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Abstract: In this paper, an analytic method for frequency invariant (FI) array synthesis is proposed
based on matrix singular value decomposition. By grouping the elements of FI array into a few
subarrays, the FI pattern in the whole frequency band is realized. Using this algorithm, the number
of sub arrays is reduced. Simulation results show that the proposed algorithm can synthesize the
64-element broadband FI array in 0.52 s. For the 18-element linear array, the half power beam width
(HPBW) changes less than 0.6 degrees in the bandwidth. Moreover, the range of HPBW variation
decreases rapidly along with the increase in the number of elements. Furthermore, the effectiveness
of the algorithm is verified by synthesizing FI array with low side lobe level (SLL), beam scanning,
and notch requirements. The examples in this paper show that the proposed algorithm can achieve
better pattern characteristics with fewer elements. Finally, a broadband antenna with 2:1 bandwidth
is improved, and two FI arrays of 23 elements and 64 elements are formed by using the antenna.
The active pattern of the array element is introduced into the proposed algorithm, and two FI arrays
synthesized by the algorithm are simulated by full wave software.

Keywords: frequency invariant; broadband sparse array; low SLL; broadband antenna

1. Introduction

With the development of wireless communication technology, array antenna, as one
of the key forms of communication equipment, has attracted much attention. For some
typical wideband signal processing equipment, such as sonar, underwater communication,
target recognition, etc., the frequency invariant (FI) beam of wideband array can receive a
wideband signal without distortion [1–3].

Compared with other array synthesis methods, the radiation pattern of FI array needs
to be stable in a wide frequency band. As early as the 1970s, broadband FI pattern was
realized through combination sub arrays of each frequency point [4–6]. When there are
many operating frequency points, the array needs a large number of sensors. Ward et al.
proposed a systematic design method based on the FI condition of the array response
function [7,8]. Using this method, the FI pattern is realized by combining the main filters
with the sub filters. The improvement of the accuracy of the FI beam depends on the
sampling rate of the system. Boyd et al. introduced the convex optimization method into
array synthesis [9–11], and proposed a frequency design method based on spatial response
variation (SRV) constraint. Many iterative operations are needed in this method, and the
amount of calculation is very large.

In order to reduce the amount of computation, Crocco et al. proposed the least square
(LS) method of FI and directivity of reconfigurable pattern [12–15]. Ghavami et al. applied
it to the design of the FI beam former with a narrow-band array structure [16]. Based on
the Fourier transform relationship between the array weighting coefficient matrix and
the pattern, the weighting coefficient of the beam former is obtained by the inverse fast
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Fourier transform (IFFT), which is further extended to the takeout delay line array [17,18]
and the sensor delay line array [19,20] with uniform structure. A synthesis technique
based on the matrix pencil method (MPM) is proposed by Y. Liu et al. to synthesize the
FI arrays [21,22]. The simulated annealing (SA) technique and the weighted least-squares
(WLS) are combined by W. Tang [23]. The weighting function values of FI array are
calculated iteratively.

The synthesis of FI array can be classified into three categories: (1) the methods
of analytic; (2) quasi analytic; and (3) optimization. The analytical method is fast and
efficient, but it is not competent for the complex array form and special radiation direction
constraints. The optimization algorithm has a wide range of applications, but its speed
is slow, especially for large arrays. The quasi analytic method combines the advantages
of the two methods, and has been widely concerned. Identifying methods to reduce the
number of elements in the array, reduce the computational complexity of the algorithm,
and improve the accuracy of pattern synthesis have become hot issues.

The singular value decomposition (SVD) is used by Y. Liu to reduce the number
of elements in the array [24]. The SVD is applied to solve the problems of multi-beam
directional modulation (DM) to reducing the complexity of multi-carrier frequency diverse
array (FDA) [25]. In the array synthesis problems, SVD is mostly used to reduce the array
complexity. In fact, the SVD of matrices in synthesis of antenna array contain a rich amount
of information about the array. In this paper, the eigenvectors of the minimal singular
values is used to obtain the excitations of subarray in FI array.

To validate the proposed algorithm, three cases are carried out by using 5 FI arrays
composed of isotropic ideal point elements. These three cases apply the algorithm proposed
to FI arrays with low side lobe level (SLL) and scanning and notch constraints, respectively.
In order to introduce the influence of the variation of the element pattern in the bandwidth
and the mutual coupling between the elements into the array synthesis algorithm, a
broadband isotropic antenna is designed in this paper. In the fourth case, two FI arrays
are composed of this antenna element. The full wave simulation results of two FI arrays
further verify the effectiveness of the algorithm.

2. Materials and Methods

As shown in Figure 1, a uniformly spaced linear array is composed of N elements
with a spacing of d.

Figure 1. Geometry of FI array.

Due to the symmetry of the linear array, only the radiation directionality of the array
on the YOZ plane is considered here. The elevation range is [0,π]. M sampling angles
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are taken. Sampling angle interval is ∆θ.The array pattern can be obtained from the
following formula:

Sl = Pl ·wl (1)

In the above formula, Sl is the M-dimensional column vector (s( fl , θ1), s( fl , θ2), · · · ,
s( fl , θm), · · · , s( fl , θM))T . It represents the pattern of the array at the lth sampling fre-
quency fl. wl is Nl-dimensional column vector (ω1l , ω2l , · · · , ωnl , · · · , ωNl)

T . It is the
excitation vector of Nl array elements at the lth sampling frequency fl0. Pl is M × Nl
-dimensional matrix.

