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Abstract: In this paper, the unconditional superconvergence error analysis of the semi-implicit
Euler scheme with low-order conforming mixed finite element discretization is investigated for
time-dependent Navier-Stokes equations. In terms of the high-accuracy error estimates of the
low-order finite element pair on the rectangular mesh and the unconditional boundedness of the
numerical solution in L®-norm, the superclose error estimates for velocity in H'-norm and pressure in
L?-norm are derived firstly by dealing with the trilinear term carefully and skillfully. Then, the global
superconvergence results are obtained with the aid of the interpolation post-processing technique.
Finally, some numerical experiments are carried out to support the theoretical findings.
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1. Introduction

In this paper, we consider the following two-dimensional time-dependent incompress-
ible Navier-Stokes equations:

uy—Au+ (u-Viu+Vp=f,(xt)€Qx(0,T], 1)
V-u=0,(xt)€Qx(0,T], 2)
u(x,t) =0, (xt)€9Qx(0,T], ©)]

u(x,0) =up(x), x€Q, =0, 4)
where Q C R? is a rectangular domain with boundary 0Q, u = (uy,up) = (u1(x), uz(x))
represents the velocity vector, p = p(x) denotes the pressure, and f = (fi1(x), f2(x)) is
the prescribed body force, x = (x,y). Moreover, uy is the initial velocity and T > 0 is the
final time.

Navier-Stokes equations are a classical incompressible fluid model and have been widely
applied in the mathematical physics and the computational fluid dynamics fields [1-3]. Itis an
unrealistic thing to find the the exact solutions of the Navier-Stokes equations due to their
nonlinear and incompressible properties. Therefore, numerous works have been devoted to
the development of efficient numerical approximations for Navier-Stokes Equations (1)-(4),
including finite difference methods [4-7], Galerkin finite element methods [8-21] and other
methods [22-26]. In particular, a new second-order accurate finite difference scheme for
the incompressible Navier-Stokes equations was discussed in [4] by the primitive variable
formulation. Based on the vorticity stream-function formulation and a fast Poisson solver
defined on a general domain using the immersed interface method, a fast finite difference
method was proposed and studied in [5] for the incompressible Navier-Stokes equations.
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A new fully discrete finite element nonlinear Galerkin method was established in [8] for the
Navier—Stokes equations with two-grid finite element discretization in the spatial direction
and Euler explicit scheme with variable time step size in the temporal direction. The bound-
edness, convergence and stability condition of the presented method were discussed under
certain time-step constraints dependent on the coarse grid parameter. A Lagrange-Galerkin
mixed finite element approximation was presented for the Navier-Stokes equations in [13],
and optimal error estimates were obtained with the mesh restriction T = O(h”), where
o > (d—1)/2, and 7, h and d denote the time step size, the mesh size and the dimen-
sion of the domain, respectively. In [14], in terms of the special properties of a low-order
nonconforming mixed finite element pair on the rectangular mesh, the superconvergence
error estimates were derived for Navier-Stokes equations with the time-step constraints
T = O(h'*™), & > 0 due to the inverse inequality used in the error analysis. In [18],
in terms of the error splitting technique developed in [27,28], the unconditional stability
and convergence of a typical modified characteristics finite element method were studied
for the time-dependent Navier-Stokes equations by introducing an iterated characteristic
time-discrete system. Optimal error estimates were obtained under the boundedness of
the numerical solution in W'®-norm. Subsequently, the unconditionally optimal error esti-
mates were derived in [20] under the boundedness of the numerical solution in L*-norm,
which is weaker than that in [18].

It should be pointed out that optimal error estimates were obtained in [20] due to
roughly handling trilinear terms. Moreover, the superconvergence error estimates were
derived in [14] with a certain time-step restriction. To the best of our knowledge, there are
few contributions on the unconditionally superclose and superconvergence error estimates
for problems (1)—(4). The purpose of this paper is to consider the unconditionally superclose
and superconvergence error estimates for incompressible time-dependent Navier—Stokes
Equations (1)—(4). It should be pointed out that the difficulties come from the trilinear term
(i-e., the convection term) (u - V)u in the superclose and superconvergence error analysis.
Therefore, we should deal with them carefully and skillfully.

In the present work, we focus on a low-order conforming finite element approxima-
tion, which is called the bilinear-constant scheme [4,29,30], for problems (1)—(4). The key
to our analysis is to employ the special properties (high-accuracy error estimation; see
Lemmas 1-2 below) on the rectangular mesh and to treat the convection term (u - V)u
rigorously and skillfully. The superclose error estimates are obtained firstly for the velocity
in H'-norm and for the pressure in L>-norm. Then, in terms of an efficient interpolation
post-processing approach, the global superconvergence results are derived for the veloc-
ity in the H'-norm and for the pressure in the L?-norm. In addition, some numerical
experiments are presented and tested.

