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Abstract: The current article studies optical solitons solutions for the dimensionless form of the
stochastic resonant nonlinear Schrodinger equation (NLSE) with both spatio-temporal dispersion
(STD) and inter-modal dispersion (IMD) having multiplicative noise in the itd sense. We will discuss
seven laws of nonlinearities, namely, the Kerr law, power law, parabolic law, dual-power law,
quadratic—cubic law, polynomial law, and triple-power law. The new auxiliary equation method is
investigated. We secure the bright, dark, and singular soliton solutions for the model.
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1. Introduction

The stochastic nonlinear differential equations which contain the stochastic term with
multiplicative noise play an essential role in scientific fields and engineering. One of these
models’ fundamental physical problems is getting their soliton solutions. The search for
mathematical techniques to deduce exact solutions for these equations is a fundamental
action. It is well known that the resonant nonlinear Schrodinger equation (NLSE) com-
prises the nonlinear dynamics of optical solitons and Madelung fluids. Generally, in the
quantum Hall effect, we take into consideration the study of chiral solitons in a specific
resonant term in (1 + 1) dimensions [1-8] and in (2 + 1) dimensions [9]. Recently, many
papers have deduced the exact solitons solutions for nonlinear partial differential equations
(NLPDEs) by using different methods. Namely, Hirota bilinear method [10], physical
information neural network (PINN) method [11], Riccati equation expansion method, and
Jacobian elliptic equation expansion method [12], semi-inverse variational principle [13],
improved adomian decomposition method [14], undetermined coefficients method [15],
modified simple equation scheme, and trial equation approach [16], ansatz approach [17],
tanh-coth scheme [18], the mapping method based on a Riccati equation [19], and others.
Recently, there are new applications of NLSEs such as, the physical information neural net-
work [20], the waveguide amplifier [21], the breather solutions in different planes [22], the
comprehended dynamics of solitary waves in the local case [23], and the anti-interference
ability of stable solutions [24]. Recently, a number of articles on stochasticity have been
published [25-35].

In the article [36], the authors discussed the wick-type stochastic NLSE using the
Hirota method combined with the Hermite transformation; howver, in our present article,
we have discussed the stochastic resonant NLSE in the it sense using the new auxiliary
equation method. These two governing models are absolutely different.
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The current paper focuses on studying the dimensionless form of the stochastic reso-
nant NLSE with both STD and IMD having multiplicative noise in the itd sense with seven
different kinds of nonlinear forms. In the recent corresponding It calculus, the soliton
solutions will be deduced by using the new auxiliary equation method.

Governing Model
The dimensionless form of the stochastic resonant NLSE with both STD and IMD

having multiplicative noise in the itd sense is introduced, for the first time, as
| Py

it + 1Py + byt + F (|0 )@ + ’y<q)|>cl> + o (@ — ibD,)

dW(t)
dt

where ® = ®(x,t) is a complex-valued function symbolizes the wave profile, a, b, v, 6,
and ¢ are real-valued constants with i = 1/—1. The first term of Equation (1) is the linear
temporal evolution, also the chromatic dispersion (CD) and STD terms are symbolized by a

and b, respectively. Next, F (|CI>\2) is the functional which represents the nonlinearity forms,

while v is the coefficient of resonant nonlinearity, and J is coefficient of IMD. Finally, ¢ is the
W(t) .
s the

white noise. Without noise (¢ = 0), Equation (1) reduces to the well-known resonant NLSE
with both STD and IMD which has been previously studied in [7,8]. The motivation for

AW (t
adding the stochastic term o (® — ib®y) dt( )

differential equation with noise or fluctuations depending on the time, which has been
recognized in many areas via physics, engineering, biology, chemistry, and so on.

The purpose of the present paper is to derive bright, dark, and singular soliton
solutions for Equation (1) with seven various forms of nonlinearity, namely, Kerr law,
power law, parabolic law, dual-power law, quadratic-cubic law, polynomial law, and
triple-power law by using the new auxiliary equation technique.

In Section 2, we will construct the mathematical analysis for Equation (1). In Sections 3-9,
we will establish seven laws of nonlinearities mentioned above for Equation (1) and solving
them by using the new auxiliary equation method. In Section 10, conclusions will be presented.

coefficient of noise strength and W(t) is the standard Wiener tactic such that

to Equation (1) is to formulate the stochastic

2. Mathematical Analysis

In order to solve the stochastic Equation (1), we use a wave transformation involving
the noise coefficient o and the Wiener process W(f) in the form

q)(x, t) _ g(z) ei[7Kx+wt+aW(t)7(72t]l )

and
z=x—ut, 3)

where k,w, and v are real constants. Thus, the real function g(z) represents the pulse
shape, while x, w, and v symbolize to soliton frequency, wave number and soliton velocity,
respectively. Inserting (2) and (3) in Equation (1), one deduces

(a—bo+7)g" + [(w —(72)(b1<— 1) — ax? —5K}g+F(g2)g =0, 4)

and
[—U—ZaK—l—bKU-i—b(w—O’z) —(5]g’ =0. (5)

which represent the real and imaginary parts, respectively. From Equation (5), the soliton
velocity is obtained as
b(w—0?%) —2ax =6

v= T o , (6)
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provided
bx # 1. (7)

In the next sections, we will solve Equation (4) when F (<I>2) takes seven forms of
nonlinearities.

