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Abstract: In the traditional approach to differentiability, found in almost all university textbooks,
this notion is considered only for interior points of the domain of function or for functions with
an open domain. This approach leads to the fact that differentiability has usually been considered
only for functions with an open domain in R”, which severely limits the possibility of applying the
potential techniques and tools of differential calculus to a broader class of functions. Although there
is a great need for generalization of the notion of differentiability of a function in various problems of
mathematical analysis and other mathematical branches, the notion of differentiability of a function
at the non-interior points of its domain has almost not been considered or successfully defined. In
this paper, we have generalized the differentiability of scalar and vector functions of several variables
by defining it at non-interior points of the domain of the function, which include not only boundary
points but also all points at which the notion of linearization is meaningful (points admitting nbd
rays). This generalization allows applications in all areas where standard differentiability can be
applied. With this generalized approach to differentiability, some unexpected phenomena may occur,
such as a function discontinuity at a point where a function is differentiable, the non-uniqueness of
differentials. .. However, if one reduces this theory only to points with some special properties (points
admitting a linearization space with dimension equal to the dimension of the ambient Euclidean space
of the domain and admitting a raylike neighborhood, which includes the interior points of a domain),
then all properties and theorems belonging to the known theory of differentiability remain valid in
this extended theory. For generalized differentiability, the corresponding calculus (differentiation
techniques) is also provided by matrices—representatives of differentials at points. In this calculus
the role of partial derivatives (which in general cannot exist for differentiable functions at some
points) is taken by directional derivatives.

Keywords: differentiability; partial derivatives; derivatives in the direction; set of linear contribution;
linearization space; neighbourhood ray; raylike neighbourhood

MSC: 26B05; 26B12

1. Introduction and Motivation

One of the basic ideas of differential calculus is to better approximate a given function
f: X = R", X CR" locally by an affine function, i.e., to linearize it at a point Py € X. For
this to be possible, the function must be differentiable at this point which means that there
exists a linear operator A : R" — R™ such that the limit

f(Po+H) — f(R) — A(H)
[1H]|

lim
H—0

)

exists and is equal to 0 € R". For practical reasons, differentiability in mathematical
analysis has been defined and considered almost only for functions f : 3 — R™ with an
open domain (3 C R" [1-4]. Since every point of an open set (2 C R” is an accumulation
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point of Q) [1] then for every point Py € Q) it holds that 0 € R” is the accumulation point of
the domain D of the function

f(Po+H) — f(R) — A(H)
[1H|

H+—

for a linear operator A : R" — R™. Indeed, there exists > 0 such that the open ball
B(Py, r) is contained in ) and consequently B(0,7) C D and the limit from the definition
of differentiability (1) is reasonable to consider. (Recall that the limit of the function can be
considered only at an accumulation point of the domain.)

However, reducing differentiability only to an open domain, i.e., to the interior points
of a domain, has, in addition to many successful applications and advantages, some obvious
deficiencies. For example, for the function f : [0,00) — R f(x) = Va3 it holds

; V(O+1)° = V0P —on

h—0+ |h| ’

so this function can be well approximated by the zero operator, i.e., it could be linearized
at the point 0 € R inside the natural domain of f, but due to the conditions from the
definition of differentiability (that a point must belong to the interior of the domain [2]), the
differentiability of the function at this point is usually not considered at all. Even though
this issue can be overcome by extending the definition of differentiability (derivability)
of a real function of a real variable to the endpoints of the given domain using one side
limits [5], for a function of several variables the problem of differentiability at non-interior
points of the domain remains current. For example, the differentiability of the function

fiD=R flxy) = \ly-2 D={(xy) eR?|y>+}

cannot be considered in all boundary points (x, ¥ ), x € R, although it can be well linearized
locally by the zero operator in those points. Similarly, because of the reduction to open
sets, the question of the existence of tangents [6] and tangent planes [4] of a function
f:ClQ — R, Q C R or R?, at points (x, f(x)), x € FrQ, remains open. For example,
due to this reduction we cannot obtain the tangent of the function x — V/x3 at the point
O = (0,0) although it is obvious that for points Ty = (x, f(x)), x € (0, 00), the secants
OT, tend to the line y = 0 as x tends to 0, and the line y = 0 should be the tangent of this
function at the point O. Moreover, the study of the local conditional extreme of a scalar
function is reduced to the study of a function whose domain is not necessarily an open set,
so that the problem of finding a conditional extreme cannot be clarified or fully studied if
differentiability is studied only on open sets. Furthermore, a differentiable function would
lose the property of differentiability at many points if differentiability at boundary points
is not considered when switching from one Cartesian coordinate system to other non-affine
coordinate systems (or vice versa).

These are some of the reasons that indicate that the notion of differentiability should be
generalized by observing differentiability not only at interior points of sets, but much more
broadly, at points of any domain X C R" of a function f : X — R™ in which the notion of
differentiability and linearization is meaningful. John W. Milnor mentioned this problem in
his famous series of lectures on differential topology which dates back to 1965 [7]. We will
show that this extension is meaningful for all points Py € X for which there is at least one
point Q € X\ {Py} such that the line segment PyQ is contained in X. Indeed, this is the most
general case in which a linear operator can linearize a function at a point (at least on a line
segment to which this point belongs). The linearization space is then a one-dimensional
vector subspace of R” which is also the smallest vector subspace on which it is interesting
to consider and specify a linear operator.

In the history of modern mathematics one can find some other issues or (overlooked)
problems of mathematical analysis like this one [8], where we take for granted some tradi-
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tional approaches, common requirements and (sometimes wrong) conclusions. Concerning
differentiability, one can find in the literature some generalizations of differentiability
(derivability) such as the fractional derivative [9] or the derivative at the endpoints of
a segment [5]. In this paper, we provide a natural generalization of differentiability of
a function by defining it at some non-interior points of the domain of function. These
points include not only the boundary points of the domain, but also all points in which
the notion of differentiability and linearization is meaningful. For this generalized case, a
corresponding calculus (techniques of differentiation) is also provided.

2. Preliminaries

In this paper we use the notation (|) for the Euclidean scalar product on R”, the
notation || || for the Euclidean norm and the notation d for the Euclidean metric. We use
the notation O for the point (0, ...,0) € R" or we simply write 0 € R".

Let (3 C R" be an open set, f : 3 — R™ a function, and Py = (x(l), eeey x9,) an arbitrary
point in Q). To approximate the function f on the open ball B(Py,r) C Q, r > 0, at the point
Py with the special affine function « : R" — R™ «a(H) = f(Py) + A(H) means to find a
linear operator A : R” — R [10] such that f(Py + H) ~ a(H) forany H € B(O,r) C R".
Geometrically interpreted, in the case of m = 1 this means that we want to replace the
part of the graph of the function f at the point (P, f(Py)) by the part of the graph of the
affine function

a(x1,...,x0) = f(Po) +mx1+ - +anxp,a; €R,i=1,...n,

i.e., the part of the hyperplane in R"*!. The desirable property of such an approximation is
that it is as accurate as possible at points closer to the point Py, i.e., that the error

r(H) = f(Po+ H) —a(H) = f(Po + H) — f(Ry) = A(H)

tends to zero as H tends to zero. However, if f is a continuous function, then the error
r(H) always tends to zero as H tends to zero (because every linear operator acting between
finite-dimensional vector spaces is continuous). This would mean that there is an adequate
local replacement by the affine function of any continuous mapping, which is not the case.
For example, if we consider the function f : R2 — R f(x,y) = 1/x2 + 2, it is easy to see
that on the open ball B((0,0), ¢) we cannot approximate this function by an affine function,
i.e., we cannot replace its graph well enough by a part of the plane passing through the
origin O € R3, although this is perfectly possible on all rays starting in O. Thus, it is not

only necessary that the error r(H) can be made arbitrarily small (because every continuous
r(H)
[1H]]
arbitrarily small, which leads us to the definition of differentiability of the function f at the
point Py, which is as follows [3]:

Let (3 C R" be an open set. A function f : () — R™ is differentiable at a point Py € O

if there exists a linear operator A : R” — R™ such that the limit

an S (Po - H) = £(Po) = A(H)
H—0 [|H||

function has this property), but even more so that the relative error can be made

exists and is equal to 0 € R™. We then call the linear operator A the differential of the
functionf at the point P, it is unique and we denote it by df (P).
A linear operator A is the differential of the function f at the point P if and only if

f(Po+H) = f(Ry) = A(H) +r(H)

where 7 : B(0, &) — R™ is the error function with the property

. r(H)
1 = B(P, C Q.
ngOHHH O0and B(Py,¢) C
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3. Linearization of Function

Definition 1. Let X C R" bea set and Py € X. We say that the point Py admits a neighborhood
ray (or simply admits a nbd ray) in X if there exists H € R"\{0} such that the line segment
PyPy + H is contained in X.

This notion is of particular importance to us because we will consider the linearization
of a function exactly at points in a domain that admit at least one nbd ray in the domain
(and not, as before, only at points from its interior).

Example 1.

(a) No point of a sphere admits a nbd ray in it.
(b)  Ewvery point of a non-trivial convex set admits a nbd ray in that set.

Since every line segment is a convex set and every nontrivial convex set contains the
line segment between any two of its points, a point Py € X C R" admits a nbd ray in X if
and only if there exists a nontrivial convex set K C R" such that Py € K C X.

Definition 2. Let X C R" and Py € X be a point admitting nbd ray in X. The set
Ax,p, = {H € R"\{0} | bRy + H C X}
is called the set of linear contributions at Py in X, and its linear hull [10]
Expy = [Bx,p)

is said to be the linearization space at Py with respect to X.
For a function f : X — R™ and a point Py € X we say that Zx p, is the linearization space
of the function f at the point P,.

