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Abstract: This study investigates ambiguity aversion within the framework of a utility-maximizing
investor under a modified constant-elasticity-of-volatility (M-CEV) model for the underlying asset.
We derive closed-form solutions of a non-affine type for the optimal allocation and value function via
a Cauchy problem. This work generalizes previous results in non-ambiguous settings by extending
existing work to Hyperbolic Absolute Risk Aversion utility (HARA), correcting some typos in the
literature for Constant Relative Risk Aversion utility (CRRA). Helpful details and derivations are also
included in the manuscript.
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1. Introduction

Portfolio optimization in continuous time is a constantly evolving line of research,
with both practitioners and academics actively seeking more realistic objective functions,
improved models, and refined stylized facts to enhance decision-making. All of these
efforts are essential to keep pace with the growing complexity of financial markets and
social interactions.

In this study, we embrace the widely utilized framework of expected utility theory
(EUT) as the objective function for investors. EUT provides a fruitful ground for ana-
lytical solutions and is, therefore, more easily interpretable, as pioneered in the seminal
work by Merton [1]. This early achievement relied on simple geometric Brownian motion
(GBM) to describe the underlying asset price with considerations only for risk aversion.
Although many extensions have been considered in the literature, the vast majority in-
volve more than one source of risk in explaining asset prices. Examples include stochastic
volatility models and the addition of jumps, as evidenced in references [2,3]. However,
incorporating multiple risk sources often leads to inaccuracies in the estimation and evalu-
ation methodologies, thereby partially affecting their benefits. To preserve the simplicity
of a single source of risk while generalizing the GBM, this study uses a new member of
the family of CEV models (see the seminal work of Cox in [4]); the so-called modified
constant elasticity of variance (M-CEV). This model, explored for pricing purposes in
the reference [5], has been adapted to expected utility optimization in the recent work of
Muravei in [6]. Additionally, refer to the references [7,8] for portfolio optimization results
on two other types of CEV models: CEV and LVO-CEV.

The primary innovation in our work lies in considering ambiguity in the model,
thereby introducing ambiguity aversion in the decision-making of the investor. The as-
sumption of model ambiguity can be traced back to the experimental studies of Ellsberg [9]
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and more recently the work in [10], who demonstrate that individuals are averse to ambi-
guity (unknown probability) in addition to their well-known aversion to risk. A crucial
framework for analytical solutions was presented in Maenhout [11], leading to a Hamilton-
Jacobi-Bellman (HJBI) representation of the solution in the GBM case. Most extensions of
this work consider multiple sources of risk (e.g., the reference [12] for stochastic volatility
and jumps). This study is the first to extend the analysis to a member of the CEV family
of models.
For clarity, we list the main contributions of our work as follows:

1.  We solve the expected utility portfolio problem for a HARA (Hyperbolic Absolute
Risk Aversion) investor in the absence of ambiguity aversion. This solution can be
reinterpreted as a constant proportion portfolio insurance (CPPI), a strategy widely
employed in the financial industry (see the reference [13]).

2. As a by-product of solving HARA, we identified and rectified a few typos in the
literature regarding the solution for the embedded Constant Relative Risk Aversion
(CRRA) case.

3. We find closed-form solutions for the optimal allocation, optimal reference model,
value function, and optimal wealth process for an investor exhibiting both risk and
ambiguity aversion within HARA utilities. Numerical and empirical studies with our
findings will be conducted in a follow-up paper.

The remainder of this paper is organized as follows. Section 2 outlines the mathe-
matical and financial settings and formulates the problem. In Section 3, we present the
derived solutions and delve into details of various embedded cases that hold significance
for readers. The appendix provides additional details that are organized into subsections
related to the main proposition.

2. Problem Formulation
We consider the general price process S; given by the following stochastic differential
equation (SDE):
ds,
St

where r and A are positive real numbers and s is the initial asset price value. In this

= (r+2cs!)dt +0sfdz, s >0, (1)

general setting, Sf represents the volatility of the risky asset return, and S is the elasticity of
variance with respect to the stock price. We assume ¢ = 2 and B # 0, hence Equation (1)
becomes the M-CEV model (see the manuscripts [6,14]).

We assume a market consisting of money market account B and risky asset S; (such as
a stock). These prices follow the following dynamics:

d% = rdt, @)
? = (r+Acs?)dt +osfdz;, s >0, (3)
t

where r is a constant risk-free interest rate. As explained in the references [5,6,8], the M-CEV
allows for a non-zero probability of the underlying touching zero (default) if > 1, which
makes it realistic for pricing and portfolio problems.

We refer to model (3) as the reference model. Our investors face uncertainty regarding
the probability distribution associated with the reference model and consider a set of
plausible alternative models when making investment decisions. Specifically, the investors
are uncertain about the distribution of S. This formulation enables us to capture the
uncertainty regarding the drift in stock prices and the prices of risk in the stock market.
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Let e := ¢; denote an R-valued F;-progressively measurable process. The Radon—
Nikodym derivative process is defined as follows:

e s\2
z :E[ﬁ; |]-"t} :exp<— /Ot (eé)dT—f—erZT). 4)

According to Girsanov’s theorem, the process can be expressed as
_ t
7 = / edt + Z;. 5)
0

We denote the set of all F;-progressively measurable processes such that the process
given by (4) is a well-defined Radon-Nikodym derivative process as £[0, T]. This process,
denoted by Z;, represents the Wiener process under probability measure P*. The reference
model is generally regarded as the most accurate representation of available data for an
agent. However, viable alternative models pose a challenge in terms of statistical differ-
entiation from reference models. Alternative models were generated via the perturbation
process ¢; as follows:

dsi: = (r+ 20}’ - eiosf )dt + osfaz. (6)

In the model setup, it is important to acknowledge that this ambiguity stems from
an investor’s inability to capture the expected returns precisely in the probability laws
governing the stock price process. This assumption aligns with the perspectives presented
in seminar studies, such as the work by Merton [15], and more recently shown in Tables 1
and 2 in reference [8] on the large standard errors in estimating the parameter A.

Let 7t represent the investment strategy applied from time f to time T in model (3). We
define space [0, T as the set of admissible strategies 77 that satisfy the following conditions:

1.  misan Fi-progressively measurable process.

2. Under 7, the wealth X; of the investor remains non-negative for t € [0, T].

3. The integrability conditions necessary for the expectation operator in (7) to be well-
defined are satisfied.

We consider an investor with a preference for Hyperbolic Absolute Risk Aversion
(HARA) utility on terminal wealth with risk-aversion level . The utility function for
terminal wealth X7 is defined as:

(Xr —F)"

u(Xr) = ;

The goal is to examine an ambiguous agent with HARA utility who aims to construct
an investment strategy for the time interval [0, T] that maximizes the expected utility for
terminal wealth X7. In line with this objective, we define the reward functional realized by
the investor when selecting an alternative model specified by ¢ as follows:

S

(7)

wh(x, t;m,c) = EE; [

where —oo < ¢y < 1, v # 0, and denotes the constant relative aversion parameter. Then,
the indirect utility function is given by:

J(x,t) = sup inf ]<we(x, t; ) + EF {/tT H((Cj’))Z(T)dT] ), (8)

el e€ELT

where space U consists of admissible controls {7; }c[o ) with 71; € R and satisfies the
standard conditions.
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According to reference [16], investors consider alternative models that are statistically
challenging to distinguish from reference models. To address this issue, the value function
incorporates a penalty term designed to discourage significant deviations from the reference
model. This penalty term, which appears as the last expectation term in the problem (8), is
computed based on relative entropy. The perturbations e; in the penalty term were scaled
by ¥ (7, X). Function ¥ reflects the level of ambiguity or uncertainty associated with the
models and is used to adjust the penalties accordingly. Higher values of ¥ indicate smaller
penalties for deviating from the reference model, signifying greater uncertainty on the part
of the investor.

By incorporating the penalty term, the investor considers both model ambiguity
and the associated diffusion risk. This approach allows investors to make decisions that
weigh the potential benefits of alternative models while accounting for the risks and
uncertainties involved.

For the sake of analytical tractability, we maintain the assumption proposed in refer-
ence [11], that the ambiguity aversion parameter ¢ is related to the value function J(x, t)
and the risk aversion level by the expression

¢
ey ©
where ¢ > 0 denotes the level of ambiguity aversion. This assumption allows us to
incorporate the degree of ambiguity into the model and analyze its impact on investors’
decision-making processes.

