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Abstract: In this paper we present an efficient Matlab computation of a 3-D electromagnetic scattering
problem, in which a plane wave impinges with a generic inclination onto a conducting ellipsoid
of revolution. This solid is obtained by the rotation of an ellipse around one of its axes, which is
also known as a spheroid. We have developed a fast and ad hoc code to solve the electromagnetic
scattering problem, using spheroidal vector wave functions, which are special functions used to
describe physical problems in which a prolate or oblate spheroidal reference system is considered.
Numerical results are presented, both for TE and TM polarization of the incident wave, and are
validated by a comparison with results obtained by a commercial electromagnetic simulator.

Keywords: spheroid; spheroidal vector wave functions; electromagnetic scattering; analytical method;
Matlab

MSC: 78-00; 78-04

1. Introduction

In electromagnetic scattering problems it is often useful to refer to cases where scatter-
ers are two-dimensional objects immersed in non-homogeneous scenarios, as in ground-
penetrating radar, through-the-wall radar or wireless power transfer system applications
with wearable or implantable devices [1-8]. For other specific applications, ranging from
finding people in dangerous situations, such as after earthquakes, or in biological applica-
tions, it could be more interesting to model three-dimensional objects by means of spherical
or spheroidal geometries.

To this aim, the use of spheroidal wave functions is appropriate. The latter, introduced
by Hansen in 1935, are special functions widely used in mathematical physics where a
prolate or oblate spheroidal reference system is used [9-16], and also have important appli-
cations in electromagnetic scattering problems. Spheroidal reference systems are used in
applications which include, for example, the modelling of raindrops, in the calculation of
rain attenuation of microwave signals in line-of-sight, and satellite telecommunication sys-
tems or the modelling of a human head in the calculation of the electromagnetic interaction
between a head and a mobile phone [17,18].

Several analytical solutions involving spheroidal functions have been obtained over
the years, [19-26] such as the field and current distribution analysis of a prolate spheroidal
dipole antenna embedded in a larger dielectric confocal prolate spheroid with finite conduc-
tivity, carried out by Jen [27], and the exact solution for scattering from conducting prolate
spheroids by an axially incident plane wave, proposed by Schultz [28]. Reitlinger provided
the general solution for arbitrary incidence and arbitrary polarization but no numerical
results were presented [29]. This approach presents two main disadvantages: one concerns
a process of matrix inversion, which must be repeated each time the angle of incidence
of the source is changed, and the second is that the matrix from which the coefficients of
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the scattered field are obtained cannot be used to determine the coefficients of the other
polarization. The problem of the matrix inversion was removed by Sinha and MacPhie [30],
who presented a solution involving matrices depending only on the scatterer.

In this contribution, we referred to the theory developed in [30] and proposed an
efficient numerical implementation for both TE and TM modes. This implementation made
use of a library of functions already available where the authors were not aware that they
had ever been used for electromagnetic scattering problems. Truncation criteria previously
proposed by other authors have been revisited. Comparisons with a commercial numerical
electromagnetic solver, performed for both polarizations, several incident wave directions,
and different scatterer shapes, have shown a good agreement. The paper is organized as
follows. In Section 2 we summarize the analytical approach, in Section 3 we discuss the
numerical implementation and present the results through a comparison with a commercial
electromagnetic simulator. In Section 4 we draw the conclusions.

2. Theoretical Analysis

We are interested in studying the electromagnetic scattering of a plane, linearly po-
larized, monochromatic wave (with wavelength A) from a perfectly conducting prolate
spheroid. The spheroid was immersed in a homogeneous, isotropic, non-conductive, and
non-magnetic medium. The geometry of the scattering problem is illustrated in Figure 1a,
where the prolate spheroidal coordinates are related to the Cartesian coordinates by the
following relations [20] (see Figure 1b):

r= 0@ 1 eosy
y= /(1)@ - Dsing

d
2—5775

where d is the interfocal distanceand —1 <75 <1,1 < ¢ < 00,0 < ¢ < 271,

The surface at § = o = constant > 1 forms an elongated ellipsoid of revolution with
major axis of length d¢ and minor axis of length d/¢? — 1. The value of &y is related to the
major and minor axes of the ellipse (2 and b, respectively) by the following relation:

G0 = a B a/b
Ve a1

We assume, without loss of generality, that the direction of propagation of the incident
wave is in the xz-plane, and forms the angle 6y with the z-axis. The plane-wave expressions

for TE polarization (electric field normal to the xz-plane) and for TM polarization (electric
field lying in the xz-plane), at a point of coordinates r, are

ETE() = Elf e g, o

EM(r) = ElM e /Xt (—2cosfy + 2sinfy) , )
where EIF and EIM are the field amplitudes, k = —k(£ sin 6 + £ cos ) is the propagation
vector, with k = 27/A. The temporal dependence, of the form exp(jwt), is omitted
for brevity.