3. Kerr Law
To this end, the nonlinearity form of the Kerr law is specified by

F (32) = cg’, ®)

such that c is a non-zero constant. Equation (1) using (8) becomes

P
i+ aDyy + by + C|CI>|2¢ + v (’A;V) D+ 0(P—ibdy) dl/;/t(t) = i0D,, )
Thus, Equation (4) takes the form
(a—bo+7)¢" + [(w - 02)(191( —1) —ax® - 5K]g+cg3 =0. (10)

Now, we will employ the following method to solve Equation (10).

New Auxiliary Equation Approach
To use this method (see [37]), we allow the solution of Equation (10) to be

N
g(z) =) HuQ"(2), (11)
m=0
as long as Q(z) satisfies the ODE
M
Q*2) =Y nQ"(z), M<8, (12)
h=0

where H, and r, are constants, such that Hy # 0, rpr # 0 and N is the balance number
which is determined from the formula

D{gjg(l)} =N(+1) —l—l(% - 1).
Set M = 8, one gets
D[gjg(l)} = N(j+1)+3l, (13)

which means D(g) = N, D(g?) = 2N, D(g') = N+3,D(g") = N + 6 and so on.
The current method derives the solutions of Equation (12) as

Family-1.Ifrg =11 =13 =14 =15 =r7 = 0,17, > 0, then one gets
(I) Bright soliton solutions

Q) = ( —

3
\/ 73 — 4rorg cosh(3,/12z) — ers

provided rZ — 4rprg > Oand ¢ = £1.

(14)
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18(a — bv + 7y)Harg + cH3 = 0,

20(a — bv + y)Hyrg + 6¢cHyH3 +33(a — bv + y)Hary =0,

(a — bv+ 7)[4Harg + Hyry] + 2cH3 + 2Hy [ (w — 02) (bx — 1) — ax® — 6x] =0,
3cH3H; + (a — b + ) (4Hyrs + 9Har7 + 15H376) + 3cH1HZ = 0,

3cHZH; + (a — bo + ) (6Hsrg + 3Hory + Hyr) + [(w — 02) (bx — 1) — ax? — 5k| Hy = 0,

(IT) Singular soliton solutions

3
2er
Qz) = : : (15)
\/ — (12 — 4rprg) sinh(3,/rpz) — ers
provided r% —4ryrg < 0and e = £1.
2
Family-2.Ifro =ri =r3=ry =14 =17 =0,rp > 0and rg = ;75, then one gets
R 2
() Dark soliton solutions
1
ry 3
0(z) = {_%[1 + tanh(3 \Fz)]} . (16)
(IT) Singular soliton solutions
1
Q(z) = {—[1j:coth( \fz)]} . (17)

As a result, by using (13), we balance ¢’ and ¢® in Equation (10), to derive N = 3. Conse-
quently, from (11), the solution of Equation (10) has the form

¢(z) = Hy + H1Q(z) + HyQ*(z) + H3Q%(z), (18)

where Hy,(m = 0,1,2,3) are constants and Hz # 0. Substituting (18) and (12) with M = 8
into Equation (10), one derives the following algebraic equations,

3(a — bv+ y)Hyrs + 15(a — bo + y)Hary + 6cHoH? + 6cH3 H, (19)

+2[(w —
3cH?Hj + [12Hsry + 7Hor53Hy 16| (a — bo + ) 4+ 3cHy H3 + 6cHyHyHs = 0,
6cHoH3 + 2cH3 + [7Hyr7 + 27Hsrs + 16Horg) (a — bv + ) + 12cH Hy Hj = 0,

12cHyH 1 Hz + 6CH%H2 +6cHoH3 + [5Hyrs + 12Hary + 21Hzrs)(a — bv + ) =0,

[(w =

02)(171( —1) —ax? — 6k|Hy +8(a — bv+ y)Haro = 0,

0?) (bx — 1) — ax? — x| Hs + (5Har3 + 9Hzr2) (a — bo + ) + cH3 + 6cHyH, Hp
+3cH3Hz + 2(a — bu + y)Hyry = 0.

Thus, we utilize the following types of solutions:
Type-1. Setry =r; =13 =14 =14 = r7 = 0,in Equation (19) and solving them by
using the Maple, one secures

2(a—b —02) (bk—1)—ax2—6x
Hy=0, Hy=0, Hy=0, Hy=3/- 2w [ ”9)(22017) » 15 =0, rg =3, (20)



Mathematics 2022, 10, 3197 50f18

provided c(a — bv + )rg < 0. Consequently, inserting (20) along with (14) and (15) into
Equation (18), one deduces the solutions of Equation (9) as
(I) Bright soliton solutions

q)(x, t) _ :I:\/_2[(w—02)(bx—1)—aK2—5K] sech [\/_ ((U—O’Z)(bK—l)—uK2—(5K (x _ ?Jt)

ei[—xx-i—wt-i-(TW(t)—azt] (1)

7

c a—bo+y

provided [(w — 02) (bx — 1) — ax? — 6x|c < Oand (a — bv + 7) [(w — 0?) (bx — 1) — ax? — 6«
< 0. (see Figure 1)
(IT) Singular soliton solutions

CD(X, t) _ :t\/Z[(waz)(bxl)uxzzix] esch l\/_ [(wfaz)(bxfl)fuxzféx] (x B Ut)

c a—bv+y

ei[—Kx-i—cut-i—UW(t)—rrzt] (22)

provided [ (w — ¢2) (bx — 1) — ax? — 6k]c > Oand (a — bo + ) [ (w — 0?) (bx — 1) — ax? — 5«]|
< 0. (see Figure 2)

<D

Figure 1. Plot of the bright soliton solution (21) witha = 0.2, b = 0.35, ¢ = 04, 6 = 0.5, k = 0.25,
w =0.6,0 =0.35v=—0.4743835616, v = 0.5, and —10 < x, ¢ < 10.

