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1. Introduction

Umbral calculus originated in the 17th Century and is an important method for study-
ing polynomial sequences. It is a branch of combinatorial analysis [1]. In the mathematical
study of umbral calculus, there are three approaches known in the literature. Firstly, um-
bral calculus can be seen as a type of “magic” for reducing and improving indicators
in polynomials [2]. Secondly, the Appell polynomial is extended to the Sheffer polyno-
mial [3]. However, the development of this polynomial is not sufficient because of the lack
of computational tools. Thirdly, the abstract linear operators are used to study umbral
calculus in functional analysis [4]. Later, these three routes were combined and binomial
polynomial sequences studied using operator methods, revealing the mystery of umbral
calculus [5]. Umbral calculus is based on modern concepts like linear functionals, linear
operators, adjoints, and so on. It is used in fields such as combinatorics, homology algebra,
statistics, Fourier analysis, physics, and invariant theory [6].

In [7], the authors introduced umbral calculus into the Clifford analysis. They defined
the umbral Dirac operator using radial algebra and umbral calculus. In 2011, Faustino
and Ren Guangbin used the operator composition method to study the decomposition
theorems of umbral Dirac operators and Hamilton operators [8]. The Clifford analysis (see
for instance [9–12]) is based on the study of the properties of monogenic functions, which
are the higher dimensional analogue of holomorphic functions on the complex plane. While
continuous Clifford analysis is a well-established theory with applications in many fields
like electromagnetics and signal processing, discrete Clifford analysis is a theory used in
discrete potential theory, numerical analysis, and combinatorics. Umbral Clifford analysis
is seen as an abstract theory of Heisenberg exchange relations in quantum mechanics.
This provides a framework unifying continuity and discreteness [13–15]. We verified this
phenomena by studying normalized systems of functions with respect to the umbral Dirac
operator in Clifford analysis and their applications.

The method of the f-normalized system of functions introduced by Karachik is used
to construct polynomial solutions to linear partial differential equations with constant
coefficients, such as the polyharmonic equation, the Helmholtz equation, the Poisson
equation, and so on; see [16,17]. Generally speaking, the construction of polynomial
solutions depends on the structure of the equation’s operator. But, this method does not
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rely on the operator structure of the equation. Furthermore, the proposed method is also
used in the study of polynomial solutions of boundary-value problems for polyharmonic
equations and the Helmholtz equation, more specifically the Dirichlet problems, Neumann
problems, and so on; see [18]. This paper is devoted to the applications of the method of the
normalized systems of functions in constructing solutions to partial differential equations
in umbral Clifford analysis.

The outline of this paper is as follows. In Section 2, we go over the basics of umbral
Clifford analysis, including the umbral Dirac and Euler operators. For early research on
umbral Clifford analysis, we refer the reader to [7,8]. In Section 4, applying the Sheffer
operator, we obtain the intertwining relationship between umbral differential operators
and classical differential operators. Furthermore, we construct 0-normalized systems of
functions with respect to the umbral Dirac operator. In Section 5, by the system, we
investigate Almansi-type expansions for umbral k-monogenic functions. Furthermore, we
construct the solutions of inhomogeneous umbral poly-Dirac equations. In Section 6, we
study the normalized system with the base f (x). Moreover, we construct the solutions of
umbral Dirac-type equations.

2. Preliminaries

In this section, we will review some basic notions with umbral Clifford analysis;
see [7,8].

2.1. Umbral Dirac Operator

One of the interesting things about umbral Clifford analysis is the construction of a
first-order operator, the so-called umbral Dirac operator. By taking Oxj to be the partial
derivative ∂

∂xj
, we define the umbral Dirac operator by

D
′

:=
n

∑
j=1

ejOxj , (1)

where ejek + ekej = −2δjk, j, k = 1, 2, · · · , n. Here, δjk is the Kronecker symbol. The null
solutions of this operator are umbral monogenic functions.

2.2. Umbral Euler Operator

Let x = (x1, x2, . . . xn) ∈ Rn. Then, xα = xα1
1 xα2

2 · · · xαn
n , where α1, α2, . . . are nonnega-

tive integers.
In umbral Clifford analysis, we take the delta operator Oxj as the momentum operators

and take
x
′
j =

1
2
(xj(O

′
xj)

−1 + (O
′
xj)

−1xj)

as the position operators, where O
′
xj f (x) = Oxj(xj f (x)) − xjOxj f (x) is the Pincherle

derivative. They satisfy the Heisenberg–Weyl relations:

[Oxj , Oxk ] = 0 = [x
′
j, x

′
k], [Oxj , x

′
k] = δjkid.

Let x′k := xk(O
′
xk
)−1. Then, the basic polynomials are given by

Vα(x) = (x′)α, (2)

where (x′)α = ∏n
k=1(x′k)

αk . This is known as the Rodrigues formula.
The operator:

E
′
=

n

∑
j=1

x
′
jOxj (3)

is called the umbral Euler operator. This operator allows us to have
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E
′
Vα(x) = |α|Vα(x).

2.3. Sheffer Operator

The Sheffer operator is defined by

Ψx : xα → Vα(x), (4)

where {Vα(x), α ∈ N} is a polynomial sequence. The inverse of this linear operator Ψ−1
x is

given by Ψ−1
x : Vα(x) → xα. Furthermore, we have the intertwining relations, i.e.,

Oxj Ψx = Ψx∂xj , x
′
jΨx = Ψxxj, E

′
Ψx = ΨxE.