In summary, the value function considers investors’ preferences for terminal wealth
while also considering the uncertainty associated with alternative models. The penalty
term within the value function discourages significant deviation from the reference model.
Scaling factor ¥ is a key component that reflects investors’ level of ambiguity aversion.
Higher values of ¥ indicate greater uncertainty and ambiguity regarding the alternative
models, which corresponds to smaller penalties for deviations from the reference model.
By incorporating this penalty term and adjusting it based on the level of ambiguity, investors
can make decisions that balance their preferences with the associated uncertainties in the
alternative models.

3. Optimal Investment Strategies

In this section, we address the problem described in (8) by employing the stochastic
control approach for the M-CEV model with ambiguity. Our objective is to derive closed-
form solutions to the investment problem. The solution will provide insights into the
impact of ambiguity aversion levels on investors” decision-making processes.

3.1. The Hamilton-Jacobi-Bellman-Isaacs (H]BI) Equation

Assuming that 7r; represents the fraction of wealth invested in stock S¢, the remaining
portion of wealth (1 — 71;) is invested in the risk-free money account with a constant
interest rate r. For mathematical benefits, our focus is on the investor’s position in the
stock, denoted by ¢ (i.e., the number of units of the asset held). Then, investor wealth
X; is governed by the following stochastic differential equation (SDE) derived from a
self-financing condition:

dX; = X |:7Ttd;9t + (1 — m)rdt}
t

=X; (r + ntﬂanﬁ — nteian)dt + ntaStﬁdeZt. (10)
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Since ¢y = m)s%’, we can express Equation (10) as follows:
dX; = PdS; + I’(Xt — l/JtSt)dt
o [ 3 _o2B+1 s _oB+1 B+1
= l/JtT’St + l/Jt/\(TSt — l/JtEt(TSt + T’(Xt — l/)tst)} dt + l/Jt(TSt dz;
- (rXt + pdoSPFT — pesosPT 1)dt +ypostlaz,. (11)
Consequently, the expression for the value function (8) should be modified to:
J(X,S,t) = sup inf <we(X S,t;p) + EF {/T Wdr]) (12)
7Yy - well?{ eeg[t,T] r<r by ; Z‘Y(T, XT, ST) 7
where J(X, S, t) satisfies a HJBI equation.
Define
0; := moSt, (13)

where 6; represents the portfolio exposure to the fundamental risk factor Z;, and 7t; is the
portfolio weight that determines the allocation of wealth in the M-CEV model. Expres-
sion (13) illustrates how the investor’s desired exposure to the risk factor is calculated,
depending on the portfolio weight 71; and the volatility of the asset return ¢, which is
scaled by SE . The portfolio weight determines the portion of investor wealth allocated to
the risky asset, thereby influencing the overall exposure to the risk factor. As before, we
can represent (13) as:

PiSt B
0 := —08§
t Xt t
=X LosP (14)
This means that we can also state that the number of units of the asset dictates the
allocation of the investor’s wealth to the risky asset, thus impacting overall exposure.

To simplify our analysis, we shift our focus to these exposures rather than investor position
1 in stock. As a result, the transformation of model (11) is given by:
aXi = (X + gedosi? ! — piejost ) dt + prosf T dz,

— X (r + A6, — ei()t) dt + 6:X,dZ;. (15)

Accordingly, the value function (12) satisfies the Hamilton (Jacobi)-Isaacs equation:

sup inf{]t + x(r +ASPo — 659> Jo + 1x292]xx
g ¢ 2

— 1 s\2
+ (rS + Ao+l — e;osf‘“) Js + 50252!“2 Jss + x0SPT10] s + (;I), } =0, (16)

where Jt, Jx, Is, Jxx, Jss, and Jxs denote the partial derivatives of the first and second order
with respect to time, stock and wealth, respectively. Moreover, ¥ = % (see (9)), where ¢ is
a positive ambiguity-aversion parameter.

We first find the infimum, denoted as e*, and then differentiate (16) to obtain the
optimal exposure as:

{9* — es”]x_/_\slj]x_g'sﬂJrl]xs

XJxx

The solution to (16) is provided in the next section.
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3.2. Closed-Form Solutions for Hara Utility

To obtain the optimal strategy, we solve H]JBI Equation (16) (for additional details,
refer to Appendix A). The main proposition is presented below.

Proposition 1. Assume that B < 0, ¢ > 0, and ¢ # v — 1. The solution to Problem (16) is
as follows:

1. The indirect utility function of an ambiguity and risk averse investor is given by

(x - 1—"e’r(T’t))7

Veag T —#), 17
5 g7 ) (17)

J(x,S,t) =

where & = , and we have the following properties:

Y9
7(@—7+1)
(a)  Function g(S, T — t) is determined by solving the Cauchy problem:

2

_ —rt1) | Ayos? ay(ASP

Lg=—g+ 5025%+2¢, +aS ("7(4;]4; )+ 1‘14, )gs + 2(((,(,%)1)8 +ayrg =0, (18)
g(5,0) =1 when t =T.

(b)  Solution g(S, T — t) can be represented as:

8(S,T — 1) = eRT+=B(0 D3 (7) U T2 =3 400) (24 (7)) My, (2A(7)),  (19)

where z = wS™?, t = ¢?B2w(T —t), T(x) is the gamma function, M, (x) is the
Whittaker function with parameters

1 1/1  ady _ 1)’ ayA2
°=72 2/3(2 0(7—47))' 1 \/(5+2>+402ﬁ2(7¢1)'

Meanwhile, the remaining constants and functions are given by

© =g Q= F R= g5 200, (20)
. - 21 7 21
AR = ramrenrgr B = mrergr PO = mts (@D

2. The optimal exposure to the risk factor Z; is

«  (x—FerT-9)gp b - Syt Moy (zA(
0" = x g TOS( B+ My, (zA(7

) ;LS} (22)

which is equivalent to writing

o (x=FeT-ysp [ 5 2Bpiay 1\ Moy (wA(7)s72)
0* = = {zp—wl 20wBS*PB(T) 2(7[%((54—114—2)—M5'v<wA(%)572ﬁ) . (23)

3. The worst-case measure is determined by:

oo _PASP gosPt B(E) + 541+ 3 Moy1,(2A(7)) | dz o)
-7+l  r—¢ z M, (zA(%)) |dS’
which can also be written as follows:
s, _ ¢ASP | gosP 2Bmys 1\ Myi1y (wA(T)572)
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Proof. The proof is divided into several steps, all of which are presented in Appendix A.

Appendix A.1 derives the solution to the HJBI equation up to the Cauchy representa-
tion of g.

Appendix A.2 details the solution to the Cauchy equation. In particular, Appendix A.2.1
provides the scaling transformations needed to obtain an equation for a new function h.
Appendix A.2.2 finds the PDE for h. Appendix A.2.3 applies a Laplace transform to solve
the PDE for h. Appendix A.2.4 combines all results to obtain g. Lastly, Appendix A.2.5
computes a ratio involving derivatives of g needed for the next step.

Appendix A.3 uses the previous results to derive the optimal exposure and worst-case
measure, denoted as 6* and ¢**, respectively, which are dedicated to the Whittaker function. [

As indicated by reference [6], in the absence of ambiguity and for CRRA, it is cru-
cial to emphasize that assuming a risk-free interest rate r of zero leads to the following
simplifications:

w 0,

[l =

=l
Al

o |

Q
Meanwhile, the limit values from the expressions (21) are provided by:

limw4>0 D(’T’) ,
lim,_,0zB(%) =0,
limw_,o Rt =0,
@(S,t) =limy_40zA(T) = S0 2p72S72K(T — 1)~ L.

Consequently, function g(S,t) in Proposition 1 can be simplified, resulting in the
following corollary.

Corollary 1. Assume that the risk-free interest rate of r =0, B < 0, ¢ > 0,and ¢ # v — 1.
1. The indirect utility function is given by:
(x—F)7

&S, T—1), a= —T—¢ (26)

st = -7+

and we have the following properties:

(@)  Function g(S, T — t) solves the Cauchy problem

p Ase)?
{Eg =g+ %0252ﬂ+zgss + a/\7052ﬂ+1gs n !X’Y( ) =0, (27)
8

" Ap—+1)8
(S/ O) -

(b)  Solution g(S, T —t) is given by

6 1
(5,7~ 1) = HLL 0L L e desgi(s, M, (p(5, 1), @9)

where T (x) is the gamma function, M ,,(x) is the Whittaker function with parameters

1 11 aly _ 1y? )
5—_2_2[%(2_0(7q>)>' 77_\/(5+2> T 1)

and there is a limit value

¢(S,t) = lim zA(%) = %0-25—25—2/5@—1&)—1. (29)

w—>0
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2. The optimal exposure is determined by:
—F)SP A 1.M S,t
0* = (x ) —20B(8+ 1+ ,)M (30)
X g7+l 2" Msy(9(S,1))
3. The worst-case measure can be obtained as:
o PASP __2¢aﬁsﬁ(5+-q+—%)A4&+LU(¢(S,Q) 1)

p—r+1 T—¢ Mé,ﬂ(?’(srt))
Proof. The proof is available in Appendix A.4. O

For further simplicity, we set F equal to 0; this would effectively be a CRRA utility
setting. Assuming a risk-free interest rate of r = 0, we obtain an even simpler case.