1 -10

Figure 2. Plot of the singular soliton solution (22) witha = 0.2, b = 0.35,c = —04, 6 = 0.5, x = 0.25,
w = 06,0 = 0.35, v = —0.4743835616, v = 0.5, and —10 < x,¢ < 10.
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2
Type-2.Setrg =ri =r3=ry=rs=r7;=0andrg = 4r—;32, in Equation (19) and solving
them by using the Maple, one obtains

. (wfaz)(bxfl)fmczf&c . B . 9r5(a—bv+7) (wfoz)(bxfl)fmczféx
Eo = \/_ c yE1=0,E =0, E5 = 2[(w7(72§(b1c71)7u1c27¢5;c] \/_ c ’
(23)
N 2[(w—(72)(b1c—1)—ax2—51c] N
r2 = 9(a—bv+) » 15 =15,

provided c[(w — 0?) (bx — 1) —ax? — 6x] < 0 and (a—bv+7) # 0. Consequently, in-
serting (23) along with (16) and (17) into Equation (18), one deduces the solutions of
Equation (9) as

(I) Dark soliton solutions (see Figure 3)

D(x,t) = j:\/_ (‘”*‘72)(1’“;1)*%2*5’( tanh \/(“"722)(?"%27)”"25" (x —ot) ei[—Kx+wt+aW(t)—<72t], (24)

(IT) Singular soliton solutions (see Figure 4)

D(x,t) = :I:\/— (‘*’*‘72)(“;1)*%2*5" coth \/(w”;)(ib”bvﬁw)ﬂkz&f(x —ot) ei[—xx+wt+(fW(t)—02t], (25)

provided ¢ [ (w — 0%) (bx — 1) — ax* — 6x] < Oand (a — bo + ) [(w — 0?) (bx — 1) — ax? — 5«]
> 0.

Figure 3. Plot of the dark soliton solution (24) witha = 0.2, b = 0.35, ¢ = 04, 6 = 0.5, xk = 0.25,
w =0.6,0=0.35v=—0.4743835616, vy = —0.5, and —10 < x,¢ < 10.
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|0

Figure 4. Plot of the singular soliton solution (25) witha = 0.2, b = 0.35,¢ = 0.4, = 0.5, k = 0.25,
w =0.6,0=0.35v=—-04743835616, y = —0.5,and —10 < x,t < 10.

4. Power Law

To this aim, the nonlinearity form of the power law is specified by

P(gz) = cgzn, (26)

such that c is a non-zero constant and 7 is the power nonlinearity parameter. Equation (1)
using (26) becomes

[Pl x dw (t)

Thus, Equation (4) takes the form
(a—bo+7)g" + [(w - (72) (bx — 1) — ax® — 5K}g +cg? 1 =0. (28)

2n+1

By using (13), we balancing ¢’ and g in Equation (28), to derive N = 2. Since N is not

integer, then one takes
3
8(z) = [p(x)]", (29)
as long as ¢(z) > 0. Inserting (29) into Equation (28) obtains

3(a—bv+7) [ngmp” +(3— n)go’z} + n? [(w — 0'2> (bk — 1) — ax® — JK} ¢* +n*ce® = 0.
(30)
Now, we will employ the following method to solve Equation (30).

New Auxiliary Equation Approach

As a result, by using (13), we balance ¢¢” and ¢® in Equation (30), deriving N = 1.
Consequently, from (11), the solution of Equation (30) has the form

¢(z) = Ho + H1Q(z), (31)

where H,,(m = 0,1) are constants and H; # 0. Substituting (31) and (12) with M = 8 into
Equation (30), one derives the following algebraic equations,
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D(x,t)

D(x,t)

en?HY +9(n+1)(a — bv+ v)Hirs = 0,
16cn®HoHY + [3(5n + 3)H2r7 + 12H1nHors | (a — bv + ) = 0,
112cn*HgHY + [3(n + 6)Hirs + 12H nHora) (a — bu + ) = 0,

3(a — bv + ) [Hiry(n + 3) + 5HinHors] + 140cn® H3H} = 0,

[9H1nHors + 18H3rp| (a — bo +7y) + [(w — 0?) (bx — 1) — ax® — 6x|n*H} + 28cn* H{HF = 0, (32)

112en®H3H? + [9H?nrs 4+ 18HynHore + 18H?rs| (a — bv + ) = 0,
56cn? H3HS + [21HynHory + 12H3nre + 18Hir) (a — bo +7) = 0,
2[(w — 0?) (bx — 1) — ax? — 6 + cH§|n?HZ + [6H37o(3 — n) + 3HnHyry] (a —bo + ) =0,

3H;[2nHyry + (6 — n)Hyry](a — bu+ 7y) + 4n?HoH [(w — 02) (bx — 1) — ax* — 5k + 4cHS| = 0.