3. 0-Normalized System of Functions with Respect to the Umbral Dirac Operator

In this section, we set up the normalized systems of functions with respect to the Dirac
operator in the setting of umbral Clifford analysis. In other words, we will establish a
system of functions {Fk(x; f ), k = 0, 1, 2, · · · } satisfying

D
′
Fk(x; f ) = Fk−1(x; f ), k = 1, 2, · · · , (5)

where D
′
F0(x; f ) = D

′
f (x) = 0. That is to say, the function f (x) is an umbral mono-

genic function.
First of all, we give the following definitions:

Definition 1 ([19]). Let the open connected set Ω ⊂ Rn. If x ∈ Ω and 0 ≤ α ≤ 1 satisfy that
αx ∈ Ω, then it is the so-called star domain with center 0. It is denoted by Ω0.

Definition 2. Let f (x) ∈ C(Ω0, Cl0,n). The operator J
′
l is defined by

J
′
l = Ψx JlΨ

−1
x (6)

where Jl f (x) =
∫ 1

0 (1 − α)l−1α
n
2 −1 f (αx)dx, l > 0.

Definition 3. Let E
′

be as stated before. Let I be the identical operator. Then, the operator E
′
l is

defined by
E

′
l = E

′
+ l I, (7)

where l > 0. Note that E
′
Ψx = ΨxE. Thus, we have E

′
l = ΨxElΨ−1

x .

Now, we consider the relations between the operators x
′
, D

′
and E

′
.

Lemma 1 ([7]). Let x
′
, D

′
, and E

′
be as stated before. Then, we have the following intertwining

relations:
x
′
D

′
+ D

′
x
′
= −2E

′ − n,

E
′
x
′ − x

′
E

′
= x

′
,

D
′
E

′ − E
′
D

′
= D

′
.

Lemma 2. Let f (x) ∈ C(Ω0, Cl0,n). Then,
D

′
[(x

′
)2s f (x)] = −2s(x

′
)2s−1 f (x) + (x

′
)2sD

′
f (x),

D
′
[(x

′
)2s−1 f (x)] = −2(x

′
)2(s−1)E′

n
2 +s−1 f (x) + (x

′
)2(s−1)D

′
f (x),

where s ∈ N.
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For more details on the proof of Lemma 2, the reader can refer to [7].

Lemma 3. Let f (x) ∈ C(Ω0, Cl0,n). Then, for s > 1,

E
′
n
2 +s−1 J

′
s f (x) = (s − 1)J

′
s−1 f (x).

Proof of Lemma 3. Let E
′
s = ΨxEsΨ−1

x and J
′
s = Ψx JsΨ−1

x . Then,

E
′
n
2 +s−1 J

′
s f (x) = ΨxE n

2 +s−1Ψ−1
x Ψx JsΨ−1

x f (x) = Ψx(s − 1)Js−1Ψ−1
x f (x)

= (s − 1)Ψx Js−1Ψ−1
x f (x) = (s − 1)J

′
s−1 f (x).

The proof of this lemma is complete.

Thus, we have the 0-normalized system of functions with respect to the umbral Dirac
operator as follows.

Theorem 1. Suppose that a function f (x) ∈ C(Ω0, Cl0,n) satisfies the equation D
′
f (x) = 0.

Then, the sequence of functions Fk(x; f ) in Ω0 is the 0-normalized system of functions with respect
to the operator D

′
, where

Fk(x; f ) =



(x
′
)2l

22l l!(l − 1)!
J
′
l f (x), k = 2l,

− (x
′
)2l−1

22l−1(l − 1)!(l − 1)!
J
′
l f (x), k = 2l − 1,

f (x), k = 0.

(8)

Proof of Theorem 1. It is easy to see that D
′
F0(x; f ) = D

′
f (x) = 0. We only need to prove

that D
′
Fk(x; f ) = Fk−1(x; f ) for any k ∈ N. For k = 2l − 1, applying Lemmas 2 and 3,

we obtain

D
′
F2l−1(x; f ) = − 1

22l−1(l − 1)!(l − 1)!
D

′[
(x

′
)2l−1 J

′
l f (x)

]

= − 1
22l−1(l − 1)!(l − 1)!

[
−2(x

′
)2(l−1)E

′
n
2 +l−1 J

′
l f (x)− (x

′
)2l−1D

′
J
′
l f (x)

]

=
2(x

′
)2l−1

22l−1(l − 1)!(l − 1)!
E

′
n
2 +l−1 J

′
l f (x)

=
(x

′
)2(l−1)

22(l−1)(l − 1)!(l − 2)!
J
′
l−1 f (x) = F2l−2(x; f ).

For k = 2l, it is obvious to obtain the result by Lemma 2.

4. Applications of 0-Normalized System of Functions with Respect to the Umbral
Dirac Operator
4.1. The Almansi-Type Expansion for the Umbral Dirac Operator

In this section, we will derive the Almansi-type expansion for umbral k-monogenic
functions by using the 0-normalized system of functions with respect to the umbral Dirac
operator. We begin with the following lemma.
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Lemma 4. Let f (x) ∈ C(Ω0, Cl0,n). Then

E
′
l+1

∫ 1

0

αl(1 − α)p

p!
f (αx)dα =


∫ 1

0

αl+1(1 − α)p−1

(p − 1)!
f (αx)dα, p ∈ N,

f (x), p = 0,

where l > 0.