Corollary 2. Consider risk-free interest rates of r = 0, B < 0, ¢ > 0, and ¢ # v — 1. We have the
following properties.

1. The indirect utility function of an ambiguity and risk averse investor is given by:

_ﬁ 1/a _ _ Y—¢
J(x,S,t) = ryg (S, T—1), a—77(¢_7+1), (32)

where the function (S, t) is identical to those in parts (a) and (b) of Corollary 1.

2. The optimal exposure to the risk factor Z; is determined by:

1, Msi1,(@(S, 1))

) AsP 1
’ 2) My, (9(5,0))

(33)

Proof. The proofs are analogous to those presented in Corollary 1. O

Note that the Cauchy problem and worst-case scenario are the same as those in Corollary 1

3.3. Corrections to the Crra Case

Our work extends the results of the previous study in presented in reference [14] and in
the formal publications [6]. However, discrepancies were identified in the Cauchy problem
(2.13), as well as in parameters (3.5) and (3.6). This is related to Theorems 1 and 2 in the
manuscript [6]. In this section, we address and rectify these inaccuracies by amalgamating
the corrections for the aforementioned issues.

Corollary 3. (Correction) For the M-CEV model, the value function J(x, S, t) is given by:
x7 1 1
x,5,t) = —f5(5,t), 6 = ——.
s =2rhs 0, 6=
1. The function f solves the Cauchy problem,

262p+2

LF(S,t) = fi + “25— fos + S (a — yr + ca®S?) f, + % [(x—7)S=F+ cazsﬁ}zf—&- ryéf =0, (34)
£(5,T) = 1.

2. The solution of boundary-value problem (34) is the function

T(p—A+1) o

f(5,8) = O ) g e (2A(T) May AT), (35)
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wherez = AS™28, T = a?B2A(T —t), T(z) is the gamma function, M, (z) is the Whittaker
function with parameters

/\:;215(1 §c) 17:\/</\+;)2+5(14;;)C2

The remaining constants and functions are given by:

_ /7 y(a—r) _ 5 6(1-0)(a—r)c
A= a2\m Q= Aaz,z » R= azrng —2QA - T OA2gr

271 2 1
At) = B(7) = ytnergy D) = ﬁ'

2sinh? (coth +Q)’

3. The optimal investor strategy is:

* a—r+ca®S%P ()‘+”+%)MA+1:’7(A(T)Z) dz
w0 (X, = X[pepf 4 (Br) + Nl ) g

Based on the remark in reference [6 ] and assuming that « = r,/7, it is easy to see that

a? — 4r2 = 0. Consequently, A = /a2 — qr2 = 0. Therefore, the corrected outcomes

ﬂz\ﬁl
are as follows:

Corollary 4. If & = r\/7, Formulas (35) and (36) are simplified. In this case, the following
properties exist:

1.

and the limit values are

limy_0D(1) =1, 6(S,t) = limA_>ozA( ) = 0547287257 28(T — t)71,

} 8% (a—r)*(T—t
Q(S,t) =limp__,0zB(1) = 7_512/5 2 [1+(55(Z )7(7)(T)t)]

Y(t) =limpy Rt =ry6(T —t) —26BA (0 — yr)(T — ) — d=d)ca—r)(T—t)

a2

2. The solution f(S,t) is given by:

T(p—A+3)

f(S, t) = Wew(t)+0(5't)_%9(s't)9)‘(S, t)M/\,,](Q(S, t)) (37)

3. The optimal policy is:

w—r+ca?5%  2B(A+1n+3%) Maj1, (0(S,1))

*(X,S8,t) =X|6 —
T ( ) 22G2P+1 S My, (0(5,1))

4. Discussion

Our findings reveal closed-form solutions to all elements of interest to a financial
investor: optimal investment allocation on the risky asset, optimal alternative model due
to ambiguity, optimal wealth process evolution, and finally, the expression for the value
function (i.e., the value of the objective function at the optimal). This is very rare outside
exponentially linear structures, which are also known as affine solutions.

Our choice of model, the M-CEV, has the advantage of keeping only one source of risk,
and therefore, a lower parametric space; this is ideal for practitioners, always searching for
a combination of realism and simplicity.

Our methodology to find the solution involved many transformations of the original
PDE problem (from the HJBI equation), resulting in analytical expressions for a non-trivial
Cauchy problem. The details provided in our work can serve as a foundation for future
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research in dealing with complex PDEs and boundary conditions. Thanks to the detailed
analysis, we could detect and correct problems in previously known solutions to embedded
problems (M-CEV in the absence of ambiguity with a CRRA utility).

This work has the potential for many extensions and applications. First, other CEV
models in the literature have provided solutions (in some cases, approximations) to the
embedded problem of CRRA with no ambiguity. The methodology developed here can be
used to solve such problems analytically, while extending to HARA and ambiguity. Once
this is achieved, an empirical comparison would help shed light on the importance of the
various models in the presence/absence of ambiguity as well as in the presence/absence of
a floor on wealth (HARA versus CRRA).
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Appendix A. Proof of Proposition 1
Appendix A.1. Proof of Proposition 1 up to the Cauchy Equation
We now solve the HJBI Equation (16) to determine the optimal investment strategy in

the M-CEV model. To facilitate the solution later, we parameterize the change in measure,

defined as
e
€ 1= 7ﬁ
5
The modified SDEs (6) and (15) can be rewritten as

s,
S
dX; = X; (T + )_\GtSf — €t6tstﬁ>dt + 0: X:dZ;

- [r +(A- et)asfﬁ] dt +oSPdz,, (A1)

= X (r+ (A — e)0:SF ) dt + :X,dZ. (A2)

Accordingly, the HJBI Equation (16) becomes

sup inf {]t + x(r +ASPo — 65/39> Jo + 135292]“
o € 2

- B2
+ (rS + AoS2hH1 — easzﬁ“) Js + %02525“ Jss + x0SPH10] + (eiy) } =0. (A3)

First and foremost, we begin by solving the minimization problem as follows:

2B
— xSPOJ, — oS+ % =0

= " = ¥(x0SPJ, + oSJs). (A4)
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Substituting the value of €* into Equation (A3) yields

sup {]t + (xr + xASPO — x¥ (x0SPJ + asjs)sﬁ(g) Ie + %xzezhx
0

+ [rs + AoSHH ¥ (x0SF], + oS ]S)aszﬁ“} Js + %0252/5“ Jes -+ x0SPH10]
. ¥2(x6SFJ, + 0SJ;)>S? }

2¥

— sup { Ji 4 xr]y + xASPOT, — ¥x20%]2 — $xo0SPH1 ], + %xZGZ Jxx
6

) 1
+ 7S5 + AoSHPH, — WxofSPHL] ], — Yo2S2PH2)2 4 Eazszf”zfss + x0SPH19)

+ ; (ngz J2 028222 4 2xeasﬁ“IxIs> } =0. (A5)

Applying the Bellman principle, the value function satisfies the HJBI equation with the
terminal condition [(x, T) = (=F)T

.Since ¥ = % where ¢ > 0 (as shown in Formula (9)),
substituting this into Equation (A5) results in

— 1 1
sup {ft +xrfx + xASPO] — E%x292]§ - %XU'GS’B—HISIX + §x292]xx

+1SJs + AcS?PH1], — %%azszﬁ” J? + %02525“ Jss + xoSPT10 ]xs} =0. (A6)
Hence, the first-order conditions lead to

XASPT, — %xz 126 — %xasﬁ“ JsJx + ¥ Jxx0 + x0SP T s = 0

xASPJy — GxoSPH oy + x0§P s

%xzfg% - xz]xx
_ YASPL] — 9o P Jx 4 70 SP (A7)
(Px]% = Yx]xx] .