Example 2.

(a) Let the points P,Q, R € R" be in general position, i.e., let them be the three non-collinear
points. Then it holds

Apgp ={tQ—P) [t € (0,1]} and
S = {HQ—P) [tER),

Apgurre = (0(Q~PJUO(R —P))\{0} and
Zpouprp = {#(Q = P) + B(R = P) | &, B € R}.
(b) LetD={PeR"|||P—PR|| <r}andQ € D. Then it holds
Apo={P—Q|PeD\{Q}}and

ZD,Q =R".

Let us now generalize the notion of differentiability of a function to points admitting
nbd ray in the domain. This will allow us to consider differentiability at points where this
was not possible so far.

Definition 3. Let X C R" and Py € X be a point admitting nbd ray in X. We say that a function
f + X — R™ is differentiable at Py if there exists a linear operator A : R" — R such that

the limit
i F(Po+ H) = F(Py) = A(H)

H—0 [|H||
HGAX,PO

@
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exists and is equal to 0 € R™. If such a linear operator exists, we call it the differential of the
function f at the point P.
The function f is differentiable on X if f is differentiable at every point of X.

Notice that if a point Py € X admits nbd ray in X, then Py is an accumulation point of
the set X and then 0 € R" is an accumulation point of the set Ax p,. Indeed, if PpPy + H C X
then every nbd of P) contains some points of the line segment PyPy + H C X and conse-
quently every nbd of 0 intersects Ax p,. Therefore, the limit from the previous definition
makes sense to consider. Furthermore, the natural domain D C R" of the function

f(Po+H) — f(R) — A(H)

H+—
|[H]|

®)

could be in general a superset of Ax p, so it is necessary to emphasize that the limit (2) is
considered only on the set Ax p, (this is the limit of the restriction of the function (3) to the
set Ay p, at 0). Otherwise, the values of the above function at points that do not belong to
Ax p, but are in D and near 0 may affect the existence of the limit of the function (3) at 0,
which we do not want to allow. But, if Py € Int X then it holds

f(Ro+H) — f(Ry) — A(H) f(Po+H) — f(R) — A(H)

li =1
A0 TH]| H0 I ’
HEAX,pO

which is a consequence of the following theorem:

Theorem 1. Let f: X — R™, X CR", Y C X and Py be an accumulation point of the set Y. Let
U be an open neighborhood of the point Py in R" such that (U\{Py}) N X C Y. If the restriction
fly : Y — R™ has the limit at the point Py, then f has the limit at Py and they are equal, i.e.,

lim(fly) = lim.

Proof. Let Qp := liPm( fly) and let B(Qo, €) be an open ball in R™. Then there exists an open
0
neighborhood V of Py in R” such that V C U and f|y(V N (Y\{P})) € B(Qo,¢) . Hence,

fFVN(X\{Po})) = F(VN (Y\{Po})) = fFly(VN (Y\{Po})) S B(Qo,e)
which implies that lipm f=Qo O

Therefore, in the above definition of differentiability of a function at a point, we can
omit the notation of the restriction in the limit if this point belongs to the interior of the
domain. In this case, the above definition coincides with the previously known definition of
this notion. Thus, the Definition 3 is a natural generalization of the notion of differentiability
and this generalization brings many advantages and solves many contentious issues and
problems (e.g., at the boundary points of a domain. .. ), which we will explain hereinafter
with several various examples.

From the definition of differentiability, it follows that the linear operator A : R” — R™
is the differential of a function f : X — R™ at a point Py € X C R" if and only if

f(Po+H) — f(R) = A(H) +r(H),

where r : Ax p, — R is the error function with the property Pllimo % = 0. Notice that the
%

above equation makes sense only on Ax p,, i.e., only for a sufficiently small neighborhood
U of the point 0 € R” [2] we can write

f(Po+ H) = f(Po) ~ A(H)
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for H € UN Ay p,. Likewise, the linear operator A, although defined on R”, has its true
meaning from the point of view of approximating the function f only on the linearization
space Xy p, € R".

It is important to notice that the differential of a function at a point need not be unique
(which could not be the case so far). Indeed, if the linearization space Xx p, is a proper
subset of R" and if there exists a differential A : R” — R" of the function f at Py, then
every linear operator B : R" — R™ that coincides with A on the subspace Xx p, (and there
are infinitely many of them) is the differential of the function f at Py because it satisfies the
conditions of the definition of differentiability. Let us formalize this consideration by the
following statement:

Proposition 1. Let f : X — R™, X C R" and Py € X be a point admitting a nbd ray in X. If the
function f is differentiable at Py and A : R" — R™ is the differential of the function f at the point
Py then every linear operator B : R" — R™ which agrees with A on the vector space X.x p, is also
the differential of the function f at the point Py.

Proof. Using equality
A|Zx,PO = B|ZX,P0

it is easy to check that
lim JPot+H) = f(R)—AH) . f(Po+H) — f(P) — B(H)
H—0 [|H]| H—0 [|H]|
HGAX,pO HGAX,PO
holds. O

Now, we will show that all differentials of f at P are equal on the linearization space
z X,Py-

Theorem 2. Let f : X — R"™, X C R" and Py € X be a point admitting a nbd ray in X. If the
differential of the function f exists at the point Py then it is unique on the vector space L p,.

Proof. Suppose that A, B : R" — R™ are two linear operators for which

f(Po + H) — f(Py) — A(H) f(Po+H) — f(P) — B(H)

H0 [TH| Ho0 [TH]|
HEAx p, HeAxp,
Then it holds B(H AH
lim —( ) — A(H) =0.
H—0 [|H]||
HEAX,PO

Every vector H € Xx p, can be written as a linear combination of vectors from Ax p,.
Therefore, A‘ZX,PO = B|2X,p0 if and only if A(H) = B(H) for every H € Ax p,. If H € Ax p,
then tH € Ax p, for every t € (0,1] and

B(tH) — A(tH)

li =0,
iSor |[tH]]
so it follows
. (B=A)(tH) . H(B—A)(H) (B—A)(H)
0= lim ——————~% = lim =
=0t |[|tH|| t—ot  [t]|[H]| |[H|

Therefore, A(H) = B(H) for every H € Ay p, and it holds

Al Zxpy = B| X,y
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Remark 1. One might think that the cases where the linearization space Xx p, is a proper subset of
R™ and the differential of the function f exists at the point Py cause certain difficulties because the
differential is not unique, but it is unique where it should be, i.e., on the linearization space ¥.x p,.
According to the previous theorem, all differentials of the function f at the point Py coincide in the
space L.x p, and this is the only thing that is important for us because only in this space we can use
the differential to approximate the function f at the point Py.

Corollary 1. Let f : X — R™, X C R", Py € X be a point admitting nbd ray in X and
Xx,p, = R". If the differential of the function f exists at the point Py, then it is unique.

Proof. This follows from Theorem 2 and Proposition 1. [

If the differential of a function f : X — R", X C R", exists at a point Py € X and is
unique, we denote it by df(P).

If f : R" — R™ is a linear operator then f is differentiable on R"” and df(P) = f at
any point P € R". In particular, the projection map p; : R" — R, i =1,...,n, is a linear
operator and dp;(P) = p; for every P € R". Usually dp;(P) is denoted by dx;.

An affine mapping f : R" — R™ f(P) = Py+ A(P), where Py € R"” and A : R" — R™
is a linear operator, is differentiable on R"” and df (P) = A for every point P € R".

Example 3. Let H = (1,0) € R?and f : OH — R f(x,y) = 3x. Since f is the restriction of
the linear operator A : R> — R A(x,y) = 3x on the convex set OH, f is differentiable at any
point of the domain and the differential at any point is equal to A. The linearization space of the
function f at any point of the domain is ¥ = Rx {0} and since it is a 1-dimensional subspace of R?,
the differential of f is not unique. Moreover, all linear operators R> — R, represented by a matrix
[3 pl, p € R, areall its different differentials. However, according to the previous theorem, the
restriction of all these differentials on ¥ is the same.

Notice that according to the traditional definition of differentiability, this function would not
be differentiable at any point in its domain. On the other hand, the function f is perfectly linearized
since its graph is OT CR3T= (1,0,3), and it would be incorrect to say that it cannot be
linearized (since its graph is perfectly linearized by the part of the line OT). However, since for
functions whose domain is a subset of R? the graph is linearized by part of the plane, we can do
that in infinitely many ways, since the entire pencil of planes passes through the line OT, so its
linearization is not unique. However, if we take the set OH UOHy, Hy; = (0,1) € R? for the
domain of the function f, then Xom o 0 = IR?, and by the previous theorem the differential of the

function f at O € R? is unique, i.e., its linearization is the part of the unique plane passing through
the line OT and OTy, Ty = (0,1,0), O € R3 (the graph of the function f is the set OT U OTy,
which is a part of this plane).

Corollary 2. Let f : X — R", X C Rand xy € X be a point admitting nbd ray in X. If a
differential of the function f exists at the point xo, then it is unique.

Proof. Since Xy ,, = R, the statement follows from the previous corollary. []

Example 4. Let us consider thefunction f : D — R f(x) = /y—x3,D = {(x,y) € R? | y > x°}
from the introduction. Since for (0,0) € R? it holds

B0 = ({y) eB [x <0y >0} Uy e B [y = x> 0 )\{(0,0)}

\/hy — h% —v/0— O(hy,hy)
lim =

-0,
(I1,12)—(0,0) [ (h1, h2) |
(h1,h2)EAD (0,0)

and
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where O : R?—R denotes the zero operator, f is differentiable at the point 0. Moreover, it follows
from L, = R? that the zero operator is the unique differential of f at the point (0,0), i.e.,
df(0,0) = 0.