Proof of Lemma 4. Let T0,l f =
∫ 1

0 αl f (αx)dα. Then, T
′
0,l = φxT0,l φ

−1
x . By computation, we

have
E

′

l+1T
′

0,l f = ΨxEl+1Ψ−1
x ΨxT0,lΨ

−1
x f (x)

= ΨxEl+1T0,lΨ
−1
x f (x) = f (x).

Let Tp,l f =
∫ 1

0
(1−α)p

p! αl f (αx)dα. Then, T
′
p,l = ΨxTp,lΨ−1

x , and

E
′

l+1T
′

p,l f = ΨxEl+1Ψ−1
x ΨxTp,lΨ

−1
x f (x)

= ΨxEl+1Tp,lΨ
−1
x f (x) = φxTp−1,l+1Ψ−1

x f (x) = T
′

p−1,l+1 f (x).

Thus, we have the result.

Theorem 2. Let F(x) ∈ Ck(Ω0, Cl0,n). If (D
′
)kF(x) = 0, then

F(x) = f0(x) +
[ k

2 ]

∑
i=1

(x
′
)2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i−1(αx)dα

+
[ k−1

2 ]

∑
i=1

(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i(αx)dα,

(9)

where f j(x)(j = 0, · · · , k − 1) are umbral monogenic, and

f j(x) = (D
′
)jF(x) +

[ k−j
2 ]

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs−1

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2s−1F(βx)dβ

+
[ k−j−1

2 ]

∑
s=1

(−1)s(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs

s!(s − 1)!
β

n
2 −1(D

′
)j+2sF(βx)dβ.

(10)

Proof of Theorem 2. First of all, we first prove that f j(x)(j = 0, · · · , k − 1) are umbral
monogenic. Using Lemmas 2 and 4, we have

f j(x) = (D
′
)j+1F(x)

+
[

k−j
2 ]

∑
s=1

(−1)s(x
′
)2(s−1)

22(s−1)

(
E

′
n
2 +s−1

) ∫ 1

0

(1 − β)s−1β
n
2 +s−2

(s − 1)!(s − 1)!
(D

′
)j+2s−1F(βx)dβ

−
[

k−j−1
2 ]

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2sF(βx)dβ
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+
[

k−j−1
2 ]

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2sF(βx)dβ

+
[

k−j
2 −1]

∑
s=1

(−1)s(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs+1

s!(s − 1)!
β

n
2 −1(D

′
)j+2s+1F(βx)dβ.

By computing the first integral of the equality, we have

[
k−j

2 ]

∑
s=1

(−1)s(x
′
)2(s−1)

22(s−1)

(
E

′
n
2 +s−1

) ∫ 1

0

(1 − β)s−1βs−1

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2s−1F(βx)dβ

= −
(

E
′
n
2

) ∫ 1

0
β

n
2 −1(D

′
)j+1F(βx)dβ

+
[

k−j
2 ]

∑
s=2

(−1)s(x
′
)2(s−1)

22(s−1)

(
E

′
n
2 +s−1

) ∫ 1

0

(1 − β)s−1βs−1

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2s−1F(βx)dβ

= −(D
′
)j+1F(x) +

[
k−j

2 ]

∑
s=2

(−1)s(x
′
)2(s−1)

22(s−1)

∫ 1

0

(1 − β)s−2βs

(s − 2)!(s − 1)!
β

n
2 −1(D

′
)j+2s−1F(βx)dβ

= −(D
′
)j+1F(x) +

[
k−j

2 −1]

∑
s=1

(−1)s+1(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs+1

(s − 1)!s!
β

n
2 −1(D

′
)j+2s+1F(βx)dβ

= −(D
′
)j+1F(x)−

[
k−j

2 −1]

∑
s=1

(−1)s(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs+1

(s − 1)!s!
β

n
2 −1(D

′
)j+2s+1F(βx)dβ.

Thus, we have D
′
f j(x) = 0.

Substituting (10) into (9), we have

f0(x) +
[ k

2 ]

∑
i=1

(x
′
)2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i−1(αx)dα

+
[ k−1

2 ]

∑
i=1

(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i(αx)dα

= F(x) +
[ k

2 ]

∑
i=1

(−1)i(x
′
)2i−1

22i−1

∫ 1

0

(1 − β)i−1βi−1

(i − 1)!(i − 1)!
β

n
2 −1(D

′
)2i−1F(βx)dβ

+
[ k−1

2 ]

∑
i=1

(−1)i(x
′
)2i

22i

∫ 1

0

(1 − β)i−1βi

i!(i − 1)!
β

n
2 −1(D

′
)2iF(βx)dβ

+
[ k

2 ]

∑
i=1

(x
′
)2i−1

22i−1

∫ 1

0

(1 − β)i−1

(i − 1)!(i − 1)!
β

n
2 −1(D

′
)2i−1F(βx)dβ + F1(x) + F2(x)

+
[ k−1

2 ]

∑
i=1

(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1(D

′
)2iF(αx)dα + F3(x) + F4(x),
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where

F1(x) =
∫ 1

0
(1 − α)i−1α

n
2 −1

×
[ k−2i+1

2 ]

∑
s=1

(−1)s[α(x
′
)]2s−1

22s−1

∫ 1

0

(1 − β)s−1β
n
2 +s−2

(s − 1)!(s − 1)!
(D

′
)2i+2s−2F(αβx)dβdα.