Thus, we utilize the following type of solutions:
Type-1. Setrg = rq = r3 = rq4 = r¢ = r7 = 0, in Equation (32) and, solving them by
using the Maple, obtaining

1 2 _g2 1) —ax2—
HO:O, le [_w}é’ r2__n [(“-’ U)(bK D —ax 5;{}/ 75:0/ rg =171g, (33)

n2c 9(a—bv+7)

provided c(a — bv + )rg < 0. Consequently, inserting (33) along with (14) and (15) into

Equation (31), one deduces the solutions of Equation (27) as
(I) Bright soliton solutions

(o

(1) (w—0?) (bx1) e o] o ln \/ (om0

c (a—bv+7)

} ’ ei[—Kx—Q—wt—&-aW(t)—Uzt], (34)

provided [(w — 02) (bx — 1) — ax? — 6x|c < Oand (a — bv + 7) [(w — 0?) (bx — 1) — ax? — 6«
<0.
(IT) Singular soliton solutions

{i\/(rﬂrl) [(wfvz)(bel)quzféK} osch ln \/ (“’*Vz)(b’cfl)*”’fzf‘s" (x _ Ut)

@ .
iD + adyy + bDy + (c1|<1>|2 + c2|c1>|4)<1> + 7(' |”)<I> + (P — ibdy)

c (a—bv+7)

}n ei[—xx—&-wt—&-aW(t)—(rzt], (35)
provided [(w — 02) (bx — 1) — ax?® — 6x|c > Oand (a — bv + 7) [(w — 0?) (bx — 1) — ax? — 6«
<0.

5. Parabolic Law

To this aim, the nonlinearity form of the parabolic law is specified by
F(g) =g + s’ (36)

where ¢; and ¢, are constants and ¢, # 0. Equation (1) using (36) becomes

AW (1)
dt

=1 7

Thus, Equation (4) takes the form

a—bo+9)¢" + | (w—0?)(bx —1) —ax® — 5| g+ c18° + c28° = 0. (38)
8 8 8 8
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By using (13), we balancing ¢” and g5 in Equation (38), to derive N = % Since N is not
integer, one then takes

3
8(z) = [¢(z)]2, (39)
as long as ¢(z) > 0. Inserting (39) into Equation (38) obtains

3(a—bo+7) [2<p<p” + (p’z} +4 {(w - (72> (bx — 1) — ax® — 51(} @* 4 4c19° + 4c98 = 0. (40)
Next, we employ the following method to solve Equation (40).

New Auxiliary Equation Approach
As a result, by using (13), we balance ¢¢” and ¢® in Equation (40), to get N = 1.

Consequently, from (11), the solution of Equation (40) has the same form (31). Substituting
(31) and (12) with M = 8 into Equation (40), one derives the following algebraic equations,
4c,HY +27(a — bv+ y)Hjrg = 0,
21(a — bv + 7y) (H?r¢ + H Hor7) + 112c0 H3H® = 0,
32c,HoHY + 24(a — bo + 7) (H1Hors + H3r7) =0,
18(a — bv + ) (H?rs + HyHorg) + 224c, H3H3 + 4c1HY = 0,
20c1 HyHj + 280c, HyHY + 15(a — bo + ) (Hy Hors + Har4) =0, (41)
40c1 H2H3 + 224c, HJH? +12(a — bv + ) (H?r3 + 12H  Hory) = 0,
6(a — b+ v) (H?ry + HyHora) +20c1 H3Hy + 8 (w — 0?) (bx — 1) — ax? — 6x| HoHy + 32c,HHy = 0,

40c1 H3H? + 4[(w — 0%) (bx — 1) — ax* — 6| H? + 112c, HSH? + 9(H2rp + HiHors) (a — bu + ) = 0,

3(a —bo+ ) (HiHory 4+ H2ro) + 4[(w — 02) (bx — 1) — ax? — 6x| H 4 4c1Hy + 4c,H§ = 0
Thus, we utilize the following types of solutions:
Type-1. Set rg = r; = r3 = r4 = rg = r7 = 0, in Equation (41) and solving them by
using the Maple, one obtains

1
Hy=0, H; = [_ 27(u—bv+7)rs} S = 4[(w=0?) (br—1)—ax’—5x] (a—bv+7)rs

— — ‘1 _ —
4co - 9(ﬂ—b’()+’y) , 5 = (H—bv-l—’)/) 30, , g =718, (42)

provided ¢;(a — bv 4 7)rg < 0. Consequently, inserting (42) along with (14) and (15) into
Equation (31), one deduces the solutions of Equation (37) as
(I) Bright soliton solutions

1

2

12[(w—0?) (bx—1)—ax®—x] ei[—KX-‘rwt-‘rU'W(t)—lfzt} (43)

O(x,t) = 2) (bx—1)—ax2—4
£4/9c—48c5 [(w—02) (bk—1)—ax2—5«] cosh {2\/7 % (x—0t) | =31

provided 9¢2 — 48¢c5[(w — 02)(bx — 1) — ax* — 6x] > 0and (a — bv+ ) [(w — ¢2) (bx — 1) —

ax? — 5x] < 0.

(IT) Singular soliton solutions
1
2

D(x, t) = 12[(“"‘72)(bK—1)—“K2—5K] ei[—Kx+wt+aW(t)—02t], (44)

w—02)(bx—1)—ax? -5k
(

) (x—ot) | =31

i\/f (96%74862[(wfaz)(bxfl)faszék}) sinh [2\/7
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provided 9¢3 — 48c,[(w — 02) (bx — 1) — ax® — 6x] < 0and (a — bv + 7)[(w — 02) (bx — 1) —
ax? — 5x] < 0.
2
Type-2.Setrg =ri =r3=r4=rs=r7 =0and rg = 4%, in Equation (41) and solving
them by using the Maple, one obtains