Definition 4. Let Py € X C R" and V € R"\{0}. We say that a point Py admits a neighbor-
hood ray in X in the direction of V if there exists Ay € R such that PyPy + AoV C X.

Proposition 2. Let () C R" be an open set. Every point Py € Q) admits a nbd ray in Q) in the
direction of all vectors H € R"\{0} and £ p, = R".

Proof. Let Py € Q) and let H € R"\{0} be arbitrary. Since () is open, there exists a ball
B(Py,r) € O, and since a ball is a convex set, PyPy + %H—gll C B(Py, r) holds. Therefore, Py

admits nbd ray in B(Py, r) in the direction of H and then admits it in (). Furthermore, from
Ap(pyr),p, S Dayp, it follows that

ZB (R, Py S TR

and %ﬁ € Ap(p,r),p, implies H € Xp(p , p, for every H € R"\{0}. So,

Zp(por)p = R
and then ZQ/PO =R". O

Corollary 3. If 3 C R" is an open set and f : Q) — R™ is differentiable at a point Py € (), then
the differential of the function f at the point P is unique.

Proof. This follows from the previous proposition and corollary 1. [J

Remark 2. We have already mentioned that the new definition of differentiability (Definition 3)
coincides with the well-known definition of this notion when the domain of a function is an open
set. It follows that in this particular case all previously known properties of differentials hold,
including the property of uniqueness. However, the new theory induced by the extended definition
of differentiability provides the proof of the uniqueness of the differential of an open domain function
without relying on prior general knowledge of it.

Proposition 3. Let f: X — R"™, X CR",Y C Xand Py € Y be a point admitting nbd ray in Y.
If f is differentiable at Py then f |y is differentiable at Py and the differentials of the functions f and
fly at Py coincide on Zy p,.

Proof. Since the function f is differentiable at P, there exists a linear operator A : R” — R"

such that Il{igo f wﬁmﬂgﬁ‘))ﬂq(m = 0. Now, Ay p, C Ay p, implies

HGAX,PO

f(Po+ H) — f(Ry) — A(H) fly(Po+H) — fly(Po) — A(H)

0= — 1
0 I1H]| 0 I1H]|
Y, Py €Ay,p,

from which it follows that the function f|y is differentiable at Py and that the linear operator
A is its differential at Py. Now, by the Theorem 2, we conclude that every other differential
at Py coincides with A on Xy p. [

The converse does not hold, i.e., if the restriction of a function f : X — R", X C R",
toasubset Y C X is differentiable at a point Py € Y, then in general the function f need not
be differentiable at that point. This will be shown by the following counterexample. But we
will prove that if Y is open in X, then differentiability on Y implies differentiability on X.
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0=

H—0
HeAynx,p,

Example 5. Let f : R>? = R f(x,y) = \/x2 +y2. Let us consider the restrictions of the function
f tosets

X1 ={(0y) [y €[0,00)} and Xz ={(0,y) | y € (—o0,0]}.

For functions
fri=flx AOy) =y and fo:= flx, (0y) =y,

the linearization space at each point in their domains is ¥ = {(0,y) | y € R}. The function f; is
the restriction of the linear operator py to the convex set X1, so py is the differential of the function
f1 at any point in Xy (not unique because the dimension of . is less than 2, but they all coincide
on X). Similarly, the differential of the function f, at every point in Xy is —py. If the function f
were differentiable at the point 0 € R?, then, by Proposition 3 and Theorem 2, the differentials of the
functions f1 and f, at the point 0 would coincide on . which is obviously not the case.

Theorem 3. Let f : X — R", X CR", Py € X and U be a neighborhood of the point Py in R". If
Py admits a nbd ray in U N X and if f|ynx is differentiable at Py then f is also differentiable at P.

Proof. Since U is a neighborhood of the point Py in R", there exists r € RT such that
B(Py,r) € U and then B(Py,r) N X C U N X. Therefore, B(0,7) N Ax,p, € Aunx,p,- Due to
differentiability of the function f|ynx, there exists a linear operator A : R” — R™ such that

flunx(Po+ H) — flunx(Po) = A(H) _ .~ f(Bo+H) — f(R) — A(H)
[1H]| H=0 [1H]|

HeAunx,p,

Since Aynx,p, € Ax,p, and B(0,7) N Ax,p, € Ax,p,, by Theorem 1, it follows

lim £ P+ H) = f(Ro) — A(H) _
HERD, |[H|| '

which implies that f is differentiable at Py. O

The following statement follows from the previous theorem.

Corollary 4. Let f : X — R", X C R", 3 C X be an open set in R" and Py € Q. If f|q is
differentiable at Py then f is also differentiable at Py and df (Py) = df|q(Po).

We will show now that differentiability does not imply continuity in general (which
cannot be the case for a function with an open domain).

Example 6. Let P, = (0,1), Qi = (1,1) € B2, n € N, and

X = U P,Q,U(0,0)(1,0) C R2.
neN

Let us consider the function f : X — R

[ P € P,Q,
f(P) _{ 0, P€(0,0)(1,0).

For the point O = (0,0) € X it holds
Axo = (0,1] x {0} and Zxo = Rx{0}.

The function f is differentiable at the point O (it is differentiable at every point of its domain and
the zero operator is one of its differentials), but f is discontinuous at all points of the line segment
(0,0)(1,0), so it is discontinuous at O.
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In this example, the dimension of the linearization space Xx o is less than the dimen-
sion of the whole space R2. However, even if the dimension of a linearization space is equal
to the dimension of the whole space R”, a function need not be continuous. This is shown
by the following counterexample.

Example 7. Let S' C R? be the 1-sphere and Py, Q, R € S! three distinct points on it. Consider
the union of two circular arcs and their corresponding chords X = PyQ U PyR U PyQ U PyR. The
function f : X - R

0, (x,y) € HQUPRR
60 ={ 1 e (RQURR)\(Q.R,7)

is differentiable at Py. Namely, Ax p, = (O(Q —P)UO(R— PO)) \{O} and

i P+ H) = f(R)

H—0 ||H||
HEAX,PO

Since Zx p, = R?, the differential is unique and df (Py) is the zero operator. But the function f is
discontinuous at Py because  lim  f(P) =0and lim  f(P) =1 hold.
P—Py PPy

PeP,QUPR PeP,QURR

To ensure that differentiability of a function at a point implies continuity at that point,
we need an additional condition, which is introduced in the following definition.

Definition 5. Let X C R" and Py € X be a point admitting nbd ray in X. A neighborhood U
of the point Py in X is said to be raylike neighborhood of the point Py in X provided PyP C U
holds for every P € U. If there exists at least one raylike nbd in X of the point Py, we say that the
point Py admits raylike nbd in X.

It is easy to see that every point of a non-trivial convex set admits raylike nbd in that
set, and then every point of the open set (2 C R" admits raylike nbd in Q.

Theorem 4. Let a point Py € X C R" admits raylike nbd in X. If f : X — R"™ is differentiable at
Py then it is also continuous at Py.

Proof. Let U be a raylike nbd of the point Py in X. Then U — Py = {P—Py: P € U}isa
neighborhood of the point O € R" in Ax p, U {O}. To prove that f is continuous at Py it
suffices to prove that f|(; is continuous at P, i.e., that glimo f(Py+H) = f(Py). By the
—
HeU-P,
assumed differentiability, there exists a linear operator A : R” — R™ such that

f(Po+H) — f(P) = A(H) 4 r(H) 4)

r(H)

G 0. Then

where r : Axp, — R™ is an error function with the property I}Inrh
"

lim r(H) = 0. Since U — Py € Ax,p, U {0},
H—0

lim r(H)= lim r(H)=0.
H—0 H—0
HelU-Py

Every linear operator operating between finite dimensional vectorial spaces is continuous,
therefore
0=A(0)=lim A(H)= lim A(H).

H—0 H—0
HeU-Py
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Hence, by (4), it follows
li = .
lim - f(Py + H) = f(Po)
HeU—-Py

O
Obviously, if 3 C R" is an open set, f : 3 — R™, Py € Q) and f is differentiable

at Py, then f is also continuous at Py. Thus, if the domain of a function is an open set,
differentiability implies continuity. The same is true for any convex domain.

4. Partial and Directional Derivatives

Definition 6. Let X C R", n > 2,V € R"\{0} and Py € X be a point admitting nbd ray in X
in the direction of the vector V. The set

AV(X,PO) = {tV | t € R} N AX,pO
is called the set of linear contributions at Py in the direction of V into X.

Let us denote

hi = inf{t eR | tV e AX,PO}/ 5)
hy :=sup{t e R [tV € Axp,},

where hy = —oo (hy = o0), provided the set {t € R [ tV € Axp,} is not bounded from
below (above). Let Xy p, denotes the largest convex subset of the set X N PyPy + V contain-
ing the point Py (PyPy + V denotes the line passing through the points Py and Py + V). If
hi,hy € Rthen Xy p, = XN (Py +h1V)(Py + hyV) (it is the line segment with or without
boundary points), otherwise Xy p, is the half-line or the line PyPy + V.

Definition 7. Let a point Py € X C R" admit nbd ray in X in the direction of V€ R"\{0}. We
say that a function f : X — R has the derivative at Py in the direction of V if there exists

im [Pt hV) = f(R)
h—0 h ’

This limit, if it exists, is denoted by oy f (Py) and is called the derivative of f at Py in the direction
of V.