We calculate

F1(x) =
[ k−1

2 ]

∑
i=1

[ k−2i+1
2 ]

∑
s=1

(−1)s(x
′
)2i+2s−2

4i+s−1(i − 1)!(i − 1)!(s − 1)!(s − 1)!

×
∫ 1

0
(1 − α)i−1α

n
2 −1α2s−1

∫ 1

0
(1 − β)s−1βs−1β

n
2 −1(D

′
)2i+2s−2F(αβx)dβdα

=
[ k−1

2 ]

∑
i=1

[ k−2i+1
2 ]

∑
s=1

(−1)s(x
′
)2i+2s−2

4i+s−1(i − 1)!(i − 1)!(s − 1)!(s − 1)!

×
∫ 1

0
α(1 − α)i−1

∫ 1

0
(α − αβ)s−1(αβ)s−1(αβ)

n
2 −1(D

′
)2i+2s−2F(αβx)dβdα.

Let t = αβ. Then,

B1(x) =
∫ 1

0
α(1 − α)i−1

∫ 1

0
(α − αβ)s−1(αβ)s−1(αβ)

n
2 −1(D

′
)2i+2s−2F(αβx)dβdα

=
∫ 1

0
(1 − α)i−1

∫ α

0
(α − t)s−1ts−1t

n
2 −1(D

′
)2i+2s−2F(tx)dtdα

=
∫ 1

0
t

n
2 +s−2(D

′
)2i+2s−2F(tx)

∫ 1

t
(1 − α)i−1(α − t)s−1dαdt.

We consider the second integral of the above equality as follows.

C1(t) =
∫ 1

t
(1 − α)i−1(α − t)s−1dα.

Let α = β + t. Then,

C1(t) =
∫ 1−t

0
(1 − β − t)i−1βs−1dβ.

Let β = α(1 − t). Then,

C1(t)=
∫ 1

0
(1 − α(1 − t)− t)i−1[α(1 − t)]s−1(1 − t)dα

=
∫ 1

0
(1 − α)i−1(1 − t)i−1αs−1(1 − t)sdα

= (1 − t)i+s−1
∫ 1

0
(1 − α)i−1αs−1dα.

It is well-known that the Euler beta function is given by

B(l, s) =
∫ 1

0
αl−1(1 − α)s−1dα.
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After a simple calculation, we obtain

C1(t) = (1 − t)i+s−1B(s, i).

Note that

B(l, s) =
Γ(l)Γ(s)
Γ(s + l)

,

where
Γ(s) = (s − 1)!.

We have

C1(t) = (1 − t)i+s−1 (i − 1)!(s − 1)!
(s + i − 1)!

.

Thus, we have

F1(x) =
[ k−1

2 ]

∑
i=1

[ k−2i+1
2 ]

∑
s=1

(−1)s(x
′
)2i+2s−2

4i+s−1(i − 1)!(i − 1)!(s − 1)!(s − 1)!

×
∫ 1

0

(i − 1)!(s − 1)!
(s + i − 1)!

t
n
2 +s−2(D

′
)2i+2s−2F(tx)dt

=
[ k−1

2 ]

∑
i=1

[ k−2i+1
2 ]

∑
s=1

(−1)s(x
′
)2i+2s−2

4i+s−1(i − 1)!(s − 1)!

∫ 1

0

(1 − t)i+s−1t
n
2 +s−2

(s + i − 1)!
(D

′
)2i+2s−2F(tx)dt

=
[ k−1

2 ]+1

∑
j=1

[j−1]

∑
s=1

(−1)s(x
′
)2j−2

4j−1(j − s − 1)!(s − 1)!

∫ 1

0

(1 − t)j−1ts−1

(j − 1)!
t

n
2 −1(D

′
)2j−2F(tx)dt

=
[ k−1

2 ]+1

∑
j=2

(x
′
)2j−2

4j−1(j − 1)!

∫ 1

0

j−1

∑
s=1

(−1)sts−1

(j − s − 1)!(s − 1)!
(1 − t)j−1t

n
2 −1(D

′
)2j−2F(tx)dt

= −
[ k−1

2 ]+1

∑
j=2

(x
′
)2j−2

4j−1(j − 1)!

∫ 1

0

j−1

∑
s=1

(−1)s−1ts−1

(j − s − 1)!(s − 1)!
(1 − t)j−1t

n
2 −1(D

′
)2j−2F(tx)dt

= −
[ k−1

2 ]+1

∑
j=2

(x
′
)2j−2

4j−1(j − 1)!

∫ 1

0

j−2

∑
s=0

(−1)sts

(j − s − 2)!s!
(1 − t)j−1t

n
2 −1(D

′
)2j−2F(tx)dt

= −
[ k−1

2 ]+1

∑
j=2

(x
′
)2j−2

4j−1(j − 1)!

∫ 1

0

(1 − t)j−2

(j − 2)!
(1 − t)j−1t

n
2 −1(D

′
)2j−2F(tx)dt

= −
[ k−1

2 ]

∑
j=1

(x
′
)2j

4j

∫ 1

0

(1 − t)j−1

(j − 1)!
(1 − t)j

j!
t

n
2 −1(D

′
)2jF(tx)dt.

Similarly, we obtain F2(x), F3(x), F4(x) as follows. The theorem is proven.