Now, substituting back into Equation (A6) gives

— 0=

YA2S2P [ ] — ATSP L I + YACSHPH ]

Jot et P =] ;
19 <rmsﬁm — ¢oSPH ], + wsﬁ“stJ)z 2
2] ¢J2 — Vxx] x
¢ YAGSHIL ] — g2 S + 402 S 2] I
v/ 47]3% — YJxx] s
1/ YASPI ] — poSPH ], +7055+1]xs])2 3 c2p+1 1¢ 200pi2p2
= x SJs + AcS s — ———0°S :
+2( P12 Tee] Jroe 4 78)s + ACST s = 5057757,
1 o opra, | YACSHHL ] — ¢o?SPPH2L T 4 S P2 ]
=0°S ss s = 0. A8
TR et O — e J (A8)

To find the solution, we employ the separation ansatz

(X _ Fefr(Tft))"/
v

J(x,S,t) =

1/a _ — 7_4)
§HET =0« = Ty (A9)
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where ¢ # v — 1, and the function g(S, T — t) satisfies the boundary condition g(S,0) =1
whent =T.
Thus, the derivatives of the function J(x, S, t) are computed as

-1
I = —rFe_r(T_t)(x—Fe_r(T_t))v g/H(S, T—t)
g8, T—t) (x—Fe )T
— 1?((5 T_t))( ” ) gl/ (S,T*t)
B frFe_’(T_t)V_“A& i
- x_Fefr(Tft) g ’
—rr-n\7 !
o= (RN T = Sy
TN T2 _1)
o = —1)(x — Fe r(T—t) v 1/a S,T—t — rY(’)/ ,
] (v =1)( ) e, T e
- S,T—t x — Fe r(T—t) o= . 3
ko= “1§é1143( ¢ | gu(&T_ﬂzal%L
2 2
-18 -1( & 8 _ g3 —1( &8s 8
o= e (g = ()
2

_ i _ . —18s v
s = T—pomalTa g (x — l:er(Tt)>]'

Referring to (A7), we denote the A and B as shown below for ease of computation:

A= yASPI] — poSPTL o]y + yoSPH ],
B := ¢pxJ? — yx]xx].

It follows that

A = 'Y)_tsﬁ]x] ¢Usﬁ+l]s]x + 'Y‘TSBJF]]XS]
= (#) ('y/\ gbaoc‘lsgs +’ch_15gq)5ﬁ]2, and
cpx]x VX Jxx]

Ypx—7x(y— 1]2
(x Fe—1(T— )

S
I

which implies that the optimal exposure to the risk factor Z; is given by

0* — YASPI ] — ¢Usﬁ+1]s]x + 705 ] _ A
¢xJF — yxJax] B
7) (A — 4>(Toc*15gs + 'y(foflsg’)sﬁ]z
P2Ppx—72x(y—1) ]2
(x Fe (T~ )
935 — (9 —yow 1] (x—Fer(TY)

Y(p—7+1) x

_ (x Fe,y -

(A10)
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Next, we substitute (A9) and its corresponding partial differential equations into
Equation (A8) to derive (only the key steps are shown).

—rke T 0y —1g yar
( x—Fe~"(T-1) )]+ (x—FerT- t))]
y?@%m] _(¢_7)Am—152ﬁ+1%~ = J(H))]z .
+ ¢ ’Yz ]2 v ("I 1) ]2 (x—Fe*’(T’t))]
(X,Ffr(rfr)f (X Fe—(T— t))Z
32
’Y7\5ﬁ+]2—(4’—7)‘70‘7155+1&+]2
e | ey ol CErii)) ¢ p
v (1) (T—t)
¢(x—PejV(T*f))2]2 (X o t))2]2 (x Fe—1( )
AoS2B+ Y 12 (h—n)o2n 152285 s 2
B i ) M S S S P
_Fe—1(T—t
K ¢(X7FE],(H))2F (x- :(Zal t>)2’2 (e=re )
2
YASP Jr=(¢p—7)oa—lsPH18e %]2
+1 (x=F )2 M ) w0y
(P(foe*,YV(T*L‘))Z P (- : (’:(Tl : )2/2 (x=FerT0)
- 2 2
+7‘SD€71%] =+ A0a7152ﬁ+1&] _ 770. a7252ﬁ+2§%]2 + %0252ﬁ+2 {(“72 _ “71)% +a 713(;]]
VX”SZMWJZ (¢*7)02w*152ﬁ*2%mﬂ ity .
+ ¢ 72 ]2 72(y-1) ]2 (x—Fe—Y(T f))]i
(I_Ffr(rfr))z (Y _pe—r(T— z))z
—rFe Tty qg yxr
- (www ) +
'YAZSZﬂW—(tP—’y)/_\Ua*lSZﬂJrl% (%FEJ(H)) .
+
¢ 7 _ 20 (x—Fe~rT-0)
(X,Ffr(rfr)f (X,Ffr(wr))z
B 2
s 7A5ﬁ7(x7hj’(7*”) —(gb—'y)mx*leﬂ% (X7FE71(T7t)) -
2y 2 ) _ppr(T-1))2
(P(xfl:ej’(T*t))z (foe”(T*t))z (x Fer )
o | P ey RIS oy | ai,
T B 72 Y (x—Fe"(T0)
(x—pe 7 T-0)? (xper(T-0)?
2
ASP— T (p— “1gp+18 v
+1 L D) e § (xorer(T0) v(y-1)
2 22 __ 20D (x—Fer(T-)?

‘P(He—rw—n)z (x—pe7(T-1))?
- 2
+rSa1E 4 Aga 5L %Qozafzszng% + 1g2526+2 {(wz )G g8

& 8
Ao§2B+1 v 2,—162p+28s v
R e R S e ST 0
+ v (—FeT7)

¢ v
(I—Fgfr(T’f))z (X_Fg*r(Tff))z

_ N . _ 2
_ YA282B —(p—y)Aoa—152P+1 88 YASP—(¢p—y)oa—15PH188
—u 1% +,\yr+ ¢ 8 2£ ¢ ) 8

=7 +1 P |

2
2. —22p+2 85 - _ s 72
(p—7)oPa 257t & -1 |:7A557(¢77)M 15/3“% :|

=M

YAca~152P+18s _
8 -1
p—r+1 2y p—r+1
+(rSa1 +;\0a71526+1)% _ %(g 2a—2828+2 _ 52 —252ﬁ+2+02a71525+2)§7§

YAon-152+18 7)020(7252;#2 &
102152 (o 2 _o

; =
aflgt +qr + (rslx71+/\o.’x7152ﬁ+l)ga + 1 7152ﬁ+2%

+( 2/\252‘5+ ,Y (P)Z 7252ﬁ+2§% +2,7/\(,77¢)0.“715‘B+1%) 1
_1
2

7 2@+
n—282p+2 _

(fera2s

g

(’Y 4))0.20(—252{344 1
ol T )

2,-2G2B+2 4 Uza—152ﬁ+z)§§ —0

—1¢2B+28ss 1 Aaa’lszﬁ“)&s “/(AS)
+ Lao?a1s g+1x<rSo< + 6= 1 g+tx(¢ )

21 525+2] gf; -0
8

+ ayr
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rp—r+1) 107525) ay(AsP)?

1,0
— g+ —025%2 s(
8t 37 R U T—¢ 20p—7+1

)g +ayrg =0, (A11)
where ¢ — v+ 1 # 0, and the boundary condition is g(S,0) = 1.
Notably, when ¢ = 0, Equation (A11) is simplified to the following form:

alae—1)

5 ()_\Sﬁ)zg +ryag=0 (Al12)

-9t + %0’252‘6+2gss + «S (r —r+ /_\Uszﬁ)gs +
where 1 — v 5 0. This corresponds to the corrected Cauchy problem (34) in Corollary 3
which was also documented in the reference [14]. The following notations are used from
the source to our notation: a = 0,6 = a,x = r,and ¢ = g Thus, our robustness problem
can be reduced to a non-robust scenario within the context of the M-CEV model by forcing
e; = 0 or equivalently ¢ = 0.

