approximation f,, of f in (43)

(vn) — div(a(x,t, Vo,)) = fu(x,t) in Qr,
on =0 on 90 x (0,T), (44)
vy (x,0) = vg 5 (x) on Q,
where the data vy, (x) € L*(Q)) satisfy
von(x) = v in Ll(Q) , (45)

Choosing u, — v, as the test function in the approximating problems (41) and (44), and
subtracting the equations obtained in this way, we obtain forevery 0 < t; <t <T

%/Q [(utn = Un)(t2)|2 - %/Q | (14 —Un)(t1)|2 +
/ttz/(') [a(x,t, Vuy) —a(x,t,Vo,)|V(uy, —v,) =0.

From the previous estimate and (3), it follows

3 [ =0 [ 90 07 <
3 - 1w =) ()P (o

Hence, to derive an estimate on the gradient of the function of u,, — vy, it is sufficient to
estimate the right-hand side of (46). To this aim, we recall that using G (1, — v,) as a test
function instead of u, — v, and proceeding in the same way as above. we obtain for every
0<th <t <T

1 t2
2 o |Gilin —on) ) +a [ ] 1VGyluen o) <
3 [ G — o) (1) . @)

Here, Gi(s) is the following function

Gi(s) = (Is| = k)+sign(s).

Moreover, if p > 2, in [28], using suitable test functions, it is proven that u, — v, also
satisfies the following integral inequality for every 0 < typ <t < T

16t =)l (1) < [ Gl — o) ().

The previous bound together with (47) allows to apply Theorem 2.2 in [23] (see the
Appendix A) and to conclude that the following estimate holds true for every t € (0, T)

C
lan (E) = vn(8) | 1oy € —= (48)

tr=2

where the positive constant C; depends only on N, p, and « (for further details, see the
proof of estimate (4.10) in [28]). Thus, by (46) (applied with t; = t and t; = T) and (48), we
deduce that forevery 0 < ¢t < T
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1 2
J 19— el < o [ ) (0P <
Q) 2 Cs
u —0 (<] S 7 49
20 I = o Dl < (49)
where a

C*E%cz, (50)

is a positive constant depending only on N, p, «, and |Q)|. Recalling that by construction
the sequence u, — v, converges a.e. to u — v in Qr by (49) we conclude that the following
universal bound holds for every 0 <t < T

[ ive-or s 5

and, consequently, (33) and (35) hold true if p > 2.
Otherwise, if p = 2, with the same procedure as the degenerate case p > 2 described
above, it is proven in [29] that the following estimate holds true for every 0 < t < T

[0, — ol 1)
l[tn(t) = 0n(B)[| 1) < © e , (51)

where the positive constant ¢ depends only on N, and « and ¢ = ¢(N )tx|Q|’% (for further
details, see the proof of estimate (4.22) in [29]). By (46) and (51) (applied again with t; = ¢
and t, = T), we deduce that if p = 2. for every 0 < t < T, it results

T lto,n — Vol
’ , o
19 = o) < 6

Q)
20

where

C = (52)

Consequently, we can conclude that

||Mo vol1%,
2 L'(Q)
// IV (u—0)|]* < T {Newt

where 0y = C(N)oc|Q|’% (C(N) = 2¢(N)) and (33) and (36) also follow if p = 2.
Indeed, in [28], applying Theorem 2.1 in [23] instead of Theorem 2.2 (see the Appendix A),
it is also proven that the following estimate holds true for every p > 2and t € (0, T)

4

[0 — vwl\p” V7

[un () —on(t)||lLo) < 1 N , (53)
tN(p-2)+p

where c; is a positive constant depending only on N, p, and « (for all details, see the proof
of (4.12) in [28]). Hence, by (46) and (53) (applied as above with t; = tand t, = T), we
deduce that (34) also holds true with Cy, defined as follows

2
cs|Q)
C(] = 12|DL | .

(54)

Finally, if u and v are the unique solutions constructed by approximation of (1) and
(13), respectively, all the other statements follow from estimates (34)-(36). O
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Proof of Theorem 1. Let u and u° be the unique solutions constructed by approximation of,
respectively, (1) and (11). By Theorem 2 (applied with v = u’) we know that V (u — u?) €
(LP(Q x (t,T)))N. Hence, by the triangular inequality

[Vul < V(1 —u®)|+ Vil (55)

it follows that if Vu" belongs to (L1(t, T; L™(Q)))", for some g and m in [1, p], then also
Vu belongs to (L1(t, T; L™ (Q)))N.