In the following part of this paper, we suppose that all infinite series converge abso-
lutely and uniformly in Ω0. For the discussion of the convergence of these series, the reader
can refer to [17]. Now, we give the main theorem in this section as follows.
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Theorem 3. If F(x) ∈ C∞(Ω0, R0,m), then

F(x) = f0(x)−
∞

∑
i=1

(x
′
)2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i−1(αx)dα

+
∞

∑
i=1

(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i(αx)dα,

(11)

where umbral monogenic functions f j(x), j = 0, 1, · · · , are given by

f j(x) = (D
′
)jF(x)−

∞

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs+ n
2 −2

(s − 1)!(s − 1)!
(D

′
)j+2s−1F(βx)dβ

+
∞

∑
s=1

(−1)s(x
′
)2s

22ss!(s − 1)!

∫ 1

0
(1 − β)s−1βs+ n

2 −1(D
′
)j+2sF(βx)dβ.

(12)

Remark 1. From Theorem 3, we establish one representation of the functions by umbral monogenic
functions, which is an Almansi formula of infinite order. As applications of the representation,
we construct solutions of the equation (D

′
+ λ) f (x) = 0 and the inhomogeneous umbral poly-

Dirac equation.

4.2. Solutions of the Equation (D
′
+ λ) f (x) = 0

Let λ be a real number. Then, we consider the Dirac-type equation in umbral Clif-
ford analysis:

(D
′
+ λ) f (x) = 0. (13)

Theorem 4. If F(x) ∈ C(Ω0, Cl0,n), then the solution of Equation (13) is given by

F(x) = f0(x) +
∞

∑
i=1

[λ(x
′
)]2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα

+
∞

∑
i=1

[λ(x
′
)]2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα,

(14)

where

f0(x) = F(x)−
∞

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs+ n
2 −2

(s − 1)!(s − 1)!
(D

′
)2s−1F(βx)dβ

+
∞

∑
s=1

(−1)s(x
′
)2s

22ss!(s − 1)!

∫ 1

0
(1 − β)s−1βs+ n

2 −1(D
′
)2sF(βx)dβ.

(15)

Proof of Theorem 4. Let F(x) ∈ C(Ω0, Cl0,n). Then, D
′
f0(x) = 0 by Theorem 3. Further-

more, we have

D
′
(∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα

)
= 0.

From Lemma 2, we can see that

D
′
[
(x

′
)2i

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα

]

= −2ix2i−1
∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα,
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and

D
′
[
(x

′
)2i−1

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα

]

= −2x2(i−1)E
′
n
2 +i−1

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα.

Differentiating both sides of Equation (14), we have

D
′
F(x) = −

∞

∑
i=1

λ2i(x
′
)2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

m
2 −1 f0(αx)dα

−
∞

∑
i=1

λ2i−1(x
′
)2(i−1)

22(i−1)(i − 1)!(i − 1)!
E

′
n
2 +i−1

∫ 1

0
(1 − α)i−1α

m
2 −1 f0(αx)dα.

We calculate the second sum in the above expression as follows.

−
∞

∑
i=1

λ2i−1(x
′
)2(i−1)

22(i−1)(i − 1)!(i − 1)!
E

′
n
2 +i−1

∫ 1

0
(1 − α)i−1α

m
2 −1 f0(αx)dα

= −λE
′
n
2

∫ 1

0
α

n
2 −1 f0(αx)dα −

∞

∑
i=2

λ2i−1(x
′
)2(i−1)

22(i−1)(i − 1)!
E

′
n
2 +i−1

∫ 1

0

(1 − α)i−1

(i − 1)!
α

n
2 −1 f0(αx)dα

= −λ f0(x)−
∞

∑
i=2

λ2i−1(x
′
)2(i−1)

22(i−1)(i − 1)!(i − 2)!

∫ 1

0
(1 − α)i−2α

n
2 −1 f0(αx)dα

= −λ f0(x)−
∞

∑
i=1

λ2i+1(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f0(αx)dα.

To sum up, we have that the function F(x) is a solution of Equation (14).

4.3. Solutions of Inhomogeneous Umbral Poly-Dirac Equations

In this section, we investigate the inhomogeneous umbral poly-Dirac equation:

(D
′
)kg = f (x)u (16)

where f (x) ∈ C∞(Ω0, R0,n).

Theorem 5. Assume that f (x) ∈ C∞(Ω0, R0,n) is a real analytic function. Then, the function
F(x) is given by

F(x) =
∞

∑
i=0

(−1)i+k(x
′
)

2i+k

22i+ki!(i + k − 1)!

∫ 1

0
(1 − α)i+k−1α

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i+k−1(x
′
)

2i+k+1

22i+k+1(i + 1)!(i + k − 1)!

∫ 1

0
(1 − α)i+k−1α

n
2 +i(D

′
)2i+1 f (αx)dα

(17)
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Proof of Theorem 5. We argue by induction. For k = 1, we prove that the solution of
Equation D

′
g(x) = f (x) is given by

g(x) =
∞

∑
i=0

(−1)i+1(x
′
)

2i+1

22i+1i!i!

∫ 1

0
(1 − α)iα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)

2(i+1)

22(i+1)(i + 1)!i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα.

(18)

Then, it follows by Theorem 3 that

G(x) = f0(x)−
∞

∑
i=1

(x
′
)2i−1

22i−1(i − 1)!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i−1(αx)dα

+
∞

∑
i=1

(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 −1 f2i(αx)dα,

(19)

where f j(x) are umbral monogenic functions in Ω0 given by the relation:

f j(x) = (D
′
)jG(x)−

∞

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs−1

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)j+2s−1G(βx)dβ

+
∞

∑
s=1

(−1)s(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs

s!(s − 1)!
β

n
2 −1(D

′
)j+2sG(βx)dβ.