The derivative at Py in the direction of e; (e; is the i-th basis vector of the standard ordered
basis for R") is called i-th partial derivative of f at Py and is denoted by 9; f (Pp).

Notice that, for Py = (xtl),. ..,x?l),
f(x(l),...,x?_l,x? +h,x?+1,...,x2) —f(x(lj,...,x?,...,xg)

%if(Po) = lim
he (hy,ha)\{0}

holds. If h; < 0, by Theorem 1, it follows

0 0 0 0 0 0 0 0
XY, oo,x L b L, x) — F(x, A, x
0:f (Py) :}li Of( 1 i—17 " i+1 ) n) f( 1 i n)'

Theorem 5. Let f : X — R, X CR", V € R"\{0} and Py € X be a point admitting nbd ray in
X in the direction of V. The function f has the derivative at Py in the direction of V if and only if its
restriction f| Xv,p, 18 differentiable at Py. The value of each differential of the function f| Xz, @t Po,
at'Vis avf(Po).



Mathematics 2022, 10, 3085 12 of 29

Proof. Suppose f has the derivative at Py in the direction of V. If {V,vq,...,v,_1} is some
basis for R, then any linear operator A : R" — R, given by

A(V) = avf(Po), A(vi) = a;

for some real numbers a;,i = 1,...,n — 1, is a differential of the function f| Xv,py" Namely,

flxy g, (Po+hV) = flxy 5, (Po) — hv f(Po)
1]

lim
h—0T
he (g hp)\{0}

= lim

f(Po+hV) = f(Po) = dvf(Po)h _
h—0+ h
he (hyha)\{0}

lim
h—0t
he(hy,ho)\{0}

f(PO+hV)_f(P0) _an(P()) =0.

lim
h—0
he{hy,hy)\{0}

Similarly,
-~ flxv,p, (Po+ V) = flxy p (Po) = hov f(Po)
70~ i B
he(hy,ha)\{0}
which implies
i flxv,p, (Po+1V) = flxy p (Po) —hovf(Ry)
h—0 ‘h‘ o
he (i h2)\{0}
Therefore,
lim f|Xv,PO(P0+H)_f|Xv,p0(P0)_A(H) .
H—0 [|H||
HEAV(X,PO)
B lim leV,PO (P0+hV) _fIXV,PO (PO) —A(hV) _
T =0 K[ [V]] B
he(hy,hy)\{0}
1 i flxv,p (Po+hV) = flxy p, (Po) —hov f(Po)
[[VI[ =0 || a
he{hy h)\{0}

Hence, fx, P is differentiable at the point P.
Now assume that f|x, R is differentiable at the point Py, i.e., that there exists a linear

operator A : R” — R such that
f|Xv,pO (PO + H) _f‘XV/PO (PO) - A(H)

lim —o.
H—0 [|H||
HGAV(X,PO)
Then
: flxy p, (Po+hV) = flx p (Po) = hA(V)
0= lim

- VI
€<h],l’l2>\{0}
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from which follows

flxv,p0 (PO + hV) - flxv,p0 (PO)

A(V) = lim p
<h1/h2>\{0}
<h1 h2>\{0}

Thus, f has the derivative at Py in the direction of V and it is equal to A(V). O

Corollary 5. Let f : X — R, X C R", V € R"\{0} and Py € X be a point admitting nbd ray
in X in the direction of V and let f be differentiable at Py. Then f has the derivative at Py in the
direction of V and the value of each differential of the function f at Py, at V is equal to dy f (Dp). If
Zx.py = R" then oy f(Py) = df(Po)(V).

Proof. The statement follows from the previous theorem and Proposition 3. [

The converse of this corollary does not hold, i.e., a function f at a point Py can have di-
rectional derivatives and need notbe differentiable at Py, as shown in the following example.

Example 8. The function

ALy, (4,y) # (0,0)
0, (x,y) = (0,0)
has both partial derivatives at the point (0,0) but f is not continuous at this point, so by Theorem 4

f is not differentiable at (0,0). It is interesting to note that this function has the derivative at the
point (0,0) in the direction of any V = (v1,v;) € R2\{0}, and

f:R2—>R f(x,y):{

hvlhvz 010
oh22+h2 02403

dvf(0,0) = lim

5. Differentiable Functions
5.1. Properties of Differentials

We will now prove the following important results which hold for differentiable
functions.

Proposition 4. Let X C R", Py € X be a point admitting nbd ray in X, f,g : X — R™ be
differentiable functions at Py, and A, B : R" — R™ be differentials of the functions f and g at Py,
respectively. Then the function Af + ug : X — R™ is differentiable at Py for any A,y € R and
AA + uB is its differential at P,.

Proof. By the differentiability of the functions f and g at P it holds
f(Po+H) = f(Po) = A(H) + 1 (H)

and
§(Po+ H) — g(Po) = B(H) +r2(H),

for every H € Ax p, € R", where rq, 15 : Ax p, — R™ are the functions with the property

Now, it follows

(Af +ug)(Po+ H) — (Af +ug)(Po) = AMf(Po+ H) — f(Py)) + u(g(Po+ H) — g(Po))
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= MA(H) +r1(H)) + p(B(H) +r2(H)) =
= AA(H) + uB(H) + Ari(H) 4+ ury(H) =
— (VA + uB)(H) + Ary (H) + pra(H),
for every H € Ay p,. Since for the function r(H) = Arq(H) + urp(H) it holds Iliiino |r|(11j|)| =0,
the function A f + ug is differentiable at Py and the linear operator A A + uB is its differential
at this point. O

Proposition 5. Let X C R", Py € X be a point admittingnbdrayin X, « : X = Rand f : X —
R™ be differentiable functions at Py, and A : R" — Rand B : R" — R™ be differentials of the
functions « and f at Py, respectively. Then the function« - f : X — R™ (a - f)(P) = a(P)f(P) is
differentiable at Py and a(Py)B + f(Py)A : R" — R™ (a(Py)B + f(Py)A)(H) = a(Py)B(H) +
A(H)f(Py) is its differential at P,.

Proof. By the differentiability of the functions « and f at Py, it holds
a(Py+ H) —a(Py) = A(H) +r1(H)

and
f(Po+H)— f(Py) = B(H)+r(H),
for every H € Ax p, € R", whererq : Axp, — Rand rp : Axp, — R" are the functions

with the properties
lim r(H) =0and lim r2(H)

=0.
H—0 ||H|| H—0 ||H]|

Hence lim r1(H) = 0 and lim r,(H) = 0. Now we infer that
H—0 H—0

(a- f)(Po+H) — (a- f)(Po) = a(Po) B(H) + f(Po) A(H)+

a(Po)ra2(H) +r1(H)f(Po) + (A(H) +r1(H))(B(H) + r2(H)),

holds, for every H € Ax p,. Therefore, it is sufficient to prove that I}Iimo Tl(;)l
—

= 0 for the

functionr : Ax p, — R™
r(H) = a(Po)r2(H) +r1(H)f(Po) + (A(H) +r1(H))(B(H) + r2(H)).
From the properties of the functions r and r; it follows that

po €R(H) L n(H)F(R)
H—=0  ||H]| H—=0 ||H]|

Furthermore, by the boundedness of a linear operator, there exists A > 0 such that
[|A(H)|| < Al|H||, for every H € R" [11,12]. Therefore, since the linear operator is
continuos and its value at zero is equal to zero, by the properties of the errors functions rq
and ro, it follows

0 < |lim (A(H)+71(H))(B(H)+r2(H))H
H=0 [[H]]
_ gy (A (H)
- [1-[_>0( ITH]| + I1H]| )(B(H)-Frz(H))H

I
3
N
>
+
_
=
~——
=
=
+
o
=
|
o
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This implies

L (AWH) +71(H))(B(H) +12(H))

=0.
H—0 ||H]|

Therefore, the function af is differentiable at Py and the linear operator a(Py)B + f(Py)A is
its differential at this point. [

Proposition 6. Let X C R", Py € X be a point admitting nbd ray in X, f : X — Rbea

differentiable function at Py, and A : R" —> R be the differential of the function f. If f is continuous

at Py and f(Py) # 0, then thefunctzon is differentiable at Py and — G — Ris its
0

differential at Py.

Proof. By the continuity of the function f at P, there exists an open neighborhood O of the
point Py in X such that f(P) # 0 for every P € O. Since O = U N X for some neighborhood
U of Py in R”, it suffices to prove that the restriction function %|O is differentiable at Py
(Theorem 3). By the assumption,

f(Po+H) = f(R) = A(H) +r(H)

holds for every H € Ag p, € R", where r : Ag p, — R is the function with the property

o 7D _
H—0 ||H||

It follows

11 f(+H) - f(R) _ AMH)+r(H) _

f(Po+H)  f(R) f(Po)f(Po + H) f(Po)f(Po + H)
_ AW AE)F(P+H) — f(R)) — f(Po)r(H)
(f(Po))* (f(P))*f (P + H)

for every H € App,. Thus, it is sufficient to prove the equality hm % = 0 for the

functionry : Ao p, =+ R

1 (H) = A(H)(f(Po+ H) — f(Po)) —f(Po)r(H)‘
(f(Po))*f(Po+ H)

m(r(H) f(Po) > =0
H=0\ |[HI| (f(Po))*f(Po + H)

holds. By the boundedness of a linear operator, there exists A > 0 such that ||A(H)|| <
A||H||, for every H € R" [11,12]. It implies

Notice that

A(H)(f (Po + H) = f(Py H ‘f%+H — f(Py)
|[H||(f(Po))*f (P + H) (Po+H)||

Aﬁwﬂ%+m—ﬂ%W‘
[H||(f(Po))*f(Po + H)

Since f is continuous at P it holds

f(Po+ H) — f(R)

lim
(f(Po))*f(Po+ H)

H—0

Now, we infer
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and finally
_AH)(F(Po+ H) — f(Ry)

0 [[H||(f(Po))*f (Po + H)
(f(lz%))2

This proves that the function —

is the differential of the function }7 at the point Py. O

Corollary 6. Let X C R", Py € X be a point admitting nbd ray in X, « : X — Rand
f: X — R™ be differentiable functions at Py, and A : R" — Rand B : R" — R"™ be differentials
of the functions « and f at Py, respectively. If a is continuous at Py and a(Py) # 0, then the
function 1 f is differentiable at Py and

‘X(PO)B _f(PO)A SR s R™
(«(Po))?