Considering prolate spheroidal coordinates, the separation of scalar variables results

in three independent functions: the radial spheroidal function R%, the angular spheroidal
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function S, [20], and the sine and cosine functions. The expansion of a plane wave in
terms of prolate spheroidal wave functions, given in [20], has the following expression:

eRT=2y ) Ne’”f(c) S (€,00800)Smn (¢, 1R (¢, &) cos(mgp) 3)
m=0m=n *YMmn

where

1
C—Ekd,

€y, is the Neumann number (¢, = 1 for m = 0 and €, = 2 for m > 0), and Ny, (¢) is
the normalization factor of the angular function of the first kind.

ﬁ Incident Wave
k
0 y
d/2| [
‘fo»
A =)(
d/2
a
b
(a) (b)

Figure 1. Prolate spheroid geometry (a) and the spheroidal coordinate system (b).

It is possible to rewrite Equations (1) and (2) in terms of vector wave functions [20]
as follows:

ETE © o0
TE _ __Zi0 x(1) .
E; k cos 0 n;m mgo Amn(c,00)Mepy (c; 1,6 4’) ’ 4)
™ EIT(I)VI SR y(1)
Ej = k Z Z Amn (Cr QO)METI’H’! (C/ 77/ gr (P) 7 (5)
n=m m=0
where .
2e,7"
Amn(c,0) = Z"\;] Smn(c,cos fp)
mn

and the M vectors are the vector spheroidal wave functions, given in [20].
Taking into account that the scattered fields must satisfy the radiation condition at
infinity, their expressions for TE and TM incident fields can be written as follows [30]:

SRS +(4) 2(4)
E;FE = Z <am"Mem+1,n + ’Ym"Mem") (6)
m=0n=m

and
E;FM = Z Z (ﬁmnMo rEH)-l,n + pm+1/”+1M§(m)+1,n+l) + Z ﬁlnMo 1(n) @)
n=1

m=0n=m
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respectively, where &y, Bun, Yimn, Om+1,n+1, ,Bfn are expansion coefficients.
Considering a perfectly conducting prolate spheroid, the boundary conditions to be
imposed at the surface of the spheroid ¢ = ¢y are as follows:

Eir] + Es;y =0,
®)
Ei¢ +Es¢p =0

where the subscripts # and ¢ denote, respectively, the #- and ¢-components of the fields.
Let us first consider the TE polarization case. Inserting the expressions of the incident
field (4) and the scattered field (6) into (8), we obtain the following, after some algebra:

(cos@y) 'QEA, = (REY)SE, m=0,1,2,..,
and
(cos6y) '(QF)A+ = (RE)S )
where the expressions of Qi, A, Rﬁ, Si, Q,’j;, Q,%;m and Qsm 4o are given in [30]. The scat-

tering column vector SE can be obtained from the incident column vector If via the
following transformation:

st = (GHIF,
where
e ( E)Ol(QE) 0
0 RE)- 0
6= o To ®pT@))

We consider now TM polarization of the incident wave. Inserting Equations (5) and (7)
into (8), and using the orthogonality of the trigonometric functions and the spheroidal
angular functions, we get

(Q"MA, = (RE)SM, m=0,1,2..,,

and
QM)A = (RM)SM,

where [Q%], an, Ay, AL are defined in [30]. We obtain, in the same way, the following
matrix transformation:

SM — (GM)IM,

3. Numerical Results and Discussion

The analytical method presented in Section 2 has been numerically implemented in
Matlab. The spheroidal library was used to calculate the spheroidal wave functions [31],
allowing the use of arbitrary precision arithmetic and the adaptive choosing of the number
of expansion coefficients.

The arbitrary precision arithmetic was achieved by the GNU MPEFR library [32]. It
provided good accuracy in many of the computations, especially for high wave numbers
and modes. All the examples in this paper were obtained using a precision of 500 bits.
A preliminary step in the numerical evaluation of the spheroidal functions consisted of
computing and storing the characteristic values and the expansion coefficients in order to
speed-up the computations of the subsequent functions.