(20)

Using (19) and (20), we obtain

G(x)− f0(x) =
∞

∑
s=1

(−1)s(x
′
)2s−1

22s−1

∫ 1

0

(1 − β)s−1βs−1

(s − 1)!(s − 1)!
β

n
2 −1(D

′
)2s−1G(βx)dβ

−
∞

∑
s=1

(−1)s(x
′
)2s

22s

∫ 1

0

(1 − β)s−1βs

s!(s − 1)!
β

n
2 −1(D

′
)2sG(βx)dβ

=
∞

∑
s=0

(−1)s+1(x
′
)

2s+1

22s+1s!s!

∫ 1

0
(1 − α)sα

n
2 +s−1(D

′
)2s f (αx)dα

+
∞

∑
s=0

(−1)s(x
′
)

2(s+1)

22(s+1)(s + 1)!s!

∫ 1

0
(1 − α)sα

n
2 +s(D

′
)2s+1 f (αx)dα.

The left-hand side of the above expression is a solution of Equation (16) for k = 1; therefore,
its right-hand side is a solution as well.

Assume that Formula (17) holds for k = p. Then, we prove that Formula (17) also
holds for k = p + 1.

By setting Dpu = g(x) for g(x), we obtain the equation Dg = f (x); therefore, by The-
orem 1, the function g(x) is given by

g(x) =
∞

∑
i=0

(−1)i+1(x
′
)

2i+1

2 · 4i · i! · i!

∫ 1

0
(1 − α)iα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)

2(i+1)

4i+1 · (i + 1)! · i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα

(21)
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Moreover, by the inductive assumption, we have

u(x) =
∞

∑
i=0

(−1)i+p(x
′
)

2i+p

22i+pi!(i + p − 1)!

∫ 1

0
(1 − α)i+p−1α

n
2 +i−1(D

′
)2ig(αx)dα

+
∞

∑
i=0

(−1)i+p−1(x
′
)

2i+p+1

22i+p+1(i + p − 1)!(i + 1)!

∫ 1

0
(1 − α)i+p−1α

n
2 +i(D

′
)2i+1g(αx)dα

(22)

Note that (D
′
)pg(x) = (D

′
)p−1 f (x). From (22), we have

u(x) =
(−1)p(x

′
)

p

2p(p − 1)!

∫ 1

0
(1 − α)p−1α

n
2 −1g(αx)dα

+
∞

∑
i=1

(−1)i+p(x
′
)

2i+p

22i+pi!(i + p − 1)!

∫ 1

0
(1 − α)i+p−1α

n
2 +i−1(D

′
)2i−1 f (αx)dα

+
∞

∑
i=0

(−1)i+p−1(x
′
)

2i+p+1

22i+p+1(i + p − 1)!(i + 1)!

∫ 1

0
(1 − α)i+p−1α

n
2 +i(D

′
)2i f (αx)dα

(23)

Using (21), we transform the first integral in (23) as follows.

(−1)p(x
′
)p

2p(p − 1)!

∫ 1

0
(1 − α)p−1α

n
2 −1g(αx)dα

=
(−1)p(x

′
)p

2p(p − 1)!

∫ 1

0
(1 − α)p−1

∞

∑
i=0

(−1)i+1(x
′
)2i+1

2 · 4ii!i!

∫ 1

0
α(α − αβ)i(αβ)

n
2 +i−1(D

′
)2i f (αβx)dβdα

+
(−1)p(x

′
)p

2p(p − 1)!

∫ 1

0
(1 − α)p−1

∞

∑
i=0

(−1)i(x
′
)2i+2

4i+1(i + 1)!i!

∫ 1

0
α(α − αβ)i(αβ)

n
2 +i(D

′
)2i+1 f (αβx)dβdα

= J1 + J2.

(24)

We calculate the sum of the two terms in the above equation separately.

(−1)p(x
′
)p

2p(p − 1)!

∞

∑
i=0

(−1)i+1x2i+1

2 · 4ii!i!

∫ 1

0

∫ 1

0
(1 − α)p−1(α − αβ)i(αβ)

n
2 +i−1(D

′
)2i f (αβx)d(αβ)dα

=
(−1)p(x

′
)p

2p(p − 1)!

∞

∑
i=0

(−1)i+1x2i+1

2 · 4ii!i!

∫ 1

0

∫ α

0
(1 − α)p−1(α − β)i(β)

n
2 +i−1(D

′
)2i f (βx)dβdα

=
(−1)p(x

′
)p

2p(p − 1)!

∞

∑
i=0

(−1)i+1x2i+1

2 · 4ii!i!

∫ 1

0
β

n
2 +i−1(D

′
)2i f (βx)

∫ 1

β
(1 − α)p−1(α − β)idαdβ

=
(−1)p(x

′
)p

2p

∞

∑
i=0

(−1)i+1(x
′
)2i+1

2 · 4ii!(i + p)!

∫ 1

0
(1 − α)p+iα

n
2 +i−1(D

′
)2i f (αx)dα,

(25)



Mathematics 2024, 12, 344 13 of 18

and

(−1)p(x
′
)p

2p(p − 1)!

∫ 1

0
(1 − α)p−1

∞

∑
i=0

(−1)i(x
′
)2i+2

4i+1(i + 1)!i!

∫ 1

0
(α − αβ)i(αβ)

n
2 +i(D

′
)2i+1 f (αβx)d(αβ)dα

=
(−1)pxp

2p(p − 1)!