Proof. This follows from the two previous propositions. [J

Let us now prove that the composition of differentiable functions is differentiable.

Theorem 6. Let X CR", Y CR", f: X - R", f(X) CY,andg:Y — RP. Let Py € X
be a point admitting raylike nbd in X, and let Qg = f(Py) be the point admitting raylike nbd in
Y. If f is differentiable at Py and g is differentiable at Qy, then the composition go f : X — RP
is differentiable at Py and B o A is its differential at the point Py, where A : R" — R" and
B : R"™ — P are differentials at the points Py and Qg of the functions f and g, respectively.

Proof. Since f is differentiable at the point P, there exists a linear operator A : R" — R
such that
f(P) = f(Po) = A(P = Bo) +11(P — Po)

for each P € X such that P — Py € Ax p,, and for each r1 : Ax p, — R™ such that

rn(H) .. r(P—P)
im " = Jim L Y 6
H—0 ||H|| PPy ||P — Do ©)

Similarly, there exists a linear operator B : R™ — RP such that

g(Q) —8(Qo) = B(Q — Qo) +72(Q — Qo)

for each Q € Y such that Q — Qg € Ay g, and for each r; : Ay o, — R such that

fim 2D o 2(Q-Q0)

H—-0 |[H|| ~ 0-0Q |[Q—Qol|

By the assumption there exists a raylike nbd O of Py in X. Since O = U N X for some
neighborhood U of the point Py in R", by Theorem 3, it suffices to prove that g o f|o is
differentiable at Py. Now,

(8o f)(P)—(gof)(Po) = B(f(P) — f(Po)) +r2(f(P) — f(Po))
= B(A(P —Py) +11(P — Py)) +r2(f(P) — f(Py))
= Bo A(P—Py) + B(r1(P — Py)) +r2(f(P) — f(Po))

for every P € O. Therefore, we have to prove that

r(H) _ . (PP
im-—==Ilm ———= =0 7
H=0 |[H||  P=pR ||P — Pyl @)

for the function r : (O — Py)\{0} — R? defined by

r(H) = B(ri(H)) +r2(f (Po + H) — f(P)).
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By the continuity of a linear operator, it follows that

. B(ri(P— D)) . (Tl(PP0)> ( ) rl(PPO)>
hm —_— = 111'1’1 B ——————= =B 111’1'1 Errre——— = B(0) = 0.
P=Py  ||P— Pyl P—P, [|P — Pyl P=Py ||P — Pyl (0)

It remains to prove
i 2R = F(R) _

P—D, ||P — Pyl

®)
Since a linear operator is linearly bounded [11,12], there exists A > 0 such that
|A(P = Rl < A[|P — Pol|

for every P € R". Let ¢ > 0. By the equality (7) we infer that there exists ¢’ > 0 such that
B(Qo,¢') NY is a raylike nbd of Qg in Y and

Ir2(Q = QoI < 57 11Q ~ Qoll

holds for every Q € B(Qo,¢') NY. Furthermore, by the condition (6) and the conti-
nuity of the function f at the point Py, there exists 6 > 0 such that B(P),6)NX C O,
f(B(Py,0)NX) C B(Qop,é")NY and

|[r1(P — Po)l|

<A
[P — Po|

for every P € (B(Py,6)\{Py}) N X. Hence,

n(F(P) = F(P)) 2 _ lIn(F(P) — F(Ro)
d( 1P By '0>‘ S

< allf®) = fB)Il _ e [JAP = Po)l[ +[[r1(P = Rl
- ||P — Pol| 22 ||P — Pol|

for every P € (B(Py,6)\{Po}) N X. Thus we have proved (8). [

€
< — =
_2)\(/\+/\) €

Corollary 7. Let (31 C R" and O3y C R™ be open sets, and f : (01 — R™and g : Qy — RP such
that f(Qq) C Q. If f is differentiable at Py € O and g is differentiable at f(Py) € Oy, then the
composition g o f : O — RP is differentiable at Py and d(g o f)(Py) = dg(f(Po)) o df (Pp).

Proof. Since every point of an open set admits raylike nbd in that set, the statement follows
from the previous theorem, the Proposition 2 and the Corollary 1. [

Proposition 7. Let X C R", Y C R™and f : X — Y be a bijection. Let the points Py € X
and Qo = f(Py) € Y admit a raylike nbd in X and Y, respectively, and let Y.x p, = R" and
Ty,0, = R™. If the function f is differentiable at Py and if its inverse f~1 : Y — X is differ-
entiable at Qo € Y, then m = n, the differential df (Py) : R" — R" is a regular operator and
d(f71)(Qo) = (df (Ro)) ™"

Proof. Since f~1 o f = 1y and f o f~! = 1y, by the previous theorem, it follows that
d(f‘l) (Qo) o df (Po) = d(1x)(Po) and df (Py) od(f‘l) (Qo) = d(1y)(Qo)-

Furthermore, an identity is a linear operator, so that the differentials of all restrictions of
the identity are equal to that identity. Now from

d(f—l) (Qo) 0 df(Py) = 1gn and df (Py) o d(f—l) (Qo) = 1m
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it follows that the linear operators df(Py) : R” — R™ and d(f!)(Qo) : R" — R" are
bijections, i.e., isomorphisms, so that n = m [10]. Thend (f~1)(Qp) = (df(P))~!. O

5.2. Differentiability of Real Functions of One Variable

Let f: X =+ R, X C R, and xy € X be a point admitting nbd ray in X. Then Xx ,, = R,
and if f is differentiable at x(, then the differential of f at x( is unique and

f(xo+h) — f(xo) —df(xo)(h) —o.

h—0 |h|

Moreover, since df (xg) is a linear operator, there exists a unique a € R such that

lim o th) = flxo)—ah

h—0 |h|
heAX,xo

Therefore, it follows that

i FG0+ 1) = £(x0)

h—0 h
hGAx/xU

a =

This limit is denoted by f’(x() and is called the derivative of the function f at the point x.

In general, if f’(xp) exists for a function f : X — R, X C R, ata point x € X, then the
function f is said to be derivable at xj. If the function f is derivable at every point of X,
then we say that f is derivable. If X is an open set then

xo +h) — f(xo)
’ )

f'(x0) e
Notice that differentiability of the function f at xo implies derivability and

df(xo)(h) = f'(x0)h.

Also, derivability of the function f at x( (existence of the number f’(x()) implies differen-
tiability at xy, i.e., it holds following theorem:

Theorem 7. Let f : X — Rand xg € X C R be a point admitting nbd ray in X. The function f
is differentiable at x if and only if it is derivable at x.

Generalizing the notion of derivability (differentiability) of a real function of a real
variable to points admitting an nbd ray in the domain of this function and not belonging
to the interior of this domain allows the phenomenon of derivable (differentiable) but
discontinuous functions at a given point, as shown in the following example.

Example 9. Let X = | {—%, —ﬁ] U[0,1] and f : X — R be the function defined by

neN

-

N

1 _ 1
fay=4 ™ *E [ n 2”+1}
0, x € [0,1]
The function f is derivable (differentiable) at every point of its domain X, and f'(x) = 0 for every
x € X, but f is discontinuous at 0.

However, if a point xg € X C R of a function f : X — R admits raylike nbd in X and
if f is derivable at xg, then f is continuous at xg, which follows from Theorem 4 and the
previous theorem.
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Let us now consider the question of the tangent to the graph of a function f : X — R,
X C R. Since the number w is the slope of the secant passing through the points
(x0, f(x0)) and (xg + h, f (xg + h)), the number }llil’(l) w = f'(xp), if it exists, is the
slope of the tangent line (the limiting position of secant) to the graph of the function f at
the point (xo, f(xg)). Hence, we distinguish two cases:

a is derivable at the point x(, then f'(xp) exists and we detine the tangent to the
If f is derivabl he poi hen f’ i d we define th g h
graph of the function f at the point (xo, f(xp)) as the line passing through the point
(x0, f (x0)) whose the slope is f'(x), so that its equation is

y— f(xo0) = f'(x0)(x — x0).

(b) If the function f at x is not derivable, but is continuous and

i £ 0 1) = f(x0) £ (o + 1) = f(x0)

= o0 or lim = —00
h—0 h h—0 h !

then the line x = xp is the limiting position of the secant and we call it tangent at the

point (xg, f(xg)) to the graph of the function f. For example, since I%in}) @ = oo,
—

the line x = 0 is tangent to the graph of the function x — /x at the point (0,0).

Likewise, the line x = xq is called the tangent to the graph of the function f at
(x0, f(x0)) provided that

o fG0+h) = flx0) Flroth) = £(x0) _ )

= oo(—o0) and lim = —o0
o0+ h (=o0) h—0- h
3 3
Thus, for the function x — v/x2, since hlim+ @ = oo and hlim ‘/%_0 = —o0, it follows
—0 —0~

that the line x = 0 is the tangent to the graph of this function at the point (0, 0).