1
o - 243(a—bo+7)*r2 6 _ 4[(w7¢72)(b1<71)7m<2751<] _
Ho =0, Hy = 6402[(w—az)(bx—l)—;KZ—ék}:| r 2= 9(a—bv+7) , 15 =175, (49)
and
— 2 _ — gx2 —
o = _462\/(w o?)(bk — 1) —ax (SK, (46)
3C2

provided c;[(w — 0?)(bx — 1) — ax* — 6x] > 0 and (a — bv+ ) # 0. Consequently, in-
serting (45) along with (16) and (17) into Equation (31), one deduces the solutions of
Equation (37) as:

(I) Dark soliton solution

1
2
D(x,t) = {%\/ 3{((”7”2)@’:1) S (1 +tanh l\/ - w"’z)ﬁ"b;f; O vt)D } gilrtttaW( o] (47

(IT) Singular soliton solution

1
O(x,t) = {%\/ e e 2o 5] <1 + coth l\/ - Lot vt)] ) }2 el mxrwrtaw(n -] 4

provided ¢;[(w — ¢?)(bx — 1) — ax?> — éx] > 0 and (a — bv + 7)[(w — ¢?) (bx — 1) — ax® —
Jx] < 0.

6. Dual Power Law

To this aim, the nonlinearity form of the dual power law is specified by

F(an) _ Clg2n + C2g4n’ (49)
where ¢; and ¢, are constants and c; # 0. Equation (1) using (49) becomes

AW (1)

= 0%y, (50)

. o .
1D + adyy + b(Dxt + (C1|q>‘2n + C2|q>|4n)q) + ')/( |q|;ix>q> + U'(CD — lbcDx)

Thus, Equation (4) takes the form

a—bo+9)¢" + | (w—0?)(bx —1) —ax® — 5| g + c18%" T + ¢! = 0. (51)
8 g§t+ag 8

4n+1 ;

By using (13), we balancing ¢ and g***! in Equation (51), to derive N = 5-. Since N is not

integer, then one takes
3
8(z) = [p(2)]2n, (52)
as long as ¢(z) > 0. Inserting (52) into Equation (51) yields
3(a—bo+7) {an)(p” + (3 - Zn)(p’z} + 4n? {(w - (72) (bx — 1) — ax® — (51{} @+ 4n’c1@° + 4ntc9® = 0. (53)

Next, we will employ the following method to solve Equation (53).
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New Auxiliary Equation Approach
As a result, by using (13), we balance ¢¢” and ¢® in Equation (53), to get N = 1.

Consequently, from (11), the solution of Equation (53) has the same form (31). Substituting
(31) and (12) with M = 8 into Equation (53), one derives the following algebraic equations,
9(a —bv+ 7v)(2n+ 1)H?rs + 4con*HS = 0,
3(a —bo+ v)[H?re(4n + 3) + 7nHyHor7| + 112c,n* H3HS = 0,
3(a — bv+ ) [H?r7(5n + 3) 4+ 8nHy Hyrs| + 32c,n*HoHY = 0,

4[(w — 0?)(bx — 1) — ax? — 6x|n*H? + (a — bv + ) (9H?r, + 9H nHyrs)
+8(14c,Hy + 5¢1)n*H3H? = 0,

4n’H3 (c1 + 562 H3) + (9H?rs + 9H2nrs + 18HynHyrg) (a — bv + ) = 0, (54)
20n*HoH{ (14c,HY + ¢1) + (a — bo + ) [3(2n + 3)Hirs + 15nHy Hors) = 0,
224c,n?HyH3 + 40cn*H3 HS + (3H3nrs 4+ 12HinHory 4+ 9H?r3) (a — bv 4+ ) =0,

+4c1n*H] + 4con®*HS + (a — bu + ) (3HynHyry — 6Hinrg 4+ 9Hzr)
+4[(w — 0?) (bx — 1) — ax? — 6x|n*H3 = 0,

[6HinHory +3(3 — n)H3ry | (a — bu + 7y) + 20cyn® Hy Hy + 32con? H) Hy
+8[(w — 0?) (bx — 1) — ax? — éx|n>HoH; = 0.

Thus, we utilize the following types of solutions:
Type-1. Set rg = 1| = r3 = rq4 = rg = r7 = 0, in Equation (54) and solving it by using
the Maple, one obtains

1
_ _ 9(2n+1)(a—bv+y)rg | 6 N 4n2[(w—02)(bx—1)—akz—51{]
HO - 0/ Hl - |:_ 4nZcy 8:| sy T2 == 9(a—bv+'y) ’
(55)
_ 2nc (2n+1) (a—bv+)r; o
5= _3(1+n)(a—1bv+'y) o ) 5, 15 =718,

provided ¢ (a — bv + 7)rg < 0. Consequently, inserting (55) along with (14) and (15) into
Equation (31), one deduces the solutions of Equation (50) as
(I) Bright soliton solutions

g

D(x,t) = 2(1+4n) (2n+1)[(w—0?) (bx—1) —ax®—5x]

wftrz)(bx—l)—m(zféx

+4/(2n+1)22—4(1+n)2 (2n+1)cy [(w—02) (bk—1) —ax2—6x] cosh [Zn \/7 ( . (x—0t) | —(2n+1)cy (56)

7Kx+wt+aW(t)7¢72t]

7

xell

provided (2n +1)c3 — 4(1 + n)?cp[(w — 02) (bx — 1) — ax® — 6] > 0and (a — bv + 7)[(w —
0?)(bk — 1) — ax*> — éx] < 0.
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(IT) Singular soliton solutions

S

D(x,t) = 2(14n) (2n+1)[(w—0?) (bx—1) —ax?—5x]

4/~ {(@n+1)262 ~4(1+1)2(20-+1)by (0 —0?) (bx—1) ~ax?—x] } sinh [Zn\/—w(x—vt) —(@2n+1)g (57)

(a—bv+7)

Xei[—xx+wt+t7W(t)—rr2t]
provided (21 +1)c2 — 4(1 + n)?cp[(w — 02) (bx — 1) — ax? — 6x] < 0and (a — bv + 7)[(w —
02)(bx — 1) — ax? — éx] < 0.