In accordance with Theorem 2 from the reference [6], we can establish that function
g(S, T —t) satisfies the Cauchy problem defined by Equation (A11) when the terminal
function is set as g(S,0) = 1. To facilitate a connection to the source, we can define
f(S,t) = g(S, T —t). The Cauchy problem (A11) can be rewritten as

{Ef(S, t) f + 0_252ﬁ+2f +IXS( (e jlzp ) A"/17525>fs :ZP(A5+)1 f+afyrf =0, (A13)
f(8,T) =

Appendix A.2. Solving Cauchy Problem (A13) for the M-CEV Case with Ambiguity
Appendix A.2.1. Scaling Transformation

In Appendix A.1, we derive the Cauchy problem (A13). Assume that f(S,t) is the
solution to Cauchy problem (A13). To simplify our analysis, we introduce scaled space and
inverse variables, denoted as z and 7, respectively. At first, let

1 ~
z=wS*=S=(3)", w=?, T=B(T—t)=t=T-3,

%Z—stx 1, 90— B,
9 (9T _ h)
atf af - *Ba?f . ) )
*f= f = XwS* 1aazf—xw(é)lﬁa@f:xaﬁzl_gaifr
aszf—xwv(z x%) :xw%[z“%(%
1

1
= Xw¥x [z xa fgg + aZf(l — %)21*;*
2 2 32 2 2
= i s S f 4 (- x)wiz TR LS

According to (A13), the scaling transformed PDE of f(S, t) is given by (only the key steps
are shown):

DF(S, ) + L0252 £ (s, 1) +1x5(m_1 Ao 52!3) 2£(S,t)
S t

o 12
—i—ﬁiﬂ)szﬁf(s,t)%—wyrf( ) =0

— BH(ENT-7)+53)

2 Lop+2
+ (5)

N
==
~
=
+
»
=
=[N
N
0
=N
%
-~
7 N
—~
S
SN—"
R
<
~
|
sSEaN
~__

(
n@%in@ﬁf((;m §)+ams(()h 1) =0
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d Z\+ T o2 2 210 1 2 92 Z\1 T
e “\F _ Sy _Z T3 (28+2) 5y (2B+2)+2—-% Y A\ t
:>B8ff<(w> T B) 2 ¥ z = (5) T3
(o 2 1(2p42),1(2p+2)+1-2 9 Z)% 7T
-5 (#-x)w : (&) T3
. SRS TV A PRI
(rxz—i—xw ¥z '7<p>azf (w) ,T B
ayA? 28 2 Z\1 T Z\1 T
- vz fl(5) N T— 5 ) - )T ) =0 (Al4
e tE((3) ) e ((2)hr-5) o e
Denote
Z\¥ T
F(z,7T) _f<(a)) ’T_E ,
and then Equation (A14) can be rewritten as
0 - 0'2 2 _ 2B Zﬁ_;'_z 82 -
a—fF(z,T)—ﬁxw ¥z ﬁF(Z,T)
term2
) -
[P (2 ) EaEh L wwadye)] L
{2B(x x)w z —|—B<rxz+xw z v—¢)] 5 (z,7)
term3
ayA? _26 2 ayr 5
- vz7 4+ I E(2,%) = 0. Al5
P R SR (19
term 4

To make Equation (A15) simplest, we assume
x= -2

w

Bl _ 141 _ 0 . . .
sothatz> 7 =z = z" = 1lin term 3. Thus, the spatial variables can be scaled as
_ —2B _
z=wS = 5

where w is an unknown parameter. We will determine it later.
F(z,7)

As a result, Equation (A15) can be rewritten as
4p% 4 2B) 2Brz  2Bwalyo] 9
w — — —_
B B(y—¢)]oz

202 2 2
S F(z 1) - 27 wz%F(z,f) - [‘T ( -
term 2 term 3
ayA? o anr .
— 2B(4>—’y+l)wz +B} F(z,7) =0. (A16)
term 4
To simplify Equation (A16), we assume B = o? /320.1. That is, we can scale the inverse

time variable as follows:
% = ?BPw(T —t).
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Therefore, the PDE for (A16) can be expressed as
0 02 2B +1 2r 20Ay ] @
= T) —2z—F(z,T) — — — —F(z, T
afF(Z’ ?) o922 (z7) [ B az[iwz oB(y—¢)]| oz (/%)
ayA? 1 ayr 5
— F =0. Al7
T i P (17

We determined two scaled variables, z and T. However, we have not yet specified
parameter w. We require this degree of freedom to simplify the PDEs.

Appendix A.2.2. Finding the Representation of f(S,t) and the PDE of the Function &

In Appendix A.2.1, we discuss how to determine the two scaled variables z and 7.
For convenience, we use these two scaled space and inverse time variables, i.e.,

w

_ = 2p2 _
T T=0"Bw(T—-t), w=2

in the process of solving the Cauchy problem (A13).
As per Equation (A17), if denoted as

F(z,7) = £(S,1) :f((‘;’)zl“,T— azgzw>

we then re-express (A13) as

9 ~ 9?2 ~ 2B+1 2 20A ) ~
3=F(z7) - 22 F(z,T) — |5 — Pt oﬁ(avlp)} =hzT)
ayA -1 ayr =\ —
- |t + A FE D =0, (A19)

F(z,0) =1.when T =0.

To solve (A18) with the initial function F(z,0) = 1, we employ the Laplace transfor-
mation method to find its solution. The following steps outline this process:
Step I: Assume that the solution f (S, t) for the Cauchy problem is represented as fol-
lows:
£(S,t) == F(z,%) = 2 exp{c + xT + yz}h(z, 7). (A19)

At this point, the parameters J, ¢, x and y are currently considered to be unknown,
and their expression or values will be determined later.
From (A19) we have

8 o ) = a _ ) ~ 1 a
5zF = xF+z exp{c +x‘c+yz}—arh = xF +z° exp{c+ x’r+yz}hh—a%h
hz
= (x+ h)F/
d

%)
—F = z‘sexp{c—kxf—i—yz}&h+yP+5z‘571exp{c+xi'+yz}h

0z
[ 5
= (h+]/+z)F/

92 19 5\? /19 5
= <hazh+y+z ”(az(hazh>‘zz)F
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Substituting these into (A18) and dividing by F to yield
. 525
(x+ %) —2z[y2+2y§ T G (2y+28) % + hh]
28+1 2 2uly hy s ayA? -1 _ayr ] _
- { T e Vﬁ(7¢)} (+y+2) - g+ s =0
Multiplying by h gives:
1 2r 20y 28 +1

hyy — — || 55— —4 — —46|h A20
| G B e R 20

+(4yo —x+ Sy - By L

prw

2 2ry \1 2 ayA? (28418 2adys ] 1
{ (Zy 025w>2+ {2(5 D+ w2y T B vﬁ(v—«P)}ZZZ ] h= ~h..

o*pw T op(r—¢)

Step II: The goal is to cancel the h, term:
In order to eliminate the term of /1, we set

2 20y 28+1 o
(st =) spty gy~ 5 4O

This can be achieved by choosing appropriate values for § and Q:

20y 2B+1

Bo-a  p 00

_ 2ady 2841 wdy 11

“iB -9 4B 9B—¢) 2 4P
1 1 aAy

T2 48 " 20p(v—9)
1 1/1 aly
~ ol )

26\2 o(y—¢)
and
2r
2Bw y=0
o 2r 1 r
YT 1020 T 20%B0
We denote
r
Q= e
Then,
1
y=5Q

(A21)

(A22)

(A23)

Remark Al. When ¢ = 0 (i.e., without ambiguity), the parameters 6 and Q in (A21) and (A22)
are identical to those presented in the reference [6]. Specifically, referring to [6], these two parameters

were defined as follows:
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It should be noted that the expressions for & and Q mentioned above correspond to the definitions
provided in the reference [6]

We substitute (A21)—-(A23), into Equation (A20) to obtain:

hzz_l|:< 2r 2Q)z+ 20y _2ﬁ+1_45:|hz

2z | \o?pw By —¢) B
term 2
Q? rQ \1 ’ ayA? (26+1)0 206 1
(2 _Uzﬁw>5+[z(5 ") gy )T B _0/3(7—4’)}@
+ term3 term4 _ h=Lh-
ary 26+1  2r6 20A7y 1 27t
T R N e (e

term5

Based on the previous steps, it is clear that the coefficient of &, is zero, allowing us to
eliminate term 2. Therefore, the above equation can be expressed as

[ (@ Q1 2 ayA? (26+1)6  2adys |11 ]
(2_02/3w>2+[2(5 _5)+202/32(4>—7+1)+ 5 _Uﬁ(v_(p)}zzz
erm erm B 1 i
et t j 206 — x4+ YL 26+1 Zrté ! 20 A7y 1 h= Zhr- (A24)
( Q — X UZ,BZW Q 2[3 _Ozﬁw_Qzaﬁ(’Y—(P))Qz
- term5 |

Step III: Now, we have an unknown parameter w in term 3. It has been observed that
we can choose an appropriate parameter w to transform Equation (A24), which governs
the function £, into the well-known Whittaker equation. Hence, we assume that term 3 is

equal to —Llie,
Q@ QN1 _ 1
2 o2pw ) 2 T4

@ M _ 1
T2 w2
Q1 rQ
= 42} =0. A2
:>( > + 5 B 0 (A25)
It is known that Q = Uzrﬁw in (A22). Substituting this into Equation (A25) yields
L + 1_ T’Uz%w =0
204B20w2 T 2 2Pw
r
—w = , (A26)
o> | B

where the parameter w is determined.
Remark A2. With the correspondence in notation from the source to our notation x = r, § = a and

A = w, the formula for the parameter w in our M-CEV case is the same as that in the reference [6].
In that study, the A\ is given by