The remainder of this paper is organized as follows. In Section 2, some preliminaries
and lemmas are introduced, and the semi-implicit Euler fully discrete finite element ap-
proximation of the problem (1)—(4) is presented. In Section 3, the detailed superclose error
estimates are studied with the help of the special properties of the bilinear-constant finite
element pair combined with skillfully dealing with the trilinear term. Then, the global
superconvergence error estimates are established by the interpolation post-processing tech-
nique. In Section 4, some numerical results are provided to verify the theoretical findings.

2. Preliminaries

We denote by W7 (Q)) the Sobolev spaces with the norm || - ||, and semi-norm
| - |m,p defined by

1
(Z\ﬁlﬁk Jo |D’3u|’”dxdy) " 1<p<o,
[l

mp —

I
8

Y|p|<k €ss supq|DPul, p ,
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where Df = — 2% for the multi-index B = (B1,B2),B1 >0, B2 > 0and || = B1 + B2

oxP1ayP2
For p = 2, we let H"(Q) denote W"2(Q)). We omit the subscript when p = 2 and write
|- llo2and |- |o2as | - |loand | - |o for simplicity. Moreover, we use (-, -) to represent the L?

inner product, i.e.,

,0) = dxdy.
(u,v) /quxy

For the mathematical setting of the problem (1)-(4), we introduce the following Sobolev
spaces V and M [31], i.e.,

V=(H(Q)? P=I30Q)={gel?Q): /quxdy:O}.

Moreover, for any Banach space X and I = [0, T], let L¥(I; X) be the space of all
measurable function f : I — X with the norm

T P 1
(Jo Iflxdt)?, 1<p<oo,

1A llzrx) =
ess sup;¢ (|| fllx, = o0

Let 7, = {e} be a uniform rectangular mesh over () with mesh size h. For a given ele-
ment e € Ty, its four vertices are denoted by a;(x;,y;), i = 1,2,3,4 in the counterclockwise
order (see Figure 1 left). For the velocity, we choose V}, as the general bilinear finite element
space. For the pressure, we assume that the subdivision 7, is obtained from 75, = {1}
by dividing each element of 7y, into four small congruent rectangles. Let P,; consist of
piecewise constant functions with respect to 7;, such that the local basis functions for P;l
on a2 x 2-patch of T (see Figure 1 right) are indicated in Figure 2. Then, the finite element
space for pressure is defined by P;l N L3(QY). In the following discussion, we always assume
that T = Ut e; € Ty, withe; € T;, (1 < i < 4) (see Figure 1 right). Thus, the finite
element approximation spaces Vj, and M, for the bilinear-constant scheme are described
by ([1,29,30])

Vi = {v € (C(Q)*: vl € (Qu(e), vlan =0, e € Ty},

3
My={peLi(Q): ple=Y_ATof, ¥ AT=0,1€Tyl},
i=1

€Ty

where Q11 denotes the space of all polynomials of degree < 1 with respect to each of the
two variables, x and y. It is shown in [1,29,30] that the bilinear-constant scheme satisfies
the Babugka-Brezzi condition, i.e.,

sup (qn, V - vp)

> Bllgullo, Van € My, (5)
0#£v,€X), (EZAIR

where 8 > 0 is a constant, independent of .

42} a3

€1 €2

€3 €4

3] a2

Figure 1. The element e (left) and é (right).
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Figure 2. Local basis functions of P,;.
For the velocity, we use the Lagrange nodal interpolation operator I}, : (C(Q2))? — V;,

as the corresponding interpolation operator. For the pressure, we first introduce the local
L2-projection ];1 p of p by

/ 1
Ip = el /epdxldxz, Ve € Ty, (6)
and then define the operator Jj, with respect to é by

I;,p - %‘X(?/ l = 1/4/
Jnp =

/ 1 . (7)
IhP+ZD‘§/ 12213/

where a; = p§ — p§ — p§ + p§ with the notations of p¢ = ‘el—| J,, pdxidxs, (i=1,2,3,4). We
can check that

1 4\ 3 _ 3 o 3 _ 3 o
Juple = 4( P?) o1+ (P1— P2+ p5—POer + (PL+p2— P35 — Pa)g5|,
i=1

which implies that J,p € My, for p € L3(Q).