To conclude the proof we show now that estimates (23)—(25) are satisfied. To this aim,
by (55) we deduce that

Vel o rimay) < NV @ = u) i roma) + Ve L rm ) <
1.1 11
1V (= u) ety (T =81 P 1QP 7 + [V | e rimaay) - (56)

Hence, the assertions follow thanks to estimates (34)—(36) of Theorem 2 applied with
— 4,0
v=u". O

Proof of Corollary 1. From Theorem 2.2 in [11], we deduce that if f belongs to L7(Qr),
with ¢ satisfying (26), then the unique solution #° constructed by approximation of (11)
satisfies

vu® € (LP(Qr))N.

Hence, from Theorem 1, it follows that if (26) holds, then the unique solution u constructed
by approximation of (1) satisfies (26).

Moreover, from Theorem 2.3 in [11], we deduce that if f belongs to L7 (Qr), with o
satisfying (28), then the unique solution #° constructed by approximation of (11) satisfies

viul e (L’"(QT))N,
with m as in (29). Hence, (29) follows from Theorem 1. O

Proof of Corollary 2. The proof is similar at all to that of Corollary 1 once observed that if
f e L"(0,T;L7(Q)), with r and ¢ satisfying (30), by Theorem 1.3 in [8], it follows that the
unique solution #° constructed by approximation of (11) satisfies

Vil € (LP(Qr))N .

O

Funding: This research received no external funding.
Data Availability Statement: No new data were created or analyzed in this study.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

For the convenience of the reader, we recall here the results of [23] used in the proof of
Theorem 2. In more detail these are results that allow to obtain L*-estimate for a function
u simply showing that it satisfies suitable integral estimates of “energy type”.

Theorem A1 (Theorem 2.1 in [23]). Assume that
ueC(0,T),L"' ()N Lh(O, T;L1(Q))NC([0,T); L (Q))) (A1)

where () is an open set ofRN, N>1,0<T< +ooand

1<ry<r<g<+oo, by<b<y, boz(r—ro). (A2)
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Suppose that u satisfies the following integral estimates for every k > 0
[ 16 t)dx = [ |Gulw)l" (1) (A3)
1)
+c1/ |Ge() (1) 24 ydT <0 forevery 0<t; <t <T
31
Gk () (D)l oy < c2llGr(u)(to) |l oy forevery 0 <to <t <T, (A4)
where c1 and cy are positive constants independent on k and
up = u(x,0) € L'(Q). (A5)

References

Then there exists a positive constant Cy (see Formula (4.19) in [23]) depending only on N, c1, c2, 1,
ro, q and b such that

h
||”0HL90(Q)

[u()]l o) < C1 forevery t € (0,T), (A6)

th
where
hy = L ho=nh (1—b>r (A7)
1 b—(r—ro)—%’ 0 1 7 0-

We recall that here G is the same function defined in Section 3, i.e.,

Gi(s) = (Is| = k)-+sign(s).

If () has finite measure it is possible to prove that universal bounds hold if b > r and that
exponential estimates are satisfied by u if b = r. More in detail we have the following results.

Theorem A2 (Theorem 2.2 in [23]). Let the assumptions of Theorem A1 hold true.
If O has finite measureand b > r we have the following universal bound

C
u()]| o) < tTﬁ forevery t € (0,T), (A8)

where L ,
_ 0o _
hy =+ g = o (A9)
and Cy, (see Formula (4.19) in [23]), is a constant depending only on r, ro, q, b, ¢1, c2 and the
measure of ).

Moreover, if Q) has finite measure and b = r the following exponential bound holds

luollLo(
[1(t) I ) < CZT‘”()' forevery t € (0,T), (A10)

where Cy is a positive constant depending only on N, c1, c3, t, o, b and g, hy is as in (A7) and

o= Lb, x arbitrarily fixed in <0, 1— 1’70) . (A11)

A(r —ro)| Q"7

We point out that in the previous results u is not assumed to satisfy any partial
differential equation but simply suitable integral inequalities.
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