I e ) L 2 2
AT TaE Tap Ve
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Step IV: To determine that the coefficient in term 4 is appropriate for Equation (A24),
we begin by assuming that the coefficient of z~2 in term 4 is represented by an unknown
parameter, denoted as k. That is

1 ayA? (2B+1)é 2aAyd )
k:<2525+ + - (A27)
2P )T ap ) p oB(r —¢)
A2 (26+1)o 20Ays
SN S R + = . A28
©RG-+D % 20p(r—9) (A2
Due to § = % - %, we have from Equation (A28)
1 32
P _{ aAyé _2(2[5+1)5]+ , zzx'y)\
20B(7 = ¢) 4p 402B (¢ — v +1)
32
— 2 5 &y
T+ )
1 1\2 ayA?
:>4—k—((5+2> +4¢72/32(’7—47—1)' (A29)
To obtain the form of the Whittaker equation, we introduce a new parameter %
defined as
1\? ayA?
2 _ -
7= (4 5) st
1\2 ayA?
:>17—\/(5+2> +402ﬁ2('y—4>—1)' (A30)

Accordingly, we rewrite Equation (A29) as

i—k=1
— k=31-7%

which implies that Equation (A27) can be expressed as

ayA? (2B+1)0 20Ay6 Y\ 1
(20t sty g ) "

Remark A3. When ¢ = 0, the parameter v (see Formula (A30)) is different from the reference [6]:

1\? (1 —206)c2
)

This is because of the difference in the Cauchy problem.

N =

Step V: We aim to make the coefficient of z~! zero in term 5 by selecting an appropriate
parameter, x in Equation (A24). To determine the appropriate parameter x, we initially
assume that the coefficient of term 5 is equal to zero, which can be expressed as

ary 264+1 216 20y 1
2Q0 —x+ (72,32w +Q 26 2pw QZU,B(')/—QD) 2
aly 2+1 ré
—x =206+ zﬁz P20y 5 T 0 ﬁzﬁ 20 (A31)
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From (A21) and (A22), we know that § = A1 2p+1
Equation (A31) can be written as

wprg)  ap and Q =

ﬁ, then
x =206+ &

ady 2p+1
Uzﬁzwr — ZQZU,B(“y—qJ) +20Q F 2(72;%(4;5
=206+ azﬂgzwr —20Q6 —2Q6
308

Denote

R* := —2Q4. (A32)
This means
ray

= ——>—+R".
X R0 +

Remark A4. When o = r, the R* for (A32) is not the same as the reference [6]. We obtained

R* — _ZQ/\_é(l—(S)(a—r)c

Aa? ‘BZ
As opposed to

R an - = le e

Next, we determine the unknown parameter c:
Letd := ¢+ xt. Because ¥ = 028%w(T — t) and the assumed representation of the
solution F(z, ) is given by

F(z,t) =z°exp{c+xT+yz}h(z %)
=20 exp{d + yz}h(z, ),
then

_ ~ ray ~

d =c+xt=c+ (vzﬁza; —i—R*)T
=c+rayT —rayt+ R*T.

As a result, the educated guess of ¢ can be given by

c=—rayT,
which implies
d = —rayt+ R*T.

Consequently, we can represent its solution f (S, t) for the Cauchy problem as

EZ

where z = wS™%f and T = 0?B%w(T — t) with parameters

(S, 1) =2° exp{—m'yt +R*T+ Q }h(z, 1), (A33)

__r _ 1 _1(1_ _aly
w= ity 5= 35 )

a(r—9)
2 -
_ 1 A2
1=\ (0+3) + ey
Q=

i R = —200.
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After ensuring the five terms in (A24), we express the PDE for (A24) as follows:

1_ 2
wo [ G
with initial condition
h(z,0) = L'QO) =z exp{r(x'yT - (222}, (A35)
sep{ 20}

which indicates that Equation (A34) is a Whittaker equation. Solving the Whittaker equation
is provided below.
Let us denote the corresponding operator as

_ 1 /1 \1 1
Ehh(Z,T) = hzz+ |:—4 -+ (4 - )Zz:|h_ th

Appendix A.2.3. Applying the Laplace Transform G(x; {) to Find the Solution k(z, T)

In Appendix A.2.2, we established the representation (A33) of the function f(S,t) as
follows:

f(S,t) =2° exp{ —rydt +R*T + czgz}h(z, T),
where h(z, T) is the solution to the Cauchy problem in Equation (A34). In the following
steps, our objective is to determine the solution for h(z, T):
Step 1: Find the Laplace transform of h(z, T), and produce its ODE.
According to the definition of the Laplace transform, we denote the Laplace transform
of h(z,T) by G(z; (). Thatis,

G(z0) = Lih(z,7) = /0 " e Tz, 1)dt

with Re(g) > 0.
Using the properties of Laplace transform methods, we know that the transform of a
derivative w. r. t. z is a just differentiating the transformed function.

Lrhy(z,T) = {?w exp{—Ct}hz(

z,T)dt
= G(z{) = G:(z0),

and

Lrho(z,%) = |3 exp{—{%}hz=(z, T)dT
= 4G(z0) = G=(%0).

To transform the derivative in T, we use the common rules (see the reference [17])
Lrht(z,T) = 0G(z:0) — h(z,0),

where

F(z,0) - Q
h(z,0) = M =z 5exp{r0¢’yT 22}
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Thus, we use the Laplace transform in Equation (A34) and produce the following ODE:

- 1.2
Gz + —1+M]G= L (@G—Z‘Sexp{m'yT—Qz})

4 22 2z 2
- ; 12
1 5 (4 Ul )
=Gy + i Lt = G=—x(z) (A36)
where denoting
1
x(z) = 52—1—5 exp{m’ﬂ" - (222} (A37)

Step 2: Solve the ODE for G(z; ().
In ODE (A36), the homogeneous equation for G is known as the Whittaker equation:

Gz +

1 2
1 —¢2 (17
Z_F z +(4zz >]G_O’

with two linearly independent solutions, namely the Whittaker functions M_; . (z) and
27
W ¢ . (z) (see the reference [18]) .
27
Hence, the general solution of the homogeneous equation is given by

Go(z:0) =CiM_¢ (2) + CW_¢ (2).
31 21
Let us return to the non-homogeneous Equation (A36). We seek its solution in the form:
G(z:0) = Cl2)M_g  (2) + Co(2)W_g , (2). (A39)

The functions C; (z) and Cy(z) can be determined from the following system of equations:

Cl2)M_¢, (2) +G()W ¢ (2) =0,
! !/ 2 ! ! 2 (A39)
ClaM () + GEW () = —x(z).
We express the derivative C} (z) from the first equation
i) = —cyle) i)
z) = —C(z) — .
1 2 M_%,v (Z)

W, (2)
- G M, () + GEW () = —x(2)
—2
, XM ()
—CY(z) = — : . (A40)
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It can be seen that the denominators M_QW(Z)W/ c ,7(2) -W . ( M, ( ) in (A40)
2 -3, 2 3
are the Wronskians for these two Whittaker functionzs (see the reference [i 9]), which is
given by
_ / o !
WM g @ W g (@)} =M g W ()W ¢ (M ¢ ()
_ _ _T(1+2y) £0
T(h+r+5) 7
Denote ( ; )
= 1
fah _2,77 = —
W{Mﬁg/ﬂ(z),wigrn(z)}
_ TG +n+5)
O T(1+2y) 7
and then it follows that
1
/ i / _
Mg W4y ) g Mg, = s
E(-51
Thus,
o XPW ¢ (§) _ o
Ci(z) =/ L dy = —&(=51) [ x@)W_¢, (¥)dy,
wlm . oW o w}
2 . 271
= E(=5,1) [y x(@)W_¢  (9)dy
o AWM () 0T\ e
C(z) =— /. : dp =2(=5.1) [Zx$)M_¢, (9)dy
wlm ;. ww ; w} ¥
2 21
From (A38) the solution G(z; {) can be obtained as
G(z:0) = Ciz)M_¢ ,(2) + C(z)W_¢ | (2)
_ =(_% / : =(_% / ®
Mg, (2(=50) [xm g, ap+w g, @2(-5n) [Caom g, )y
"z 00
—=(=5n) (Mg, @ [ g, v w g @ [Cxom g ). (A1)
27 0 21 21 z 21

See the references [20,21] (such as [20]: 6.669.4], the following relationship exists
between Whittaker functions and modified Bessel functions:

1
Ji° e amtm)teoshx [coth (3)]% I, (t/aaz sinh x)dx = 7W1;%+r’fff§y> Wi, (a1t) M, (azt),
[Re(% +u —v) >0, Re(u) >0,a; > ﬂ2:|.