Lemma 1 ([29]). Suppose that u € (H*(Q))? and p € H?(Q), then there hold

(V(u— L), Vo) < CH |[ulls]|Vopllo, Vou € Vi, ®)
(p—Tnp, Vo) < CH||pll2[[Vopllo,  Vou € Vi, )
(V- (u— Iywy), qn) < CH?[|ull3llgnllo,  Vqn € Py (10)

Lemma 2. Supposing that u € H*(K) on element e, we have
((u = Dye)x, 0)e + (4 = Iw)y, 0)e < CHZ[[ullsel|olloe, Vo € P (1)
Furthermore, there holds for u € H3(Q)
(4= Dyae),0) + (4 = Dyae)y, ©) < CH2ullslJollo Vo € ). (12)

Proof. In order to obtain a second-order accuracy estimate, we adopt the high-accuracy

integral technique developed in [32]. We introduce the following error function on an
element e (see Figure 3):

[(y —ye)* — hy), (13)

N —

F(y) =

where (x, y,) denotes the barycentric coordinate of element e. One can check that F' (y) = 1,
F(y)|1,,1; = 0. Note that v is constant on an element ¢, and we have
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(4 — Lu)y,0)e = /(u — Iu)xvdxdy = v/(u — Iyu)dxdy = v/e(u — Lu)F' (y)dxdy

= |:</13 /11> u— L)< F (y)dx — /(u - Ihu)xyl-"/(y)dxdy]
[( /13 /1> ~ By Fydx — [ (u—Ihu)xny(y)dxdy}

= [ F)usyodxdy < Chluls. oo, (14
e

where we have that (1 — I,u)(a;) =0, (i = 1,...,4) and F (¥)l1,,1, are constants in the
above estimate.

ay l3 as
hy
Dy
ly l
ay ll a9

Figure 3. The element é.
In the same way, we also have
((u = )z, 0)e < ChZ [tz ]10]loe- (15)

Therefore, by adding (14) and (15), the desired result (11) is derived. Furthermore,
summing up (11) with respect to e € T}, gives the result (12). O

We present the discrete Gronwall’s inequality, which is useful in the following er-
ror analysis.

Lemma 3 ([33,34]). Let T, B and ay, by, c, Y, for integers k > 0, be non-negative numbers
such that

n n n
an+TY b <TY Yeag+T)Y c+B, for n>0,
k=0 k=0 k=0

suppose that Ty, < 1, for all k, and set oy = (1 — Ty;) L. Then

n n n
an+T1Y) b < exp<727k0k> <T26k+3>, for n > 0.
k=0 k=0 k=0
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The Young inequality will be frequently used in the following analysis, and we present
it here.

2 2
+%, for € > 0.

a

h< —
a*2€

The weak formulation of (1)-(4) is as follows: find (u, p) : [0, T] — (Hg(Q))? x L3(QY),
such that

(u,0) + (Vu, Vo) + ((u- Vu,0) — (p,V-v) = (f,v), VYoe (H(Q))?  (16)
(V-u,q) =0, VqelL3Q). (17)

Moreover, in order to give the fully discrete scheme,let 0 =ty <t; < --- <ty =T
be a given uniform partition of the time interval with time step T = T/N and t, = nt,
n=20,1,...,N. For a smooth function w defined on [0, T], denote

(wn _ wn—l) .

w" = w(ty), Dw" = <

Then, the semi-implicit backward Euler low-order conforming mixed finite element
scheme (bilinear-constant scheme) is as follows: for given (qul, pil) €V, x My, find
(u}, py) € Vi x My, such that

(Deay, o) + (Vg Vo) + (a1 Vuy, 01) = (), V- on) = (f,01), - Yoy € Vi, (18)

(V-uy,q,) =0, Vg, €My, (19)

with the initial approximation u2 = Lyug = Iu(0).

The unconditionally optimal error estimate for scheme (18)—(19) is shown in [20] by
using the error splitting technique with the low-order conforming mixed finite element
method, specifically, by introducing the following time-discrete system [18,20]:

D U" — AU" + (U"1 - V)U" + VP = 7, (20)
V.-u" =0, (21)

u" =0, (22)

u = uy. (23)

Then, the error between the exact solution and the numerical solution comprises
two parts, where one is the temporal error and the other is the spatial error. Therefore,
the numerical solution in the L*-norm can be bounded without any time-step restrictions.
Here, we present a lemma to state the T-independent boundedness of the numerical
solution.

Lemma 4 ([20]). Suppose that (u", p") is the solution of (1)—(4) with suitable reqularity and
(u",P") and (uy, p") are the solutions of (20)~(23) and (18)—~(19). Then, there exist positive
constants Ty and hg such that when T < 19 and h < hg, we have the T-independent boundedness of
numerical solutions

llujlloo <K, n=0,1,...,N, (24)

where K is a constant, which is not dependent on h, T and n.