2
Type-2.Setrg =ry =r3=ry=rs =ty =0and rg = 4%52, in Equation (54) and solving
them by using the Maple, one obtains

1
_ _ 81(2n+1)(a—bo+7)*r2 6 _ 4n?[(w—0?) (bk—1)—ax®—5x] .
Ho =0, Hy = 64n4[(w02)(h;<1)a1<2551c]c2] r 2= 9(a—bo+7) » 15 =15 (58)
and
w—02) (bx—1)—ax?—ox
e =—2(n+ 1)C2\/( )(2n+l)c2 ! 9

provided c;[(w — 02) (bx — 1) — ax? — 6x| > 0 and (a — bv + ) # 0. Now, substituting
(58) along with (16) and (17) into Equation (31), one derives
() Dark soliton solution

1
\/ (ZnH)[(w_az)c(zbk_l)_mz_‘s’(] <1 + tanh [n \/ - (w_az);;ikh;?; e vt)] ) }2 dil-rrrwttoWn=a] (g0

D(x,t) = {
(IT) Singular soliton solution

1
2n
D(x,t) = {%\/(Zwl)[(wvz)c(szl)MZ(SK] (1 + coth [n \/— (wiaz)ﬁKb;i);ML&K (x — vt)} ) } pl[RxtwtteW(h—ct] (61)

provided ¢;[(w — 02)(bx — 1) — ax* — 6x] > 0 and (a — bv + 7)[(w — 02) (bx — 1) — ax? —
Jx] < 0.

N|—

7. Quadratic—Cubic Law

To this end, the nonlinearity form of the quadratic—cubic law is specified by

F(g?) =g+, (62)

where ¢q and ¢, are constants. Equation (1) using (62) becomes

) ) . AW (¢ .
iD + adyy + 0Dyt + (c1|d>| + CZ\CI>|2)<I> + 'y<| |q|)xx><1> +o(®— zb@x)idt( ) = 0Dy, (63)
Thus, Equation (4) takes the form
(a—bo+7)g" + Kw - 02) (bx — 1) — ax® — rSK}g +c18” + g’ =0. (64)

Next, we will employ the following method to solve Equation (64).
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New Auxiliary Equation Approach
As a result, by using (13), we balance ¢” and ¢® in Equation (64), to get N = 3.

Consequently, from (11), the solution of Equation (64) has the same form (18). Substituting
(18) and (12) with M = 8 into Equation (64), one derives the following algebraic equations,
18(a — bv + 7y)Harg + e H3 =0,
(a — bv + 7) (20H,rg + 33Hzr7) + 6coHyH? = 0,
2Hp [(w — 02) (bx — 1) — ax? — 6| + 2c1H3 + 2c,H3 + (4Hprg + Hyry)(a — bo +y) = 0,
3coHy1H2 + (15H316 + 9Hor7 + 4Hyrs)(a — bo + ) + 3coH3Hz = 0,
2c1HoH; + [(w — 02) (bx — 1) — ax? — 6x| Hy + 3coH3Hy + (a — bo + 7) (6Hsrg + 3Hary + Hyra) =0,
6coHyoHy Hs + 3co Hy H3 + 3¢ H2 Hy + 2c1 HyHs + (12Harg + 3Hyrg + 7Hars) (a — bu + ) =0, (65)
6coHoH2 + 2c,HS + 12co HyHyHs + (a — bv + ) (16Hare + 7Hyr7 + 27Hzrs) + 201 H2 = 0,

(8Hary + 3Hyrs + 15Hz3r1 ) (a — bu + 7y) + 2c1H? + 2Hp [ (w — 0%) (bx — 1) — ax?® — 6«]
+6c2H3H, + 4c1HoHy + 600 HoH? = 0,

12coHoHy H3 + (a — bo + 7) (21Hzrs3 + 12Hpry + 5Hyrs) + 4c; HyHs + 6coHoH3
+6cH2H, + 2c1H3 = 0,

2c1HyHp + 3c,H3Hz + coH? + 60, HoH Hy + [(w — 02) (bx — 1) — ax?® — 6x| H3
+2c1HoH3 + (2Hqr4 + 5Hor3 +9)(a — bv + v)Hzrp = 0

Thus, we utilize the following types of solutions:
Type-1. Setry = r1 = r3 = r4 = r¢ = r7 = 0, in Equation (65) and solving them by
using the Maple, one obtains

_ B i B [ 2(a—bo+q)r B (UJ—U’Z)(bK—l)—KZKz—5K 2 2 _
HO =0, Hl =0, HZ =0, H3 =3 _TS, rp = — 9(a—bv+7) , 5 = _% _m/ rg =718, (66)

provided c¢;(a — bv + 7)rg < 0. Consequently, inserting (66) along with (14) and (15) into
Equation (18), one deduces the solutions of Equation (63) as:
(I) Bright soliton solutions

D(x,t) = 6[(w—02)(b1<—1)—a1<2—<51<] el‘[*KX*HUt*HTW(t)*O’zt]