5.3. Differentiability of Functions of Several Real Variables

Let X C R”", f : X — R be differentiable at a point Py € X that admits nbd ray in X
in the direction of k linearly independent vectors Vi, ..., Vi, k < n, and let these vectors
form the basis of the space Zx p,. The differential A : R" — R of the function f at Py
is uniquely determined on Xx p, (Theorem 2) by values dy. f(Py) = A(V;),i = 1,...,k
(Corollary 5), so that, for every H € Xx p,, there exist numbers h;, i = 1,...,k, such that

k
H= h1V1 + -+ ]’lka and A(H) = Zavlf(Po)hl
i=1

If k = n, then the vectors V7, ... ,7Vn form the basis of the space Xx p, = R", therefore,
the linear operator df(Py) is unique (Corollary 1) and is uniquely determined by the
values dy, f(Py) = df(Py)(V;), i = 1,...,n. For each H € R" there exist numbers F;,

n
i=1,...,n,suchthat H =V + -+ h,Vy and df (Py)(H) = Y9y, f(Py)h;. This proves
i=1
the following theorem.
Theorem 8. Let X C R" and Py € X bea point admitting nbd ray in X in the direction of n linearly

independent vectors Vi,..., Vy. If f : X — R is differentiable at Py, then f has the derivatives at
Py in the direction of V;, ..., Vi, and for any choice of vector H = hyVi + - - - + h,,V,, € R" holds

Af (Po)(H) = %90, (Po)h
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If 3 C R" is an open set and a function f : (3 — R is differentiable at Py € () then all
of its partial derivatives at Py exist and

n
df(Po)(H) = Zlaz'f(Po)hi = (grad f(Po)|H)
i=
forevery H = (hy,...,h,) € R™.

Notice that the existence of the differential of a function f : X - R, X CR",at Py € X
now no longer depends on the existence of the partial derivatives at this point (which was
the case so far). If the function f is differentiable at Py and if the point Py does not admit nbd
ray in the direction of ¢; for some i € {1,...,n}, but admits nbd rays in X in the direction
of n linearly independent vectors Vi, ..., V,, then the role of the partial derivatives of f at
Py is taken over in the differential df (P) by derivatives in the direction of Vi, ..., V, and
df (Py) is represented by the matrix

[Ovif(Po) -+ 9y, f(P)]

in the pair of ordered bases (Vi,...,V,) and (e1), e = 1. The converse of the previous
theorem is not true. Namely, at some point derivatives of f in the direction of all vectors
in R"\{0} can exist and the function f need not be differentiable at that point, as we have
shown in the Example 8.

5.4. Differentiability of Vector Functions

The question of differentiability of a vector function f = (fi,..., fu) : X — R™
is equivalent to the question of differentiability of its coordinate functions f; = p; o f,
i=1,...,m

Theorem 9. Let X C R", f = (f1,..., fm) : X = R™, and Py € X be a point admitting nbd
ray in X. The function f is differentiable at Py if and only if f; is differentiable at Py for every
i=1,...,m. Alinear operator A : R" — R™ is the differential of the function f at Py if and only
if pio A : R" — R is the differential of the function f; at Py, fori =1,...,m.

Proof. The differential of the function f at P is a linear operator A : R" — R™ with the

property
f(Po+H) = f(Po) = A(H) +r(H)

for every H € Axp, where r = (ry,...,rm) : Axp, — R™ is the function such that

lim ") — 0. It follows that
Hso [1HI|
fi(Po+ H) — fi(Py) = Ai(H) +ri(H),
for every H € Ax p,, and Igimo % =0, forevery i € {1,...,m}, where A; denotes the
—

i-th coordinate function p; o A : R" — R, which is also a linear operator as A is. Thus, the
function f; : X — R is differentiable at Py for every i = 1,...,m, i.e., the i-th coordinate
function of the differential of the function f at P is the differential of the i-th coordinate
function f; of f.

In the same way it can be shown that the converse statement is also valid, i.e., that
the differentiability of the coordinate functions f; at Py implies the differentiability of the
function f = (f1,..., fm). O

Corollary 8. Let X C R" and Py € X be a point that admits nbd rays in X in the direction of n

linearly independent vectors Vi, ..., V. If f = (f1,..., fm) : X — R™ is differentiable at Py then
there exists dvy, f (Po) := (9v,fi1(Po), ..., v, fm(Po)) € R" fori=1,...,nand

n
df(Po)(H) = ‘Zlavif(Po)hi, H=mWV+ --+h,V, e R".
1=
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Proof. The statement follows from the previous theorem, Corollary 1 and Theorem 8. [J

In particular, if a function f = (f1,..., fm) : X — R™, X C R", is differentiable
at a point Py € X and if the point Py admits nbd ray in X in the direction of ey, ..., ey,
then the numbers aj fi(Py),i=1,...,m,j=1,...,n, uniquely determine the differential
df(Py) : R" — R™ of f at Py. This linear operator in the pair of standard bases is represented
by the well-known Jacobi matrix. But if the point Py does not admit nbd ray in X in the
direction of e; for some i € {1,...,n}, but admits nbd ray in X in the direction of n linearly
independent vectors Vi, ..., V,, then the role of partial derivatives of the functions f;,
i=1,...,m,at P is taken over in the differential df(Py) by derivatives in the direction of
Vi,...,Vyand df (Py) is represented by the matrix

oy, f1i(Po) ... 9y, f1(Po)

3y, fu(Bo) . v ful(P)

in the pair of ordered bases (V3,...,V;) and (eq,...,en). Let us show an application of this
generalized calculus by the following simple example.

Example 10. Let V;,V, € R?\{0} be two linear independent vectors and let Py € X C R?
be a point admitting raylike nbd in X and admitting nbd ray in X in the direction of Vi and
Vo. Let f(x,y) = (w,0,w) : X — R3and g(u,v,w) : R® — R be differentiable functions at
Py = (x0,y0) and Qo = f(Py) = (uo, vo, wo), respectively. By Theorem 6 the function g o f is dif-
ferentiable at Py and by Corollary 5 there exist directional derivatives dy, (g o f)(Py), dv, (g © f)(Po),

v, f(Po) = (v, u(Po), 9v,v(Po), dv,w(Py)) and Ay, f(Py) = (dv,u(Po), dv,0(Ry), dvyw(Pp)).
The differential df (Py) is represented by the matrix

aV1u(P0) aVzu(PO)
[avlv(PO> aVQU(PO)]
dy,w(Po) dy,w(Py)

in the pair of ordered bases (Vy,V,) and (eq, ep, e3). The differential d(g o f)(Py) is represented by
the matrix

[0v, (g0 f)(Po) Avy(g o f)(Po)]
in the pair of ordered basis (V1, V) and (e1), ey = 1. Now, the equality
d(go f)(Po) = dg(Qo) odf (Po)

induces the matrix equation
[9v, (80 f)(Po) dvy(g0f)(Ro)] =

dvu(Po)  dwu(Po)
= [018(Qo) 928(Qo) 938(Qo)] [aVIU(PO) aVzU(PO)]
dv,w(Py) dv,w(P)

which implies the following formulas:
v, (g f)(Po) = dv;u(Po) - 918(Qo) + 9v;0(Po) - 928(Qo) + dv;w(Po) - 93¢(Qo),

i=1,2
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5.5. Differentiability of Vector Functions of One Variable

Let f = (f1,...,fm) : X = R™, X C R, be a vector function of one variable. If f is
differentiable at a point xy € X then the differential is unique (Corollary 2). Moreover, by
Theorem 9, functions f; are differentiable at xo fori =1,...,n, and

af (x0) () = (fi(x0)h,- ., fia(xo)h).

The vector (f{(xo),..., fy(x0)) is called the derivative of the vector function f at the
point x( and is denoted by f’(x). Obviously, df (xg)(h) = hf’(xp). From Theorems 7 and 9
it follows that the differentiability of f at x( is equivalent to the derivability of its coordinate
functions f1,..., fu at xg, consequently instead of differentiability of f we often use the
term derivability of f.

Definition 8. Let xo € X C R admit raylike nbd in X. We say that f = (f1,..., fm) : X = R™
is regular at x if f is derivable at xo and f'(xg) # 0.

Definition 9. Let f = (f1,...,fm) : X — R™ be a reqular at xo € X C R and let any
x € f~1({f(x0)}) admits raylike nbd in X. We say that f is geometrically smooth at x,
provided f is derivable on f~1({f(xo)}) and the vectors f'(xq) and f'(x) are collinear for every
x € fY({f(x0)}). If f is geometrically smooth at all points in its domain, then we say that f is
geometrically smooth.

Letm >1and f = (f1,..., fm) : X = R™ be a geometrically smooth at a point xp € X.

The vector w is the direction vector of the secant passing through the points
f(x0) and f(xo + k), and when h — 0 we obtain the vector f'(x() which is the direction
vector of the tangent to the image f(X) C R™ of the function f at the point f(x), i.e., the
tangent to the image of the function f at the point f(xp) is the line passing through the
point f(xp) and its direction vector is f'(xg). Therefore its equation is

yi—filxo) _  _ Ym— fu(x0)

fi(xo) - fn(xo)

Notice that at the point f(x9) = (xp,g(x0)) the terms tangent to the image of the function
f=(1x,8) : X = R2, X C R and the tangent to the graph of or a function ¢ : X — R coincide.