3. Superclose and Superconvergence Error Estimates

In this section, we firstly present the superclose error estimates for the velocity and
pressure variables. Then, we give the superconvergence result in terms of the superclose
error estimates as well as the interpolation technique.
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Theorem 1. Suppose that (u, p) and (u!, p!*) are the solutions of (16)~(19) and u € L ((H>(Q2))?
N (H{(Q))?), wy € L2((H3(Q))?), uy € L2((L*(Q2))?) and p € L®(H%(QY)). Then, we have
the following superclose estimates

n
IV —wuip)llo < 2 +7), T} |Inp" = pillo < C(H + 7). (25)
k=1
Furthermore, we have the following optimal error estimates:
" = ujllo < C(H*+7), IV —up)llo <Clh+7), 7 Z IP" = Phllo < C(h+1). (26)
k=1
Proof. For simplicity, we split the errors u — uy, and p — py, as follows:
' —uy =u" — Lu" + Lu" —uy = p" 40",
Pr=ph =" = Inp" D" =
Att = t,, from (16)—(17), we have
(Deu, o) + (V" Vo) + ("1 - V)u, o) = (V- oy, p") = (f", 0p) + (Det” — uf!, 0y)

+ (" Y —u™) - V)u",v), Vo, €V, (27)
(V-u",q,) =0, Vg, €M, (28)

Subtracting (18)—(19) from (27)—(28) gives the following error equations:
(D20",v3) + (VO", Vo) — (V- oy, 11") = =(Dep”, vp) — (Vp", Vo) + (V- 0, 8")
— ("1 V)u" - (u’h“1 -V)uy,vp) + (Dru" — uf, vy)

+ (" Y =u™) - V)u",v), Vo, €V, (29)
(V-0"qn) =—(V-p"qn), Van € My, (30)

Alternatively, we have
(V-D:0",q) = —(V-Dp",q1), Van € My, (31)
Taking v, = D:6" in (29) and g5, = " in (31) yields that
ID-6" (|5 + *(IIV""H% —IVO" NG+ V(0" — 0" 1)[§) = —(Dcp", D-6")

27
", VD0") + (3", V- D:0") — (V- Dp", 11"

-V
= (" V)u" — (uy ™t V)uj, D-6")

+ (D" — ul!, D0") + (0" 1 —u™) - V)u", D.0") : Z Ex. (32)
Now, we start to estimate Ey, (k =1, --,7) term by term. By the Cauchy-Schwarz

inequality and interpolation theory, we have

Ey = —(Dzp", D0") < CH* ||| o 1r2(0))2) [ D<6" |0
< Ch2\|DT(-)”||0 < Ch* + €| D.0"||3. (33)

Applying the following equality

(a",D.b") = D¢(a",b") — (D7a",b" 1), (34)
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we have
Ey = —(Vp",VD0") = —D-(Vp", V") + (VDp", Vo' 1)
—D(Vp", VO") + CH?|[u]| oo (11302 2| V" o
—D-(Vp",V0") 4+ Ch* + C||Vo" 1|3, (35)

IN

IN

where we used (8) of Lemma 1 in the above estimate.
With an application of (34) again, it follows that

E3 = (§",V-D:8") = D(§", V- 0") — (D", V-0")
< Do (&",V - 0") + CH2|| pt | oo (1222 | VO™ o
< Do(E",V -0") + Ch* + C||Ve" 1|3, (36)

where we used (9) of Lemma 1 in the above estimate.
According to (10) of Lemma 1, E4 can be bounded by

Ey = —(V-Dep", ") < CH?||ut|l 1o 3 )2 17" llo < CH2 11" o (37)
To bound Es, we split (u" ! - V)u" — (uZ_1 - V)uj, as follows:

(" V) — (V= (" =) V) (V) (0 — )

—u
u" + ("™ — w7 - V)"

= ("= Lu" 1) V)
+ (uZ“l V)" — Lu") + (qul V) (I —uj})
Ju" + ((Ihu"_1 - uZ_l) -V)u"

(™ — D) - V) (" — D)+ (™ — ') V) (' — ")

6
+ (" V) (" = L") + (a7 V) (" — ) = Y e (38)
k=1

In terms of the Cauchy-Schwarz inequality and interpolation theory, we have

—(F1, Dc6") — (F2, D:0") < ("o + 6"~ [l0) I Vae" 0,00 | D=6" o
< C(H* + (Ve o) || D<6" g
<

Ch* + C||[VO" 1|2 + 2¢| D 0" |3. (39)