~02) (bk—1)—ax2 s
i\/4c%71802[(wfaz)(bxfl)faKZﬂSK]cosh[\/fw#

, (67)

(x—ot) | —2¢1

provided 4c — 18c,[(w — 02) (bx — 1) — ax® — 6x] > 0 and (a — bv + 7)[(w — 02) (bx — 1) —
ax* — ox] < 0.
(IT) Singular soliton solutions

6[(w7¢72) (hK*l)fﬂK275K]

02 ) (bx—1)—ax2
:t\/7{4c%718c2[(wfaz)(bxfl)faxzfé;{]}sinh {Vf%w&fvt) —2c1

q>(x’ t) — ei[fo+wt+17W(t)7(72t]’ (68)

provided 4c? — 18¢5[(w — 02)(bx — 1) — ax* — 6x] < 0and (a — bv+ ) [(w — 02) (bx — 1) —
ax? — 5x] < 0.
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Hy=0, H =0, Hy =0, Hj = —2Z0-botnrs ) —

2
Type-2.Setrg =1 =r3=ry =1 =17 =0and rg = 47752, in Equation (65) and solving
them by using the Maple, one obtains

(w—(72) (bk—1)—ax®—ox

9(a—bo+7) ; ¥5 =15, (69)

2C1

and
2C%
9[(w — 02)(bx — 1) — ax? — éx|’

0= (70)
provided (w — 0?) (bx — 1) — ax* — 6k # 0 and (a — bv + ) # 0. Consequently, inserting
(69) along with (16) and (17) into Equation (18), one deduces the solutions of Equation (63)
as

() Dark soliton solution

2¢1 2 a—bv+y

O(x,t) = _3[(“’7‘72)(“*1)*””27‘5"] (1 + tanh 1\/_ (w=0)(bx—1)—ax>—ox (x —ot) ) ei[—Kx+wt+(7W(t)—(72t], (71)

d(x,t) = —

(II) Singular soliton solution

. N .
1D + aPyy + byt + (c1|4>|2 + | @t + 03\<I>|6)<I> + 7(' |xx><1> +0(P —ibDy)

3[(w—0?) (bx—1)—ax?—5x] <1 4 coth 1\/_ (w—02) (bx—1)—ax>—dx (x —ot) ) ei[,KHngW(t),Uzt]’ 72)

21 2 a—bo+y

provided ¢; # 0and (a — bv + ) [(w — 02) (bx — 1) — ax* — 5] < 0.

8. Polynomial Law

To this end, the nonlinearity form of the polynomial law is specified by

F(g?) = c1g? + cag* +csg’, 73)
where c1, c; and c3 are constants and c3 # 0. Equation (1) using (73) becomes

AW(1)
dt

=1 74

Thus, Equation (4) takes the form
(a—bo+7)g" + {(w - (72) (bk — 1) — ax® — (SK}g +c18° + g’ +e3g’ =0, (75)
Next, we will employ the following method to solve Equation (75).

New Auxiliary Equation Approach

As a result, by using (13), we balance ¢” and ¢’ in Equation (75), to get N = 1.
Consequently, from (11), the solution of Equation (75) has the form

8(z) = Ho + H1Q(z2), (76)

where Hy,(m = 0,1) are constants and Hy # 0. Substituting (76) and (12) with M = 8 into
Equation (75), one derives the following algebraic equations,
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14c3HoHS + 7(a — bv + y)Hyr7 =0,

10c,HoH; + 5(a — bo + y)Hyrs 4+ 70cs HYHY = 0,

21c3HZH; + coH? +3(a — bo + ) Hyrg = 0,

(77)
3 2173 4173 _ _

c1Hy +10co HyHY + 35¢c3 HyHy + 2(a—bv+y)Hyry =0,

20c,H3H? + 3(a — bo + y) Hyr3 + 42c3 H3HZ + 6¢; HoH2 = 0,

2cH3 + 2c3Hf + (a — bv + y)Hyry 4+ 2Hy [ (w — 02) (bx — 1) — ax? — 6| + 2c1 Hj = 0,

5c,H3Hy + [(w — 0?) (bx — 1) — ax® — 6x|Hy + (a — bo + y)Hyrp + 7c3H§Hy + 3c1 H3Hy = 0

Thus, set rg = r1 = r3 = r4 = g = r7 = 0, in Equation (77) and solving them by using the
Maple, one obtains

1
4(a —bv+)rgle w —0?)(bx — 1) — ax? — ok
HOZOIHIZ - ( 3 7)8 ,1’2:—( >§—b0—i)-’)/ ,7’5:0,7’8:7’8, (78)
and
c1=0, cp =0, (79)

provided c3(a — bv + v)rg < 0. Consequently, inserting (78) along with (14) and (15) into
Equation (76), one deduces the solutions of Equation (74) as:
(I) Bright soliton solutions

1

O(x,t) = {2\/— (wo?)rDmat ok oo lB\/— (wigz)(bKil)iaKLéK(x - Ut)] }3 ol [RxrwtroW (-] (80)

c3 a—bv+y

provided c3[(w — ¢2)(bx — 1) — ax? — 6x] < 0 and (a — bo + ) [(w — ¢2) (bx — 1) — ax? —
dx] < 0.
(IT) Singular soliton solutions

c3 a—bv+y

1
q)(x’ t) — {2\/(“"72)(h"1)”7<25"csch [3\/ (wfgz)(b’cfl)*‘mz*‘s" (x B Z)t)] }3 ei[—Kx-HUt-HTW(t)—(th}, (81)

provided c3[(w — ¢?)(bx — 1) — ax? — éx] > 0 and (a — bv + ) [(w — ¢2) (bx — 1) — ax?
—ox] < 0.