∞

∑
i=0

(−1)ix2i+2

4i+1(i + 1)!i!

∫ 1

0

∫ α

0
(1 − α)p−1(α − β)iβ

n
2 +i(D

′
)2i+1 f (βx)dβdα

=
(−1)p(x

′
)p

2p(p − 1)!

∞

∑
i=0

(−1)ix2i+2

4i+1(i + 1)!i!

∫ 1

0
β

n
2 +i(D

′
)2i+1 f (βx)dβ

∫ 1

β
(1 − α)p−1(α − β)idα

=
(−1)p(x

′
)p

2p

∞

∑
i=0

(−1)i(x
′
)2i+2

4i+1(i + 1)!(i + p)!

∫ 1

0
(1 − β)p+iβ

n
2 +i(D

′
)2i+1 f (βx)dβ.

By replacing i → i + 1, we compute the second integral in Formula (23):

u(x) =
(−1)p(x

′
)p

2p

∞

∑
i=0

(−1)i+1(x
′
)2i+1

22i+1i!(i + p)!

∫ 1

0
(1 − α)p+iα

n
2 +i−1(D

′
)2i f (αx)dα

+
(−1)p(x

′
)p

2p

∞

∑
i=0

(−1)i(x
′
)2i+2

22(i+1)(i + 1)!(i + p)!

∫ 1

0
(1 − α)p+iα

n
2 +i(D

′
)2i+1 f (βx)dβ

+
∞

∑
i=0

(−1)i+p(x
′
)2i+2+p

22i+p+2(i + 1)!(i + p)!

∫ 1

0
(1 − α)i+pα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i+p(x
′
)2i+p+1

22i+p+1(i + p − 1)!(i + 1)!

∫ 1

0
(1 − α)i+p−1α

n
2 +i(D

′
)2i f (αx)dα

=
∞

∑
i=0

(−1)i+p+1(x
′
)2i+p+1

22i+p+1i!(i + p)!

∫ 1

0
(1 − α)i+pα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i+p(x
′
)2i+p+2

22i+p+2(i + 1)!(i + p)!

∫ 1

0
(1 − α)i+pα

n
2 +i(D

′
)2i+1 f (αx)dα

Thus, we have the result.

5. Normalized System with the Base f (x) and Its Applications
5.1. Normalized System with the Base f (x)

In this section, we construct normalized systems with the base f (x) in the setting of
umbral Clifford analysis. That is to say, we establish a system of functions {Gm(x; f ), m =
1, 2, · · · } satisfying

D
′
Gm(x; f ) = Gm−1(x; f ), m = 1, 2, · · · , (26)

where
D

′
G1(x; f ) = G0(x; f ) = f (x).



Mathematics 2024, 12, 344 14 of 18

For m = 2s − 1,

G2s−1(x; f ) =
∞

∑
i=0

(−1)i+1(x
′
)2i+2s−1

22i+si!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)2(i+s)

22i+s+1(i + 1)!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i(D

′
)2i+1 f (αx)dα.

(27)

For m = 2s,

G2s(x; f ) = −
∞

∑
i=0

(−1)i+1(x
′
)2i+2s

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
i=0

(−1)i(x
′
)2(i+s)+1

22i+s+2(i + 1)!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα.

(28)

Theorem 6. The function system Gm(x; f ) is the normalized system with respect to the umbral
Dirac operator with the base f (x).

Proof of Theorem 6. For m = 1,

D
′
G1(x; f ) =

∞

∑
i=0

(−1)i(x
′
)2i

22ii!i!
E

′
n
2 +i

∫ 1

0
(1 − α)iα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)2i+1

22i+1i!i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i+12(i + 1)(x
′
)2i+1

22(i+1)(i + 1)!i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)2(i+1)

22(i+1)(i + 1)!i!

∫ 1

0
(1 − α)iα

n
2 +i+1(D

′
)2i+2 f (αx)dα

= f (x) +
∞

∑
i=1

(−1)i(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 +i(D

′
)2i f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)2i+1

22i+1i!i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i+1(x
′
)2i+1

22i+1i!i!

∫ 1

0
(1 − α)iα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=1

(−1)i+1(x
′
)2i

22ii!(i − 1)!

∫ 1

0
(1 − α)i−1α

n
2 +i(D

′
)2i f (αx)dα

= f (x).

For m = 2s,
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D
′
G2s(x; f ) = −

∞

∑
i=0

(−1)i+1

22i+s+1i!(i + s)!
D

′
[(x

′
)2i+2s

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα]

−
∞

∑
i=0

(−1)i

22i+s+2(i + 1)!(i + s)!
D

′
[(x

′
)2(i+s)+1

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα]

=
∞

∑
i=0

(−1)i+12(i + s)(x
′
)2i+2s−1

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
i=1

(−1)i+1(x
′
)2(i+s)

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i(x
′
)2(i+s)

22i+s+2(i + 1)!(i + s)!
E

′
n
2 +i+s

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα

−
∞

∑
i=0

(−1)i(x
′
)2(i+s)+1

22i+s+2(i + 1)!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i+1(D

′
)2i+2 f (αx)dα.

(29)

We calculate the first sum and the forth sum in (29).

I1 + I4 =
∞

∑
i=0

(−1)i+1(x
′
)2i+2s−1

22i+si!(i + s − 1)!

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
i=1

(−1)i+1(x
′
)2i+2s−1

22i+s(i + s − 1)!i!