Using inverse inequality and interpolation theory, we have

—(F3,D70") — (Fy, D<0") < (16" {|o + [l0" o) V" [lol D6 [lo,00
< C(IVO" o + H* ||l |2) (Chlju"||2) (Ch || D<6" o)
< C(H + V0" o) | D<6"[|o
< Ch* +C|| V0" 1|3 + 2¢|| D.0"||3. (40)

With the aid of (34), one can check that

—(F5,D:0") = —((u"~"- V)p", D:0") = =D ((u"" - V)p",0") + (D ("1 - V)p"), 0" 1)
= D ("1 V)p", 0") + ((De" 1 - V)p", 0" 1) + (w2 - V) Dep", 071, (41)
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In order to obtain a high-accuracy error estimate, i.e., second-order accuracy, we
introduce the local L2-projection defined as follows:

Peu = 1 /udxdy, 42)
lef Je

where e is an element of the partition of 7, and |e| is the measure of e. Then, we have

| Peut

00 < Chelltt]|1,00e-  (43)

0,e < ||u 0,er Hu — Peu 0, < CheHqu,el Hu — Peu

Therefore, we have

((Deu1-W)p", 0" 1) =} (D" - V)p", 6" 1),

ecTy,
= Z (((DT”nil - PeDTunil) : V))Pnrenil)e
eeTy
+ Y ((PeDzu" "1 - V))p", 0" 1 — P.0" 1),
e€Ty,
+ Z ((’PeDfunil * V))pn, Pgenil)g
ecTy
< Z ||D1un_l_PeDTun_1 0,00,¢ Vpn”O,eHen_l 0,e
e€Ty,
+C Y VO ll0ell0" " = Peb" Moo+ Ch* Y- " 3] Peb" o
ecTy ecTy,
<CH Y (™ l2el|0" e +CH? Y ([ |20l 07 |1
ecTy, eeTy,
FC Y 510" o < O a5 0% 1 < R 5]V 8" o
ecTy
< Ch* 4 C| Ve 13, (44)

where we used Lemma 2 in the above estimate.
In the same way, we also have

("2 V)Dep", 0" 1) < CH2|| VO™ ||y < CH* + C|| Vo' 1| 2. (45)
Hence, there holds
—(F5,D-0") = —D((u""1-V)p",0") + Ch* + C|| Vo' ||2. (46)

By (24) of Lemma 4, the numerical solution u}; is bounded unconditionally in L*°-norm,
and we have

—(Fs, D20") < [luj;[|0,00|| V0" [|0]| D0" |0 < C[|VO"[|o]|D-6" (|0
< C||VO"[|§ + ]| D6"|[5. (47)

Based on the above estimates (F, D:6"), (k=1,...,6), Es reduces to
Fs < Ch* + C(| V6" |3 + V6" [}) + 5¢|D:0" |3 — Do(w" - V)p", 07).  (48)

Moreover, by Taylor expansion, we have

Ee + E7 < Ctllus| 1 12(q)) 1 D0" llo + CTllae ]| oo 12 )) Vit || Lo (10 (2)) [ D< 0" [0
< C1||D:0"||p < CT2 + €| D.6"||3. (49)



Mathematics 2023, 11, 1945 10 of 17

With the estimates Ey, (k =1,...,6), we obtain

1 _ _
\IDT9”||%+5(HV9"H%fIIVG" B < c(ht+ %)+ C(Ive"|[5 + [IVe[5)
+7€[|D<8" 1§ + Ch?[|" o — D=(Vp", V6")
+ Do (E",V-0") — Do ((u"1-V)p", 0M). (50)

On the other hand, from (29), it follows that

(V-oy,5") = (D0",v3) + (Dp", vp,) + (VO", Voy,) + (Vp", Voy,) — (V -9y, ¢")
+ ((u”*1 V)" — (uZ*1 -Vujp,vy) — (Dot — uy, vy)
— (@™ —u") - V)" vy), Vo, €V (51)

Then, one can check that by the Cauchy-Schwarz inequality and interpolation theory,

(D<0",v3) + (Dzp", vp) < (|D20" |0 + [[Dzp"[|0) lonlo

< C(h* + ||D<0" [|0) || Voullo (52)
and
(VO", Vo) <[V lol[Vopllo- (53)
By Lemma 1, we have
(Vo", Vo) = (V -0, &") < Ch?|[Voyfo. (54)