9. Triple-Power Law

To this end, the nonlinearity form of the triple-power law is specified by

F(g2) = 018" + g™ + c3g®", (82)
where c1, ¢, and c3 are constants and c¢3 # 0. Equation (1) using (82) becomes

. @ AW
0+ 00+ 00+ (0P + ol 4l (T oo - iven TR —ise, s9)

Thus, Equation (4) takes the form

(a—bo+7)8" + [(w - 02) (bx —1) — ax® — 5K}g + 187" 4 g 4 c3¢%" L = 0. (84)
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7n+1

By using (13), we balancing ¢”’ and g in Equation (84), to derive N = % Since N is not

integer, one then takes

1
8(z) = [p(2)]7, (85)
as long as ¢(z) > 0. Inserting (85) into Equation (84) yields

a—bo+ )| nee" + (1 —n)e?| +n?|(w—0?)(bx —1) — ax* — dx | 9?> + n*c1¢* + ncr® + n%ce® = 0. (86)
4% % % % % %

(a — bo+ 7y)H?rs + n*HYcs + 3(a — bo + y)Hinrg = 0,

[8HinHorg + Hir7(14 5n)](a — bo + ) + 16nHyH] c3 = 0,

2n?H%¢; + 56n*HjesHY + [7HynHory +2(2n + 1)Hirg| (a — bo + ) =0,
(a —bo+)[(3n + 2)H2rs + 6HinHyre| + 56n*HiesHY 4+ 6n*HoHjcp = 0,

2(28Hics + 6¢1 + 15H3¢2)n* H3H? + (3HynHors 4+ 2H?1rp) (a — bv + )
+2n?H?[(w — 0%) (bx — 1) — ax*> — k] =0,

[4HinHory + (n 4 2)Hirs] (a — bo + ) + 8n?H; (5Hgca + Hocy + 14Hgc3) = 0,
(a — bo+ y)[SHinHors + 2H3r4(n + 2)| + 2n2Hj (¢ + 15H3c,H + 70Hgc3) = 0,

[2H2rg(1 — n) + HynHyr1| (a — bo + ) + 2n? (H§cs + HSeo + Hieq)
+2n?H3 [ (w — 0%) (bx — 1) — ax*> — k] =0,

[2nHgry 4+ Hyrq(2 — n)](a — bo + ) + 4n? (4H]c3 + 2H3c1 + 3HJco)
+4n?Hp [ (w — 02) (bx — 1) — ax® — 6x] =0

Now, we will employ the following method to solve Equation (86).

New Auxiliary Equation Approach

As a result, by using (13), we balance ¢¢” and ¢® in Equation (86), to get N = 1.
Consequently, from (11), the solution of Equation (86) has the same form (31). Substituting
(31) and (12) with M = 8 into Equation (86), one derives the next algebraic equations,

(87)

Thus, set rg = 11 = r3 = r4 = r¢ = r7 = 0, in Equation (87) and solving them by using the
Maple, one obtains

1 2[(w—c2 —1)—ax2—
Hy =0, Hy = [——(1%”)(:2;:%7”8} *,rp =" oo 2£bb’;+1'3 o, r5 =0, rg =13, (88)
and
c1=0, =0, (89)

provided c3(a — bv 4 )rg < 0. Consequently, inserting (88) along with (14) and (15) into
Equation (31), one deduces the solutions of Equation (83) as:
(I) Bright soliton solutions

c3 a—bo+y

1
D(x,t) = {\/— (n+1)[(w=0?) (br1)—a? ~ox] sech lSn\/— (WﬂZ)(bkil)iaKL&K(x — vt)] }3'1 ei[*""*‘*’H‘TW(t)*‘TZt}, (90)

provided c3[(w — 0?)(bx — 1) — ax? — éx] < 0 and (a — bv + 7)[(w — ¢?) (bx — 1) — ax® —
dx] < 0.
(IT) Singular soliton solutions
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1

<I>(x, i’) _ {\/(3n+1)[(w—UZ)CibK—l)—IZKZ—éK] sch |f37’l \/_ (w—gz)ll(ixb;j_),y—axz—éx (x B vt)] }3" ei[f;chrwtwLUW(t)*‘th}, (91)
provided c3[(w — ¢2)(bx — 1) — ax? — k] > 0and (a — bv + ) [(w — ¢2) (bx — 1) — ax? —
dx] < 0.

10. Conclusions

In this article, we found soliton solutions for the stochastic resonant NLSE (1) with the
spatio-temporal dispersion and inter-modal dispersion having multiplicative white noise
in the It6 sense. Our study is concentrated on the functional F <\®|2> , which takes seven
nonlinear forms, via Kerr law, power law, parabolic law, dual-power law, quadratic-cubic
law, polynomial law, and triple-power law. We have applied the new auxiliary equation
method to find the bright, dark, and singular soliton solutions of Equation (1) for these
seven nonlinear forms. Certain parameter constraints are involved to ensure the existence
of such solutions. The stochastic soliton solutions obtained in this article are accurate and
important in understanding physical phenomena. The effect of multiplicative noise on
these solutions has been illustrated using some graphical representations (see Figures 1-4).
Finally, our work is new and has a lot of openings that would lead to an abundance of new
results which are yet to be explored.
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