∫ 1

0
(1 − α)i+s−1α

n
2 +i(D

′
)2i f (αx)dα

=
∞

∑
i=0

(−1)i+1(x
′
)2i+2s−1

22i+si!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i−1(D

′
)2i f (αx)dα.

We calculate the second sum and the third sum in (29).

I2 + I3 = −
∞

∑
i=0

(−1)i+1(x
′
)2(i+s)

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i+1(x
′
)2(i+s)

22i+s+1(i + 1)!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i+1(D

′
)2i+1 f (αx)dα

+
∞

∑
i=0

(−1)i+1(x
′
)2(i+s)

22i+s+1(i + 1)!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα

=
∞

∑
i=0

(−1)i+1(x
′
)2(i+s)

22i+s+1(i + 1)!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i(D

′
)2i+1 f (αx)dα.

To sum up, we have the result.
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5.2. Applications of the Normalized System with the Base f (x)

Consider the inhomogeneous umbral Dirac equation:

(D
′
+ λ)g(x) = f (x), (30)

where f (x) ∈ C(Ω0, Cl0,n) and λ ∈ R.

Theorem 7. Let f (x) ∈ C(Ω0, Cl0,n). Then, the solution of Equation (30) is given by

g(x) =
∞

∑
l=0

l

∑
i=0

(−1)i+1λl−i(x
′
)2l+1

2l+i+1i!l!

∫ 1

0
(1 − α)lα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
l=0

l

∑
i=0

(−1)iλl−i(x
′
)2(l+1)

2l+i+2(i + 1)!l!

∫ 1

0
(1 − α)lα

n
2 +i(D

′
)2i+1 f (αx)dα

−
∞

∑
l=0

l

∑
i=0

(−1)i+1λl−i+1(x
′
)2l+2

2l+i+2i!(l + 1)!

∫ 1

0
(1 − α)l+1α

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
l=0

l

∑
i=0

(−1)iλl−i+1(x
′
)2(l+1)+1

2l+i+2(i + 1)!l!

∫ 1

0
(1 − α)l+1α

n
2 +i(D

′
)2i+1 f (αx)dα.

(31)

Proof of Theorem 7. From Theorem 6, we have

g(x) =
∞

∑
s=1

∞

∑
i=0

(−1)i+1λs−1(x
′
)2i+2s−1

22i+si!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
s=1

∞

∑
i=0

(−1)iλs−1(x
′
)2(i+s)

22i+s+1(i + 1)!(i + s − 1)!

∫ 1

0
(1 − α)i+s−1α

n
2 +i(D

′
)2i+1 f (αx)dα

−
∞

∑
s=1

∞

∑
i=0

(−1)i+1λs(x
′
)2i+2s

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
s=1

∞

∑
i=0

(−1)iλs(x
′
)2(i+s)+1

22i+s+2(i + 1)!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα.

By changing the summation index as s → s + 1, we have

g(x) =
∞

∑
s=0

∞

∑
i=0

(−1)i+1λs(x
′
)2i+2s+1

22i+s+1i!(i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
s=0

∞

∑
i=0

(−1)iλs(x
′
)2(i+s+1)

22i+s+2(i + 1)! · (i + s)!

∫ 1

0
(1 − α)i+sα

n
2 +i(D

′
)2i+1 f (αx)dα

−
∞

∑
s=0

∞

∑
i=0

(−1)i+1λs+1(x
′
)2i+2s+2

22i+s+2i!(i + s + 1)!

∫ 1

0
(1 − α)i+s+1α

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
s=0

∞

∑
i=0

(−1)iλs+1(x
′
)2(i+s+1)+1

22i+s+2(i + 1)!(i + s)!

∫ 1

0
(1 − α)i+s+1α

n
2 +i(D

′
)2i+1 f (αx)dα
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Note that ∑∞
s,i=0 = ∑∞

l=0 ∑s+i=l = ∑∞
l=0 ∑l

i=0 . Then, we have

g(x) =
∞

∑
l=0

l

∑
i=0

(−1)i+1λl−i(x
′
)2l+1

2l+i+1i!l!

∫ 1

0
(1 − α)lα

n
2 +i−1(D

′
)2i f (αx)dα

+
∞

∑
l=0

l

∑
i=0

(−1)iλl−i(x
′
)2(l+1)

2l+i+2(i + 1)!l!

∫ 1

0
(1 − α)lα

n
2 +i(D

′
)2i+1 f (αx)dα

−
∞

∑
l=0

l

∑
i=0

(−1)i+1λl−i+1(x
′
)2l+2

2l+i+2i!(l + 1)!

∫ 1

0
(1 − α)l+1α

n
2 +i−1(D

′
)2i f (αx)dα

−
∞

∑
l=0

l

∑
i=0

(−1)iλl−i+1(x
′
)2(l+1)+1

2l+i+2(i + 1)!l!

∫ 1

0
(1 − α)l+1α

n
2 +i(D

′
)2i+1 f (αx)dα.

This completes the proof.

6. Conclusions

The method of the normalized systems of functions is devoted to the construction of
the solutions of initial- and boundary-value problems for real-valued partial differential
equations. In this paper, applying the Sheffer operator, we constructed the normalized
systems of functions to study Clifford-valued partial differential equations in the frame of
umbral calculus. Umbral Clifford analysis based on umbral calculus is a bridge between
continuous and discrete Clifford analysis. One may further bring this method to the field
of discrete Clifford analysis.
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