Using a similar estimate process as Es, there holds
("1 V)u" = (uy™" - V)ujy,v) < C(W + [ V6" [lo + V6" o) [ Voullo.  (55)
As an application of the Taylor expansion, we have
—(Det” —uf,vy) = ("1 = ") - V)u",v3) < CT|[Voylo. (56)
Therefore, we conclude that
(V-op,1") < C(H? + 7+ (V0" [l +[|V6" | + [ D<6"[|0) | Vo lo- (57)

Then, thanks to the discrete LBB condition (B is a positive constant independent of
mesh-size /1), we have

V vy, n" _
Blilo< sup Sl <O+ w4 90" lo + 190" o+ D307 (59
v €V

Substituting (58) into (50) and using the Young inequality, (50) reduces to
1
ID=6" 1§+ 5 (V6" [ — V6" [I§) < C(* + ) + C(| VO"[[ + VO [[5)

+ 8¢||D-0"||3 — D-(Vp", V")
+ Do (¢, V- 0") — Do ((u""1-V)p",0").  (59)

Choosing € = 11—6 in (59) and summing up the resulting inequality, we have
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N~

k_f;l D6+ VO[3 < C(ht +72) + chizl 162 — (Vo Vo)
7 L@ 0" (V) 0,
<t +7) +6rki V63 + Ch2 15[ V6",
=1
I3[ V6" o + CH2 " 3] V6" g

n
1
<cmt+1*)+Ct )] |\ve"||3+1||ve”||3, (60)
k=1

where we used 8° = 0, Lemma 1 and the same estimate process (44) for —((u"~1-V)p", 0").
Hence, from (60), there holds

n
T

n
ID<6([3 + IV 6" [IF < C(h* +7%) +CT ) || VE*|5: (61)
k=1 k=1

Then, an application of the Gronwall lemma (see Lemma 3) yields

ID.6%||3 + || V6" |3 < C(h* + 72). (62)

n
T

k=1
Putting (62) into (58) gives that
n 5 n
) lnllo < C(H* + 1) +7 ) [D<6" o
k=1 k=1

1
2

SC(h2+T)+C<T

- k(12
ID<6" I
k=1
<C(h +1). (63)
The desired results are obtained, and the proof is complete. [J

With the aid of the superclose error estimate in Theorem 1, we adopt the interpolation
post-processing approach to improve the accuracy of the numerical solution (u}}, pj;) on the
whole domain. Let I, be the piecewise biquadratic nodal interpolation operator for the
velocity associated with 75,. Moreover, for the pressure, the postprocessing operator J,j, is

defined as
Jonp € Qu1(8),
|317 Jo,Jonp = p)dxixy =0, i=1,2,3,4.

The following properties are shown in [29]:

Lyl = Ly, Jonly = Jon,
[ pollr < Clloll1, Yo eV, I 12nqll0 < Cligllo, Vg € Py, (64)
| Ly — ully < Ch?||ul|s, | Janp — pllo < CH?||p]|2-

Moreover, we also have from [29] that for p € H2(Q),
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lp = JauJupllo < C2[lpll2- (65)
Now, we state the global superonvergence result in the following theorem:
Theorem 2. Under the condition of Theorem 1, there holds
" = Lyl + lp" = Janpillo < C(H* + 7). (66)

Proof. By (64) and (65), we have

[u" — Lpuylls + 1" = Janpillo < [[u" — Dp Iy |1 + ([ pIw™ — Lyl

+ " = JanJup" lo + NanJup™ — Jonpy llo
< CH?|[u" |3+ C|| Iy — ujt|l1 + CH2|[p" |2+ CllTup" — Piillo
< C(h? +1).

The proof is complete. [

4. Numerical Experiment

In this section, we present some numerical results to confirm the correctness of the
theoretical analysis. The software we used is MATLAB 2018a with a 3.20 GHz Intel Core
i5-6500 CPU processor and 8 GB memory.

Example 1. Let Q = (0,1)?, and divide Q into m x n uniform rectangles. Moreover,
the function f and the initial and boundary conditions are chosen corresponding to the
exact solution [35]:

uy = e t(xf — 203 + x3) (4x5 — 633 + 2x2),
Uy = —e~H(x5 — 203 + x3) (4xF — 633 + 2x7),
p=10e""(2x; —1)(2x, — 1).

We set the final time T' = 1.0 in the computation. In order to confirm the error estimates
in Theorems 1 and 2, we present the numerical errors in Tables 1—-6 at t = 0.1, 0.6, 1.0,
respectively. Obviously, it can be seen that the numerical results are in agreement with the
theoretical analysis, i.e., the errors [|u" — uj o, |[u" — u}l||1, || I,u" — u}}||1 and ||u" — Lyujl|1
for the velocity u are of order O(h?), O(h), O(h?) and O(h?), respectively. In addition,
the errors [|p" — pjllo, |Jnp" — pjllo and [|p" — Jonpjillo for the pressure p are of orders
O(h), O(h?) and O(h?), respectively. At the same time, we also give the graphics of the
exact solutions (u, p) and finite element solutions (u,, py) at t = 1.0 on mesh 32 x 32
(see Figures 4—7), respectively. It can be seen that the numerical results are also in good
agreement with the theoretical analysis.