Hence, when v = —g , a1t = P and apt = z, we have

¢

%w_%ﬂ(lp) % (z) = fy7 e 2wt ot [coth )}2 Y 1y (VFZsinh ¥)d¥
— 2(-5)W (1M ¢, () = V=[5 e oY [tanhC () ]y (viZsinh ¥)d¥,
[Re(3+n+5)) >0, Re(iy) >0,¢ > 2).

It follows that
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-5 -
(-

S (Mg, @ [ g iy w @) [T Mg, i)

S (Mg, / 3070 g+ W, (2) [T e TS (phay)
= {( / / 10 T 8= b5 cosh ¥ [tanhé (gﬂlzv(\/@sinhw)dgud‘f

_\zfemﬂ( /O /0 T B -0 Py ( /pzsinh ¥) tanhf ( )dlpd‘i’ (A42)

Again, we know the relationship formula (6.643.2) in the reference [20]

1 2
I M=o L (2by/X)dx = %b‘le%zx—?‘M,w (%),
[Re(y—kv—k%) > O].
Based on (A42), we have

2
oo e (2),

[Re(; — 5+ ;7) > 0} . (A43)

with o = 7“’51? +Q and A = 7‘/251;}1?.
From (A42) and (A43), the representation for G(z; () is given by

o Z COs! 2 2 ‘Ij
G(z Q) = er‘WTE(é,n)\f(/ e\ Lok oz‘SM(g,,] (Aa) tanh® <2>d‘~1’
0

00 zcosh¥ | zsinh? (¥) Y cosh¥Y + Q 0 z Sil’lh2 Y d¥y
_ gayTe 2 T 4(cosh¥+Q) nh§ _ e Ad4
=" E(S, 1) < /0 € ta 2 2 Ms,y 2(cosh¥ + Q) [ sinh ¥ (Add)

Appendix A.2.4. Finding the Solution f (S, t) for the Cauchy Problem

We achieved the function G(z;{) as shown in (A44) in Appendix A.2.3. For conve-
nience, it can also be written as

e%G(z;C)

- co sh zsinh? (¥) zsinh? (¥) ) .12
VD"YT"‘((S ;7) < /°° g%e : * +2 4cosh¥+Q) ¢ " 4{cosh¥+Q) tanhg (;) <COSth + Q> 1\/1(5/’7 ( ( zsinh” ¥ ) dy ) (A45)
0

2 2(cosh¥ + Q) | sinh ¥

LetY(¥):= § — cosh¥ 1 5 (?O“S};qqﬁ +)Q) , and we simplify Y (V) to obtain

Q sinh? (¥) hY
Y(¥) + 2(cosh¥+Q) COS2
_ Q*-1
" 2(cosh¥+Q)"

Thus, Equation (A45) can be expressed as

Qz ray T ® Y A _H® d¥
2e2G(z;l) =e 7%(5,;7)< /0 M) Z9(¥) tanh® <2>(zl(‘{’)) e Myy(21(Y) o (A46)
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where
sinh? ¥ Q*-1 (cosh¥ + Q)2
(Y)=gr—~w A YV =<~ Z(0)=— 55—
2(cosh¥ + Q) 2(cosh? + Q) sinh? ¥
Let the integration variable v = Intanh (). Since
_ 1 d Y\d (Y
dv =y tanh( )d‘F(2>
__ cosh¥+1
" sinh¥ 2cosh2( )d‘}’
_ _ hY hY—1
e =tanh () = ¥t = <Gy,
-1
- _ b4 _ cosh¥+1 __ _sinh¥
e’ = (tanh (7)) — sinh¥ T cosh¥-1’
e~V v — _sinh¥ _ cosh¥-1 _ 2(cosh¥-1) 2
~ cosh¥-1 sinh¥ = (cosh¥—1)sinh¥ ~ sinh¥~’
el e 0 = cosh¥—1 + sinh¥ _ 2cosh?¥—2cosh¥ __ 2cosh¥
— sinh¥Y cosh¥—1 = (cosh¥-1)sinh¥ ~ sinhY ~
it follows that
__ cosh¥+1 cosh¥+1 1
dv =GRy 2cosh2( )d‘f Sinh ¥ zcoshzwfd‘f
__ cosh¥+1 d¥ = d¥
1 - smh‘Y cosh‘{’—',-l sinh¥” )
sinh(—0) smh( ) T e*” @ szh‘y =sinh ¥
= sinh¥ = smh( oy
v 2;osh‘l’
coth (—v) = —cothv = ijie,, = sinh¥ — cosh¥
sinh ¥
= cosh¥ = coth(—
And yet,
1
[(¥) = soh¥ __  snl(o) 1
2(cosh ¥+Q) 2(coth (—0)+Q) 2sinh? (—v)(coth (—0)+Q)’
Q*-1 Q*-1

2(cosh‘Y+Qg 2(coth (—v)+Q)”
Z(T) _ (cosh¥+Q) 4(coth (—v)+ ) coth (—v)+Q)

sinh®¥ m
_ 1( - )
i 1 e
2sinhZ (—o)(cosh (—0)+-Q) 2(cosh (—0)+Q)
Q@1
~ 2A(—0)B(—0)"
Then, denote
B 1
AY) = R o o0
B(oo) — P
= Z(Cothg*0)+Q)’
= Q-1
D(-v) = gyscy-

Subsequently, introducing the integration variable v = In tanh (%) results in

d¥y . 1
e dov, sinh¥Y = sinh (—o)’ cosh?¥ = coth (—v),

I(Y) = A(=0), Y(Y) = B(-v), Z(¥)=D(-0),

(A47)
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and
—_1)¢ _2) —1)¢
tanhé (‘;’) _ (CO.ShEJ 1) _ (coth ( lv) 1)
sinh (III) sinh® (—0)
— [sinh (=) (coth (—v) — 1)]¢
-0 U _ ,—0 o\ &
_ <€ +e e +e ) :egv' (A48)
2
By (A47) and (A48) we rewrite Equation (A46) as
2eT G(z;0) = eTE(S,y) [T N ZO(Y >tanh5( )EI(9) e 2 My (21(9)) 53y
= z‘se%G(z;g) :e""“fTE((S,ry)wa ZB(-0)—* 5 +€Z’D‘S(—v)(zA(—v))”‘MM(ZA(—v))dv.
Applying the following inverse Laplace transform
h(z,7) =L HG(z0)}(F) = g5 limr e [y €7G(2:0)d]
N+ioco
= z}n N €TG(z0)dC
508 prayT— o 5(7517 NJrll;o 0 zB( v)— +Cv+§rD0( )(ZA(—U))(SM(;,,?(ZA(—ZJ))dUdC
to the function (A33), we obtain
(A49)

f(S t) 5efm'yt+R*T+ Zh( )
v~ [N+ico z
m’y (T—-t)+R*T / ! / ZB( v)— A +C(U+T) (ZD( )1‘\(—"{)))(5]\/1(5,,7 (ZA( ))dde

—
H
—_—

2m

where N is chosen such that all singularities of the integrand expression are to the left of
— ico, N + ic0) in the complex plane.

the straight line (N — ioo,
Additionally, as we know, by analytic continuation of the Fourier transform, the Laplace

transform of the delta-function satisfies
o0
/ S(t—a)e Stdt = e,
0

By using the inverse Laplace transform, the Dirac delta function for the M-CEV case with

ambiguity is given by

€ / VI tar = 6(2)
271 JN—ico -

and changing the order of integration in (A49) yields

v~ [N+ico —0 -
B rar(r-n4re o / L0 (2D (—0) A(—0)) My, (2A(—0))dodg
_zA(=0)
7 (zD(~0) A(~0))" M;,, (2A(~0))d(~0). (A50)

f8) = 2711

(5 17) ray(T—t)+R*T / 5((_0)

— —'E—)eZB (77))
—o00
Note that ¥ > 0, the integration interval can be extended to the entire line. Using the

[I]

properties of the delta-function
(A51)

| 5@~ 25@)a = g2)
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we express (A50) as

zA(T)

> (zD(T)A(%))’ M5, (2A(%))

£(S,t) = B(6,5)er(T-1)+RTpzB(T)—

— l ZA(T
_emv(T—fHR*ﬂzB(ﬁDé(f)r(r”( 1+6 ;7 )2)6— 52 (2A(9) My, (2A(7). (AB2)

DuetoT —t = tﬂﬁ%w’ the expression (A52) can be written as
T %4+R*#+zB(%) T(n—6+1) _zA®) Y .
F(S,1) = e?Fe D (2) 3 e 5 (2A(2)) My, (2A(7))
Y +R*)#+zB(%) T(n—6+1y _zA®) Y _
_ (Ft) DY () e 2" (2A(7))° My  (2A(7)).
Denote ray
= 2pe TR
Again since (see (A32))
R* = —2Q,
it follows that rary
R=——-— —2Q¢. A53
g 20 (A53)

Therefore, we obtain the solution f(S, t) for Cauchy problem (A13) as follows:

T(y—0+3) =am

F(S,8) = RTHEODI(2) T2 7 (2A(D)) My, (2A(7)),  (AB4)

where z = wS™2F, # = 0?2B%w(T — t), T'(z) is the gamma function, M, (z) is the Whittaker
function with parameters

111 ady _ 12 ayA?
°="3 2ﬁ<z 0(7—¢)>’ L W*z) Ty g 1)

The remaining constants and functions are given by

— — _ Iy
© =g O apr R=Epe — 20

- 1 - Q%1 =y Q%1
A(T> " 2sinh® (coth 7+Q)’ B(T) ~ 2(cothT+Q)’ D<T) T 4A(T)B(T)”

fs

To compute the optimal exposure, we must determine the ratio 7 in the next section.