In the numerical evaluations, a truncation was introduced on the matrices and se-
ries described in the previous section. In accordance with [30] we used the following
truncation rules:

my = |ka+4],



Mathematics 2022, 10, 1761

5o0f 14

where |-| denotes the floor function, and all summations in Equations (3)—(7) are for
m=0,..,(m—1)and n =m,..., (my —1).

3.1. TE Polarization

We first consider the case of TE polarization where the incident wave impinges onto
the prolate spheroid with the incidence angle 6y = 30°. In such a case the electric field
of the incident wave is perpendicular to the incidence plane. The geometric parameters
of the scatterer were o = 1.1 and kd = 10 (corresponding to ka = 5.5, kb = 2.2913,
¢ =5, and m; = 9). The validation of our Matlab code is shown in Figure 2 through a
comparison with the results obtained by modelling the spheroid in CST Microwave Studio.
In particular, Figure 2a shows the real and imaginary parts of the electric field E, along the
x-axis and Figure 2b shows those along the z-axis. In all the simulations performed in CST
Microwave Studio with the time domain solver, the computation domain was meshed with
hexahedral cells with sizes between 0.16/k and 0.33/k. It could be seen that the agreement
was excellent.

Ey (V/m)

RE

Anal
——CST

mmmmm Analytical approach (real part)
mmmm CST (real part)

ical approach (imaginary part)
imaginary part)

05

Ey (V/m)

-0.5

A mmmmm Analytical approach (real part)
mmmm CST (real part)
Analytical approach (imaginary part)
mmm CST (imaginary part)

-15 -10

5

0 5 10
kz

(b)

0
kx

(@)

15 -15 -5

Figure 2. Real and imaginary parts of E, along the x-axis (a) and the z-axis (b): comparison between
results obtained through the analytical approach implemented in Matlab and the results obtained
through CST Microwave Studio, for the case 8y = 30°, ka = 5.5, kb = 2.2913,¢ =5,y = 1.1, d = 10,
m; = 9. TE polarization.

The magnitude of the electric field across the xz-plane is presented in Figure 3 for the
same geometrical parameters considered in Figure 2. In Figure 4 the results obtained for
different angles of incidence (6p = 60° and 6y = 90°) are presented. The case of orthogonal
incidence (6yp = 90°) was a special case, where the scattering column vector in Equation (9)
is given by:

st = (GhHI,

and I is obtained from A by replacing A, by the following coefficients:

Byun =0, with (n—m) even

m—1 oo

ZCZk =

(=) D2 (0 4o 4 1)

zn(nTml) (n-&-gﬂ—l) ’

By = 2€’”]

with (n —m)odd .
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Figure 3. Magnitude of the E-field across the plane xz for the same geometrical parameters considered
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wn

in Figure 2. TE polarization.
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Figure 4. Magnitude of the E-field across the plane xz for the same geometrical parameters of Figure 2
but for different incident angles of the plane wave: (a) y = 60°, (b) 6y = 90°.

In order to validate the adopted truncation rule (m; = 10, in this case), we considered
several cases with different truncation orders. In particular, we compared the results
obtained with m; = 5, m; = 10 and m; = 15, to those obtained with a large value of m;,
for which the convergence of the method was taken for granted (m; = 20). As shown in
Figure 5, the relative difference of the electric field magnitude was alway less than 10~*
when m; = 10.
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Figure 5. Validation of the truncation method. Comparison between the results obtained with m; = 5,
my = 10, and m; = 15, to those obtained with m; = 20: (a) relative error along the x-axis; (b) relative
error along the z-axis. TE polarization.

Figure 6 shows the amplitudes of the terms of the G matrix for the geometrical
parameters considered in Figure 5, with m; = 9. The matrix was composed of 99 x 99
terms.

The case of axial incidence (fp = 0°) was also considered. In this case, the solution
was greatly simplified by virtue of the symmetry. Figure 7 shows the magnitude of the
E-field across the xz-plane for the incidence angle 6y = 0°, and the comparison between
the results obtained from the analytical approach implemented in Matlab (a) and CST (b).

The method was then validated by changing the geometry of the spheroidal scatterer.
In fact, two different cases were considered. In the first case, shown in Figure 8, we
considered a spheroid with the following parameters: ¢y = 1.01 and kd = 20 (corresponding
to ka = 10.1, kb = 1.4177 and ¢ = 10). In this case the truncation order was chosen as
m; = 14 and the G matrix size was 224 x 224. It is worth noting that this limiting case
could be compared with the case of a 2-D cylindrical geometry scatterer. The comparison
between the electric field map across the xy plane in the case of spheroidal geometry of
Figure 8 (Bp = 90°) and that in the case of 2-D cylindrical geometry, obtained with CST, is
presented in Figure 9.
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Figure 6. Amplitude of the elements of the 120 x 120 matrix G for the case with § = 60°, ka = 5.5,
kb =1229,c=5,¢y =1.1,d = 10, m; = 10. All elements with zero value are represented in white.