Table 1. The numerical errors and convergence orders at t = 0.1 of u.

mxn 4x4 8x8 16 x 16 32 X 32
(| —u]o 6.9832 x 1074 1.7443 x 1074 4.0642 x 107° 1.0779 x 1073
Order / 2.0012 2.1016 1.9147

u" —ul 2.7565 x 1072 1.3929 x 1072 6.9778 x 1073 3.4900 x 1073

nill

Order / 0.98469 0.99730 0.99953

[ Iy — ull ||y 5.1545 x 1073 1.7229 x 1073 4.9365 x 1074 1.1691 x 10~*
Order / 1.5810 1.8033 2.0780

™ — Lyul ||y 1.6546 x 102 4.4691 x 1073 1.1290 x 1073 2.7815 x 1074
Order / 1.8884 1.9849 2.0211
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Table 2. The numerical errors and convergence orders at f = 0.1 of p.
mxn 8x8 16 X 16 32 X 32 64 X 64
lp — pullo 1.1969x 1010 5.4990x 10~ 2.6876x1071 1.3356x10~!
Order / 1.1221 1.0329 1.0088
ITup — pullo 5.7535x 1071 1.4260x 1071 3.6042x1072 8.9144x1073
Order / 2.0125 1.9842 2.0154
lp = Janpnllo 7.6225x107! 1.8945x 1071 4.7655x1072 1.1841x 1072
Order / 2.0084 1.9911 2.0089

Table 3. The numerical errors and convergence orders at f = 0.6 of u.
mxn 4x4 8x8 16 X 16 32 x 32
[ —ultllo 2.4270x10* 6.3566x107° 1.4898x107° 3.9554x106
Order / 1.9329 2.0931 1.9132
™ — ull ||y 1.6737x10~ 8.4489% 1073 4.2323x1073 2.1168x1073
Order / 0.98623 0.99734 0.99953
([ Tpu™ — w4 3.5044ex 1073 1.0579x 1073 3.0068x10* 7.1119x10°
Order / 1.7279 1.8149 2.0799
™ — Lyul ||y 1.0152x 102 2.7162x1073 6.8536x 1074 1.6879x 104
Order / 1.9022 1.9867 2.0216

Table 4. The numerical errors and convergence orders at t = 0.6 of p.
mxn 8x8 16 X 16 32 x 32 64 X 64
lp — pullo 7.2597 x107 ! 3.3353x1071 1.6301x107! 8.1008x10~2
Order / 1.1221 1.0329 1.0088
IJup — pullo 3.4897 %1071 8.6491x1072 2.1860x102 5.4069x1073
Order / 2.0125 1.9842 2.0154
lp = Tonprllo 4.6233x1071 1.1491x107! 2.8905x102 7.1817x103
Order / 2.0084 1.9911 2.0089

Table 5. The numerical errors and convergence orders at t = 1.0 of u.
mxn 4x4 8x8 16 X 16 32 x 32
™ —ull | 1.2510x 104 3.2199x107° 8.0816x10~© 2.0220x1076
Order / 1.9580 1.9943 1.9989
™ — ull ||y 1.1202x 102 5.6624x1073 2.8366x1073 1.4189x1073
Order / 0.98430 0.99724 0.99938
([ Iy — ult4 1.7780x 1073 6.0911x1074 1.6246x 104 41252x107°
Order / 1.5455 1.9066 1.9775
" — Iyult |4 6.6492x1073 1.7801x 1073 4.4318x107* 1.1058 x 104
Order / 1.9012 2.0060 2.0029

Table 6. The numerical errors and convergence orders at f = 1.0 of p.
mxn 8x8 16 X 16 32 X 32 64 X 64
e —prllo 4.8472x1071 223451071 1.0923x 1071 5.4300x102
Order / 1.1172 1.0325 1.0084

Tup — vullo 2.2993 %101 5.7482x102 1.4370x 102 3.5926x10~3
p—p

Order / 2.0000 2.0000 2.0000
lp = Janpnllo 3.0657x1071 7.6642x 1072 1.9160x1073 4.7901x1073
Order / 2.0000 2.0000 2.0000




Mathematics 2023, 11, 1945 14 of 17

x10° x10°

L TR

. N “\\\\\“\0

5SS TN RN e
7SS <SS .