The tangent to the image of a vector function f of one variable makes sense only
at points where the function f is geometrically smooth. This means, first of all, that we
consider only points at which the function f is derivable. In addition to derivability, the
regularity of f is also required, since the direction vector of each line is different from the
zero vector. Furthermore, the tangent to the image of the function f at the point f(xg)
only makes sense if there exist derivatives of f at all points x € f~1({f(x0)}) and these
derivatives are collinear vectors. Otherwise, we would get different tangents at f(x)
depending on which point x € f~1({f(x0)}) we choose. Therefore, this condition is also
included in the definition of geometrically smooth function f at a point x, since only at
these points the tangent is uniquely determined. For example the function

f:R = R?f(t) = (cost,sint)

is a geometrically smooth function, since it is derivable and regular at every point in the
domain. The image of f is the circle S' and for an arbitrary point f(t) the derivatives of
f atall points in the set f~1({ f(to)}) = {to + 2km, k € Z} are equal. On the other hand,
the function -

g: {0, 5} — R? g(t) = (sin3tcos t,sin 3t sin t)
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is not geometrically smooth at the points 0 and 5. Namely, ¢(0) = (0,0) = g(5), the
function g is derivable and

¢'(t) = (3cos3tcost — sin3tsint,3cos3tsint + sin 3t cost),

but vectors

g'(0) = (3,0) andg’(%) _ (_;_3?>

are not collinear. Therefore, the tangent to the image of the function g at the point (0, 0) is
not defined.

Notation 1. Although the notion of a geometrically smooth function allows the correct definition
of a tangent to the image of the function at a point (a tangent cannot be a line without direction
and must be unique at the point in the image of the function), the problem of the dependence of the
tangent on the observed function remains, i.e., a tangent to the image of a function depends directly
on the observed function and not only on its image. Indeed, two functions f and g may have the
same image I and for a point P € T the function f need not be geometrically smooth at x and g
geometrically smooth at y for every x € f~1({P}) and every y € g~ ({P}), nor need the vectors
f'(x) and ¢'(y), if they exist, be collinear. For example, the image of the functions

fr8: (=L = R (1) = (10), g(t) = (£, F)

is the line segment (—1,—1)(1,1). The function f is geometrically smooth at the point 0,
£/(0) = (1,1) and the tangent to the image of f at (0,0) is the line y = x. On the other hand, the
function g is not regular at the point 0, so the tangent to its image (the same line segment) is not
defined. If we want to define a tangent to a set which is the image of a function of one variable, but
does not depend on the function itself, we should consider curves, i.e., smooth 1-parameterizable
sets, which is beyond the scope of this paper.

6. Tangent Plane
Let X CR",n>2,and f : X — R. Let

S={(x1,...,xn) € X| f(x1,...,x5) =0}

be a nonempty set, and Py = (x¥,...,x3) € S be a point admitting nbd ray in X in the

direction of ey, ..., e, and admitting raylike nbd in X. Let f be differentiable at Py and
Vf(Py) # 0. For a continuous function r = (r1,...,t,) : [a,b] — S, [a,b] C R, which is
differentiable and geometrically smooth at a point ty € [a,b] and for which r(ty) = Py,
the direction vector of the tangent to the image ([a, b]) of r at the point Py is 7/ (#). Since
for=0thend(for)(ty) =0and, by Theorem 6,

0=d(for)(ty) =df(Py) odr(ty),

ie.,
r(to)
0=1[9,f(P) -+ Af(R)]| + | =(VF(Ro)Ir'(to)) ©)
rn(to)
therefore the vectors V f(Py) and 7’(ty) are orthogonal. Thus, the direction vector of the
tangent to the image of any function r : [a,b] — S with the above properties at the point Py
is orthogonal to V f(Py) which implies that all these tangents lie in the same plane; we call

this hyperplane the tangent plane to the set S at the point Py. Since V f(Pp) is its normal
vector, its equation is

91f(Po)(x1 = x7) + -+ 3uf (Po) (xu — x3) = 0.
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Let Fbe defined by F(x1,...,Xy+1) = Xp41 — f(X1,...,%n) for (x1,...,x,) € X. The tangent
plane to the set

T={(x1,...,%41) €ER"™ | F(xy,...,x041) =0, (x1,...,%,) € X}

= {(xl,...,xn,f(xl,...,xn)) ER™| (x1,...,xy) € X}

at the point (Py, f(P)) is called tangent plane to the graph of the function f at the point
(Po, f(Po)). The vector (—01f(Py),..., —0nf(Py),1) is a normal vector of this plane, so its
equation is

1

Xn1— f(Po) = Zlaif(PO>(xi - X?) = df(Po)(x1 —x L x — xg).

Let us now define the tangent plane to the graph of a scalar function in an even more
general case, i.e., at points which do not admit nbd ray in X in the direction of some of the
vectors ey, ..., e, but in the direction of some 7 linearly independent vectors.

Definition 10. Let f : X — R, X C R", be differentiable at a point Py = (x%’, .. .,x%) € X that
admits raylike nbd in X, and let Xx p, = R". The hyperplane

X1~ f(Bo) = df (Ro) (31 =, ..., 30 — )
is called the tangent plane to the graph of the function f at the point (P, f(Py)).

Remark 3. Since the coordinates of the vector P — Py are given in the standard basis of R", it is
assumed that the operator df (Py) is defined in the pair of ordered basis (eq, ..., e,) and (e; = 1).
The numbers df (Py)(e;), i = 1,...,n, are partial derivatives of the function f only if Py admits
nbd ray in the direction of e;, fori =1,...,n.

Let us show the justification of the previously defined notion. Let f : X — R ful-
fill conditions of the previous definition and let Py admits nbd ray in the direction of a
vector V = (v1,...,v,) € R"\{0} in X such that PyPy+V C X. Let us consider the
parametrization of the line segment PyPy + V, i.e., the functionr = (ry,...,r,) : [0,1] = R"
r(t) = Py +tV. Due to the assumed differentiability of the function f at Py, there exists
the derivative dy f(Pp) in the direction of V (Corollary 5) and then the function f or is
derivable at 0 because

(for)(0) = lim LHMV) = F(R)

h—0 h
he(0,1)
. Py+hV) — f(P
_ li f( 0 ) f( 0) :an<PO)
h—0 h
hVGAV(XI’)

The image of the function (1, ..., 7y, f or) : [0,1] — R"*! belongs to the graph of f, passes
through the point (P, f(Py)) and the direction vector of the tangent to the image of the
function (71, ..., 1y, f or) at the point (Py, f(Py)) is (v1, ..., vn, dv f(Pp)). We will now show
that this tangent lies in the tangent plane to the graph of the function f at (P, f(Fp)), i.e.,
that the point

(39 + 01,20 + 0, F(P) +2fv(Ro))

belongs to this plane. According to Corollary 5, df(Py)(V) = 9y f(Pp) holds. This implies

(F(Po) +3vf(Po)) — f(Po) = df (Po) (] +01 =, .., ) + 0 — )
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which proves that all points of the tangent belong to the tangent plane. This means that
all previously described tangents lie in the same hyperplane and the normal vector of
this hyperplane is orthogonal to the vector (vy,...,v,, dy f(Py)) where which justifies the
previous definition.

Remark 4. For a scalar function f : D — R of two variables which fulfils conditions of the
previous definition at a point Py = (xo,Yyo) € D admitting nbd rays in the direction of two non-
collinear vectors V. = (vy1,v2) and V' = (v}, v}) in D, the vector of the direction of the normal
line of the tangent plane to the graph of the function f at (xo,Yyo, f(Po)) is (v1,v2,9v f(Pp)) %
(v}, vh, 0y f(Dy)). This vector is orthogonal to the vector (UT, 02,9(5705)f (P0)> where (T1,73)is
an arbitrary vector such that the point Py admits nbd ray in D in the direction of (v1,7;). In

particular, at a point P = (x,y) € IntD, i.e., at a point that admits nbd rays in D in the direction
of vectors e1 and ey, the normal vector of the tangent plane in (x,y, f(P)) can be calculated as

(1,0,3ef(P)) x (0,1, (P)) = (~2<(P), ~3uf(P),1).

7. Differentiability in Different Coordinate Systems
7.1. Affine Coordinate Systems

Let (O, (¢)) be an affine coordinate system [10] where O’ € R" is its origin and
(¢/) = (¢},...,e,) is an ordered basis for the vector space R”. For any P € R" the numbers
x{,...,x;, € R for which P —O' = x}e} + --- + x},e}, are the coordinates of the point
P in that affine system and we write P = (x/,...,x},). Obviously, O’ = (0,...,0). If
(e) = (e1,...,en) is the standard ordered basis and O € R”, (O, (e)) is said to be the
standard affine coordinate system.

Let P € R" has notation (x1, ..., x,) in the standard affine coordinate system (O, (¢))
and let (x,...,x}) be its notation in the affine coordinate system (O’, (¢/)). Then the
linear operator A,y : R" — R" A(e;) = e/, i =1,...,n,is an isomorphism and its
corresponding affine isomorphism ¢ : R* — R" give us an analytical relation between the
coordinates in the both coordinate systems according to the rule

(xl, ... ,xn) = O’(Xi, ... ,x;) = (xg),. . .,xg) + A(e)(e’) (x’l, .. .,x;,), (10)
where (x(l), eeey x?l) is the notation of the point O’ in the standard affine coordinate sys-
tem (O, (e)). The affine isomorphism ¢ is called the function of the transition from the
standard affine coordinate system to the affine coordinate system (O, (¢/)). As an affine
isomorphism, the function ¢ is differentiable, as well as its inverse oL

Definition 11. Let X C R”, f : X — R™, ¢ : R" — R" be the transition function (10) and
X' := o~ 1(X). The function fy := f oo : X' — R™ is called the representation of the function
f in the affine coordinate system (O, (¢')).