Appendix A.2.5. Calculating the Ratio J;S ((SS':))
fs

As documented in the reference [22], the ratio F can be determined using the differen-

tial rules for Whittaker functions, i.e.,

d \"/ : k—1 . F(V+k+n+%) —Z _k+n—1
(Zdzz) (¢ 3" "My (2)) = Tptk+d) M (2)

When n = 1, it follows that

F(y+k+%)

d _z k1 _ T(ptk+i41) _z g9
(z@z) (e iz Mk,y(z)> = ————2rre 22 IM L (2)
—Z ko ket DT (p+k+3) _z
d)(e 5k Hle,y(Z)) — (prkt)U(prkts) , éZkMkJrl,y(Z)

F(y+k+%)
e 7szk,y(z)) =(u+k+ %)efizkfleH,H(z).
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In the previous section, we derived the solution f(S, t) that satisfies the following
expression (that is, function (A54)):

£(S,1) = eRmB(f)D‘S(f)We—iA(ﬂ (2A(1))° M, (2A(7),

where I'(z) is the Euler gamma function, M, , (z) is the Whittaker M-function, and functions
A(T), B(), and D(T) are obtained in Appendix A.2.4; namely,

=\ 1
AlT) = 2sinhi2(%) (coth (£)+Q)
-\ Q%1 - Q%1
B(T) N 2(coth (f)JrQ) ’ ( ) 4A(T)B(7)
For convenience in calculations, denote
T(p—A+1)
G:=D(f)— 27
O —Fa+z)
and thus, we rewrite the function (A54) as
£(S,t) = GeRTHB[De =340 (24(2)) M5, (zA(T)). (A55)

The derivative of the function f(S, t) with respect to S is given by

. o Zoa(a 1 : 7
— GeRT+zB(T),—3 A(T) (ZA(T))‘SM@,? (ZA(’T’)) {B(’f’) + (’7+i+2> M]\Z;’ZZ(Z?E:)))} %

Consequently,

8s . gs(S, T—t) _ fs(S,t)

g 8(8T—t)  f(SH
GeRf+ZB(f)eEA(f)(zA(f))‘sM(g,ﬂ(zA(f)){B(f)—f— A | B
o1

GeRT+2B(v)e=34(7) (2 A(%))0 My , (zA(T))

S+1n+1 Msiy, (ZA(f))} dz (A56)

= B+ z M;, (2A(T)) ds’

Appendix A.3. The Optimal Exposure and Worse-Case Measure

Building upon the preceding analysis, we derive the following optimal exposure

from (A10):
3 _ pp—r(T—t) _ ppo—1(T—t)
v _ ASB (x—Fe" ) s (x —Fe™" )& (AS7)
(¢—7+1) x x 8
Substituting d—g = —2,3(415’2/5 —1and (A56) into (A57), we can determine the portfolio’s

optimal exposure to the fundamental risk factor Z; as follows:
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g ASE (x—FerU) (xR ey £ b Mna (A o
(@—7+1) x x z M, (zA(7)) JdS
3 cp — Fe—1(T-1) 5 L p — Fe~"(T-1)
L S R RS A s (e f”]“‘ )
(p—7r+1) X z M;, (zA(%)) X
x — Fe=r(T—1) ASP Ms i1, (wA(T)S™%)
= —20wpBS~PB 208SP (5 1 } A58
x [«p—wl caps PB(T) ~ 2085 (34 1+ 5) MM(wA(f) %) (A%
By Formulas (A4) and (A57), we have
«_ 9 { ﬁ( AsP (x—Fe ") p+1 (x—Fe"T) 8S> i ~18s }
= |x§ S e S
€ v/ * (p—v+1) X te x g (x—Fe—’(T—f))]—'—U“ g]
pA PoS gs
_ 35 A59
p—1+1 7—9g (A)
We substitute (A56) into (A59) to obtain
x _ QA | ¢oS - S+n+3 M1y (zA( ))
€ T Tt o—p [B(T) T2 M, (2A(%))
— 4%75 _ —28—1p(=y _ 2800+ 17+ 1) Mgy (wA(7)52)
q) 1 + { 2wpS B(7) — Moy (wA(D)S )
As a result, the worse-case measure is given by
e =e*SP
3 cB B+1 ) 1M F
_ 9ASP goSPL g Ly Sty Mo, (A(D)) | dz (AG0)
-7+l  r—¢ z M;, (zA(T)) |dS
PASP ¢oSP [ 28 1, My 11, (wA(7)S™%)
= + —2wBS™“FB 2B(6+1n+ A61
(P_')"’_l (P_,)/ :B ( ) :8( 2) MgU(CUA(f)S ) ( )

Appendix A.4. Special Case: Zero Interest-Free Rate

By assuming an interest-free rate, = 0, we can simplify the solution f(S, t) and the
optimal exposure 6*. In this special case, we have w = T = z = 0, and the constants Q and
R are both zero. The limit values are

(@)
. - _ Q-1 : -1
lim D(%) = lm ————~ =1
Jim, D(T) = lm o B~ M 1 —1_
2sinh” T(coth T) 2(coth‘r)
0 2
= lim cosh?% = (° 1
w—:0 2¢0
2
= (1“) =1 (A62)
2
(b)
T ~\ _ 1s -z S 2B
(P(S’ t) o hmeO ZA(T) B thHO 2sinh® T T(coth7+Q) hmwg)o 2sinh? # coth T

5—2p
s Zﬁ(T t)coshif—&-Zazﬁz(T t)sinh®
= 2‘7_ pESTH(T—1),
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et—e T

2

because of sinh T =

(0)

. N . 24 wS~ 2ﬁ(a4 771
Q(S, t) = hmw_>0 ZB("L') = llmw_>0 % llmw_>0 m
— lim (—2wo*B25~2P) sinh T+ (S~ 2P r? —w?c*B25~2P)g? B2(T—t) cosh T
- w—0 257B7 cosh +207 B202 B2 (T—t)w sinh T+2rc2 B2 pZ(T—1) cosh
— lim _ 2rc2|B|S—2P sinh 7
— w07\ 202 cosh 7+20% B2 (T—t)w sinh T4 2102 B(T—1) cosh
=;-5=0.

2172

(d)

1 - 7 e 202 _
Y(t) = wlinoRT = wlgo (0252“] 2Q(5>(7 B w(T —t)

= lim {U;gz ?B*w(T —t) — 0 B2 o*BPw(T —t)

w—>0 /3

= wligo [r'yoc(T —t) —2réB(T — t)}

-0. (A63)

Thus, the solution f(S, t) is given by

- . 5 _5+1y  zA(D) ~ _
£(S,1) =eRT+ZB<T>D5(T)”’gT‘§;7§)e 1 (2A(%)) Mj  (2A(2))

r(p—o+1 2G4
_ We(‘{’( )+Q(SH)— (p oS, t)MM(qo(S,f))
P

— 2(5,7)e~ "7 9%(S, )M, (9(5, 1))

Then,

H _9o(Sh) o\, g ) M (9(5,1)
st "8 gt (s, (o5 [peer 2272) s, oo | &

and thereby, if r = 0, we have

ASP (x—F) pr1(x—F)gs
G—r+1) x 75 x g
_ (x—F)sP A 1, Msi1,(9(S,1))
- —20B(6+ 1 +2)—M5,;7Z<P(S,t))

6" =

x p—v+1 (A64)

Meanwhile,
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which implies that the worse case is given by

e =e*sP

_ PASP B 200BSP (6 + 17+ 3) Ms i1, (9(S1)) ' (A65)

p—r+1 T—¢ M;, (9(S,1))
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