X

RN

S
pSelet

D KA D
D
Z ;;':;;:.“g{\\\\\\\\\\\

) . 0.2
y-axis 0 o z-axis y-axis [ z-axis

(a) Exact solution u. (b) Numerical solution ulfy.

Figure 4. The graphics of u/ and 1}, on mesh 32 x 32.

%102 x10°

ZESN

255N\
ZESIN

ZEBIIN

XSS

Uy S SN
U000 SN
.

=
I ,'I":“o‘ t““‘:“:x
/75555

ys2

z-axis
z-axis

S8

06 06

0z 02 ¥
y-axis 0 o T peaxis y-axis 0 o T peaxis

(a) Exact solution u4. (b) Numerical solution u%,.

Figure 5. The graphics of 1} and u}, on mesh 32 x 32.

1 T
0.9 1 09F .7 NI
08 . { osf i) R
: B AP N
R N
ozt 10T Y Vi ]
ey R
‘ Seiniry "
0.6 SRV i !
: RERREE i
o05f 1 o050 0 I
| i i
0.4 1 04F || \i ;H"
Sl T

. MR ERY
0.3 1 0'3"\\\§§§§ A
. NN L
: TN N NN P
02 T02F NN SN Sseee
TR 2

o o L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 1
() The vector field of u". (b) The vector field of uj.

Figure 6. The graphics of the vector fields on mesh 32 x 32.

-
—
——

z-axis
z-axis
o

05 05

. . 02
yraxis [ -axis yraxis o o a-axis

(a) Exact solution p". (b) Numerical solution Ph-

Figure 7. The graphics of p" and pj; on mesh 32 x 32.



Mathematics 2023, 11, 1945

15 of 17

Example 2. Let QO = (0,1)? and divide Q into m x n uniform rectangles. Moreover,
the function f and the initial and boundary conditions are chosen corresponding to the
exact solution [14]:

uy = —e 2 sin?(7rx) sin(7ry) cos(7y),
uy = e~ sin(7rx) cos(7rx) sin®(7ry),
p = e *sin(7x) sin(7y).

We set the final time T = 10 in the computation. In order to confirm the error estimates
in Theorems 1 and 2, we present the numerical errors in Tables 7 and 8 at t = 10. Obviously,
it can be seen that numerical results are in agreement with the theoretical analysis.

Table 7. The numerical errors and convergence orders at f = 10 of u.

mxn 4x4 8x8 16 x 16 32 x 32
[ — utllo 3.9072x 10718 9.6945x 10~ 2.4129x1071 6.0248 x10~20
Order / 2.0109 2.0064 2.0018

u" —ul|y 2.0623x1077 1.0366x 1077 5.1886x10~10 2.5950x 10710

h

Order / 0.99241 0.99839 0.99959
([ Iy — ull ||y 3.0875x10~10 1.0500x 1010 2.8119x10~11 7.1483x10712
Order / 1.5560 1.9008 1.9759
" — Iyult |4 1.2562x10° 4.2567x10~10 1.0848x 10710 2.7240x 1011
Order / 1.5612 1.9723 1.9937

Table 8. The numerical errors and convergence orders at f = 10 of p.

mxn 8 X8 16 X 16 32 X 32 64 X 64
—illo 2.4684x1010 7.9753x10~ 1 2.0617x10~11 51913x10712

P—Pn

Order / 1.6300 1.9517 1.9896
I 2.4684x1010 7.9753x10~ 11 2.0617x10~11 5.1913x10~ 12
nP — Ph

Order / 1.6300 1.9517 1.9896

lp — Tonprllo 2.8503x10~10 8.7022x10~11 2.1086x10~11 5.2215x10~ 12

Order / 1.7117 2.0451 2.0138

5. Conclusions

In this paper, a low-order conforming mixed finite element method is investigated for
time-dependent Navier—Stokes equations with the semi-implicit Euler scheme. With the
help of the error splitting technique and the high-accuracy error estimates of the element
pair on the rectangular mesh, the numerical solution in L"f%Y_norm is obtained without
any time-step restrictions. Furthermore, the unconditionally superclose error estimates are
derived by treating the trilinear term rigorously and skillfully. Moreover, the global super-
convergence results are acquired in terms of the interpolation post-processing approach. It
should be pointed out there are many interesting topics to study in future works, such as
high-order time (e.g., Crank—Nicolson scheme and BDF2 scheme), low-order nonconform-
ing mixed finite element methods, and fast computing for discretized linear system. We
will study these topics in the future.
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