We will now prove the following important statements which hold for affine coordinate
systems:

Theorem 10. Let X C R", 0 : R" — R" be the function of the transition from the standard affine
coordinate system to an affine coordinate system (O, (¢')) and let Py € X be a point admitting nbd
ray in X. Let f : X — R™ be a function, X' := ¢=1(X) and f; : X' — R™ be its representation
in the affine coordinate system (O', (¢')). Then it holds:

(i)  The point Py = o~ (Py) admits nbd ray in X' and Axrpr = A(;%(e,) (Ax,p,y)-

(ii) If f is differentiable at Py, then the function f, is differentiable at o= (Py).
(iii) If Xxp, = R" and f is differentiable at Py, then the function f, is also differentiable at
Pé = (7'_1(130) and dfg(P(/)) = df(Po) o A(e)(e’)'
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Proof.

Since an affine function maps a line segment to the line segment whose endpoints are
the image of the endpoints of the original line segment, the transition function ¢!

maps the line segment PyPy + H to the line segment PjP} + A(;% ) (H), from which
follows the statement.

Let A’X/PO = A~!(Ax,p,). By assumption, there exists a linear operator B : R" — R™
such that P b B(H
f F(Po+H) = f(B) —B(H) _
H—0 || H||
HEAX,PO

Let us show that the linear operator Bo A : R” — R" is the differential of the function
fo at the point P} = ¢~ 1(Pp). It holds

L foo(Py+H) ~ fou(R) ~BoA(H) _
i ]
L f(O+ AR + A(HY) — f(Ry) ~ BA(H')) _
o TE]
o F(Rt AGH) — f(Ro) ~ B(AGH') _
s T4To AGH|
L f(Po+ H) — f(Py) ~ B(H) _
WY [[A=1(H)||
o F(R+H) — f(Py) ~ B(H)
inly )] - LAunl

By the Lemma 1, there exists m € R such that

If(Po+H) — f(Po) B(H)|| _ [lf(Po+H) — f(Po) = B(H)||

IIA H)|| - [[H][-m '
E - =y

0<

for every H € Ay p,, thus from the provious identities it follows

lim fo(Py+ H') —fv(/Pé) —Bo A(H') _o.
H'—0 |[H'[]
H'edy p

(iii) It follows from the previous two statements.

O

Lemma 1. Let A : R" — R™ be an isomorphism. Then there exists m € R™ such that

|ACH)]|

> m, for every H € R".
|[H|

Proof. Assume the contrary that there exists a sequence (Hy) in R” and a real sequence
(my) converging to 0 such that

[|ACHWI|

< my, for every k € N.
|| Hk|
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Consider a sequence of points (P), Px = EA H T/ k € N, in R". Since the sphere S" ! is a

compact set, the sequence (P ), contained in it, has a certain convergent subsequence (Pkl)
whose limit Py belongs to the sphere [3]. Therefore, ||P|| = 1. From (P,) — P, follows
(/|1A(Pg)||) = |IA(Po)||- By the property of a norm and a linear operator, it holds

[|A(P,)]| = HA( H ||)H ||A1fk < my, forevery k € N.
k k

This implies lim (|| A(Py,)||) = 0, from which it follows ||A(P)|| = 0 and consequently
A(Py) = 0. But since A is an isomorphism, this implies Py = 0 which contradicts the
equality ||Pp|| =1. O

This theorem shows us that the notion of differentiability of a function does not depend
on the chosen affine coordinate system. We will now show that it is not true for some other
coordinate systems.

7.2. Polar, Elliptical, Cylindrical and Spherical Coordinate Systems

For each point T = (x,y) € R? in the standard affine coordinate system we define the
coordinates 7, ¢ in the standard polar coordinate system (so-called polar coordinates) by

the following formulas
r=1/x2 + y2,

arctan( ) x>0,y>0

arctan()—l—n x<0,y<0orx<0,y>0
. _ ) arctan(%) + 27, x>0,y<0
9= arg(T) = Z, x=0,y>0
37” x=0,y<0
0, x=0,y=0.

This defines bijection
p: 0y — R%, O := (0,00) x [0,271) U{(0,0)}

(x,y) = p(r,¢) = (rcos¢,rsing).

which we call the transition function from the standard affine coordinate system to the
standard polar coordinate system. The polar coordinate grid consists of “lines” ¢ = ¢g
and “lines” r = r for (rp, ¢9) € Op. This polar coordinate grid is mapped to a “spider web”
in an affine coordinate system consisting of all concentric circles with center 0 and all half
lines with 0 as endpoint.

Notice that the function p is not a homeomorphism [2] since its inverse has discontinu-
ity at all points (x,0), x € [0, 00). For this reason, in applications and transitions from the
polar to the affine coordinate system, the restriction of the transition function is used

Pl (0,00yx (0,27  (0,00) X (0,271) — R*\po, po := {(x,0) | x >0},
which is a homeomorphism. With the transition function p, the rectangle
{(rg)[rn<r<r, ¢ <Pp<¢}, 0<r1 <r,0< ¢y <¢pp <2m,

is mapped to an area bounded by corresponding circles and half-lines, therefore the polar
coordinate system is more suitable to consider such sections than any other system in the
plane. Every point of the set ©p admits nbd ray in it and the function p is differentiable at
every point (7, ¢) € @y, and the differential is represented by a matrix

{COS ¢ —rsin 4)]

sing rcos¢
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Let X C R?, f : X — R™ be a function and X’ = p~1(X) C @y. Then, for the function
fo:= fop: X — R™, we say that the representation of the function f is in the polar
coordinate system or in polar coordinates.

Example 11. The representation of a function f : R> — R f(x,y) = /x2 +y2 in the polar
coordinate system is f, : @9 — R f,(r,¢) = r. Notice that the function f is not differentiable at
the point O (Example 5) but the function f, is differentiable at the point (0,0) = p~1(O) and it
holds df,(0,0) = p1.

Therefore, we conclude that the notion of differentiability of a function depends on the
chosen coordinate system (affine or polar) in which it is represented. Such a phenomenon
is not possible in the transition from one affine coordinate system to another (Theorem 10).
Thus, in the transition from polar coordinates to affine coordinates (or vice versa), the
differentiability of the function need not be preserved, nor does the notion of admissibility
of nbd rays. To avoid such undesirable phenomena, we will consider only functions f
(in affine coordinates) whose domains are open sets in R?\ py, and functions f, (in polar
coordinates) whose domains are open sets in (0,00) x (0,27). Since pl(g,00)x (0,27) IS @
diffeomorphism (differentiable bijection which inverse is also differentiable), the following
holds according to the Theorem 6.

Corollary 9. Let O C R?\pg be an open set, f : QO — R™ a function and f, : Q' — R™
representation of the function f in polar coordinates, where OO = p~1(Q). If f is differentiable at
apoint (x,y) € Q) then the function f, : QO — R™, is differentiable at (r,¢) = p~1(x,y) and it
holds d(f,) (r,¢) = df (x,y) o do(r, ).

Notation 2. Differentiability of a function represented in polar coordinates should be considered
only on a formal level. Indeed, the idea of linearization of a function, i.e., its local approximation
by an affine function, makes sense only in affine coordinates. For example, for the scalar function
z = fo(r,¢) in polar coordinates, the differential at the point(ro, o) # (0,0) is the linear
operator A, A(r,¢) = 9y fo (10, o)1 + 9¢ fo(r0, Po)P, which is no longer a linear operator in affine
coordinates. Differentiability of a function represented in polar coordinates in the context of an affine
coordinate system not be understood as a possibility of local approximation by an affine function,
but by a linear combination of the functions z = \/x? + y> and z = arg(x, y) since these can be
considered special in polar coordinates. For functions with a conic graph (like those in the previous
example), such an approximation is more appropriate than linearization, and differentiation of
functions in polar coordinates has exactly this meaning. Thus, the function from the previous
example becomes a linear operator in polar coordinates and its differential is equal to itself at every
point and in this context it is a perfect approximation.

8. Conclusions

In this work we have presented some results obtained in the research conducted during
COVID epidemic. It was motivated by some issues and shortcomings which occur in some
applications of the traditional approach to differentiability. These problems were noticed
by the first author, who has many years of experience in giving classes of various courses
in mathematical analysis to students from University of Split, Croatia. In the traditional
approach to differentiability, which is featured in almost all university textbooks, this notion
is considered only for interior points of domain of function or for functions with an open
domain. We have generalized differentiability of scalar and vector functions of several
variables by defining it at non-interior points of the domain of function, which include
not only boundary points but also all points where a notion of linearization is meaningful
(points admitting nbd rays). This generalization allows applications in many fields of
mathematics and engineering or, in short, in all areas where standard differentiability
can be applied. With this generalized approach to differentiability, some unexpected
phenomena may occur, such as the non-uniqueness of the differential in some special cases,
a function discontinuity at a point where a function is differentiable, which is possible
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only for points that do not admit raylike nbd in a domain of function. But if one reduces
this theory only to points with some special properties (points admitting a linearization
space with dimension equal to the dimension of the ambient Euclidean space of the domain
and admitting a raylike neighborhood, which includes the interior points of a domain),
then all properties and theorems belonging to the known theory of differentiability remain
valid in this extended theory. For generalized differentiability, the corresponding calculus
(differentiation techniques) is also provided by matrices—representatives of differentials
at points. In this calculus, the role of partial derivatives (which generally may not exist
for differentiable functions at some points) is taken by directional derivatives. The results
presented open the possibility for further research and examination of known theorems on
standard differentiability in a new context.
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