Analytical approach |E] (V/m) CST |E| (V/m)
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Figure 7. Magnitude of the E-field across the xz-plane for the case of axial incidence (6 = 0°), for the
same geometry considered in Figure 2, obtained through the analytical approach in Matlab (a) and
through CST Microwave Studio (b). TE polarization.
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Figure 8. Real and imaginary parts of E, along the x-axis and comparison with the results obtained
through CST Microwave Studio (a); magnitude of the E-field across the xz-plane (b). Used parameters
were as follows: 6y = 30°, ka = 10.1, kb = 1.4177, ¢ = 10, {y = 1.01, d = 20, m; = 14. TE polarization.

[E] (v/m) [E] (v/m)
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Tgxo

(

Figure 9. Magnitude of the E-field across the xy-plane: (a) spheroidal geometry with the same
geometrical parameters considered in Figure 8 (analytical approach); (b) cylindrical geometry (2-D)
(CST Microwave Studio). Cylinder radius was kr = 1.4177. TE polarization.

The second limiting case is shown in Figure 10 where a spheroid with parameters
o =2,kd =2,ka =2,kb= 17321 is considered. In this case the truncation order was
m; = 6 and the G size was 48 x 48. Since the values of interfocal distance kd and c were very
small, the spheroid could be approximated by a sphere, the geometry of which represented
a limiting case. In fact, in this case, the spheroidal angular and radial functions reduced
to spherical Legendre and Bessel functions. The comparison with the case of spherical
geometry, obtained with CST, is shown in Figure 11 (6p = 90°).
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Figure 10. Real and imaginary parts of E, along the x-axis and comparison with the results obtained
through CST Microwave Studio (a); magnitude of the E-field across the xz-plane (b). Used parameters
were as follows: 6y = 30°, ka = 2, kb = 1.7321,c =1, {9 = 2,d = 2, m;y = 6. TE polarization.
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Figure 11. Magnitude of the E-field across the xy-plane: (a) spheroidal geometry with the same
geometrical parameters considered in Figure 10 (analytical approach); (b) spherical geometry (2-D)
(CST Microwave Studio). Sphere radius was kr = 1.7321. TE polarization.

3.2. TM Polarization

Here we consider the case of TM polarization. In this case the magnetic incident
field is perpendicular to the incidence plane. Figure 12 shows the field maps across
the xz-plane of the electric field. Figure 12a—c show the magnitude of the electric field
components |Ey|, Ey|, |E;|, respectively. Figure 12d shows the magnitude of the electric
field |E|. The geometry of the scatterer is the same in Figure 2. The real and imaginary
parts, obtained in both Matlab and CST, of the x- and z-component of the electric field are
shown in Figures 13 and 14, respectively.
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Figure 12. Field maps across the xz-plane for the case of TM polarization for the same case as in Fig-

ure 2, the magnitude of the electric field components |Ey/|,

Ey

, |Ez| are shown in (a—c), respectively.

The magnitude of the electric field |Ey| is shown in (d).
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Figure 13. Real and imaginary parts of Ey: comparison between the analytical approach implemented

in Matlab and CST Microwave Studio, for the geometry of Figure 2. TM polarization.
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Figure 14. Real and imaginary parts of E,: comparison between the analytical approach implemented
in Matlab and CST Microwave Studio, for the geometry of Figure 2. TM polarization.

4. Conclusions

In this paper, we have presented a fast and ad hoc Matlab efficient numerical imple-
mentation of the theory of electromagnetic scattering of a plane wave by a conducting
ellipsoid of revolution, also known as a spheroid. Numerical results, both for TE and
TM polarization and for several propagation directions of the incident wave, have been
validated by comparison with the commercial electromagnetic simulator CST Microwave
Studio, showing an excellent agreement. To the authors” knowledge, this is the first time
that the libraries used in this work have been used to solve electromagnetic scattering
vectorial problems. Truncation criteria were carefully considered. This method, being
exact and fast, will allow the development of new analytical techniques that are capable of
considering even the presence of a flat interface in the proximity of the spheroidal scatterer,
e.g., for applications concerning ground penetrating radar or through-the-wall radar mod-
elling. To this aim, field expansions of spheroidal vector wave functions in terms of plane
wave will be considered in future works.
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