Pl = [pmn( fl , θm)]M×Nl
=



p1( fl , θ1) · · · pn( fl , θ1)ejkldn cos θ1 · · · pNl ( fl , θ1)e
jkldNl

cos θ1

...
...

...
p1( fl , θm) · · · pn( fl , θm)ejkl dn cos θm · · · pNl ( fl , θm)e

jkl dNl
cos θm

...
...

...
p1( fl , θM) · · · pn( fl , θM)ejkldn cos θM · · · pNl ( fl , θM)ejkldNl

cos θM


(2)

For narrow-band arrays, the distortion of the pattern in the band is generally not
considered. When the array works in the broadband, the beam will change obviously. As
can be seen from Figure 2. The main lobe of pattern narrows with the increase in frequency,
which affects the performance of wideband array. For broadband arrays, the FI method
must be used.

Figure 2. Pattern of 23 elements linear spaced array. (a) Spatial-frequency pattern; (b) pattern on
20 sampling frequencies.

In order to realize the FI pattern on broadband (fb, fu), the uniform array must face
the change of the array aperture in broadband. Therefore, with the increase in frequency,
the number of active elements in the array should be gradually reduced. Using the high-
frequency array as a reference to design the uniform array will lead to a large number of
array elements needed in the low-frequency array and will increase the complexity of the
array. Using the low-frequency array as a reference design, the element spacing of the
high-frequency array will increase, which will make it difficult to suppress the grating lobe
of the antenna array.

In order to reduce the complexity of the array, a uniform linear array with a spacing
of 0.5λ1 is established in this paper. λ1 is the wavelength corresponding to frequency
f 1(f 1 = fb). The length of N-element linear array is:

A = (N − 1)× d (3)

Considering the lth sampling frequency fl, in order to ensure that the electrical length
of the array at this frequency is invariant, it should meet the following requirements:

(Nl − 1)× d
λl
≈ (N − 1)× d

λ1
(4)
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where Nl is the number of active elements of the array working at the lth sampling frequency
fl. When Nl ∈(N1 = N, N2 = (N − 1), . . . , NL = (N – L + 1)), the lth sub array composed of
Nl active elements in N-element uniform linear array will work in frequency band [fl, fl+1].
Further, we can obtain:

Nl − 1 ≈ (N − 1)× λl
λ1

(5)

From Equation (5), we can obtain the following equation:

fl =
N − 1
Nl − 1

f1 (6)

The working frequency band of all L sub arrays is (f1, fL+1), which will cover the
bandwidth of the array (fb, fu). Table 1 shows the allocated band width (BW) and index
number of active element in each sub array. The frequency fl in Equation (2) is set as the
central frequency of the working bandwidth of each sub array:

Table 1. Active elements and BW of subarray in FI array.

Subarray Active Elements BW

F1 1 2 . . . . . . . . . . . . N − 1 N [fb, f2)
F2 1 2 . . . . . . . . . . . . N − 1 [f2, f3)
. . . . . . . . . . . . . . . .

Fl 1 2 . . . . . . Nl
[fl,

fl+1)
. . . . . . . . . .

FL 1 2 . . . NL [fL, fu]

Once the number of effective elements of each sub array is determined, the equation
that the sub array pattern synthesis should meet can be obtained as follows:

SD = Pl ·wl (7)

The M-dimensional column vector SD is the desired pattern of the FI array. The
WTLSM algorithm [26] can be used to solve Equation (7) for each sub array. The design
process of the FI array is shown in Figure 3.

The procedure can be concluded as follows:
Step 1. The vector SD = [s(θ1), s(θ2), · · · , s(θm), · · · , s(θM)]T is defined. s(θm) is the

desired pattern of the FI array at direction θm.
Step 2. The parameters f b and f u are defined by the bandwidth of the FI array.
Step 3. The N is set as the element number of the FI array. The d is 0.5λ1.
Step 4. Let Nl = N − l + 1, (l = 1, 2, . . . , L), and calculate the corresponding f l with the

Equation (6).
Step 5. Let l = 1. The subarray excitation of FI array is calculated and the array is

assessed to determine whether all subarray excitations have been calculated. If not, enter
step 7, otherwise it ends.

Step 7. The matrix Pl of the lth subarray is calculated by Equation (2).
Step 8. The Equation (7) for sub array is solved by The WTLSM algorithm. The matrix

C is calculated, and the singular value decomposition of C is carried out.

Cl = [DPl|DSD]

D =


d11 0 · · · 0

0 d22
. . .

...
...

. . . . . . 0
0 · · · 0 dMM


dmm = 1

s(θm)
, (m = 1, 2, · · · , M)
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Step 9. The singular value decomposition (SVD) is applied to the matrix Cl,

Cl = UΣVH

Step 10. Find the eigenvector of matrix Cl
HCl corresponding to the minimum singular

value of the matrix Cl,:

Vs =

[
y
α

]
, α 6= 0

Step 11. The solution of lth subarray is as follows:

[wl ]1×Nl
=

1
α
[y]1×Nl

Step 12. Let l = l + 1, and go to Step 6.
Find the eigenvector of.

Figure 3. Algorithm flow chart.

The method proposed in this paper is an analytical method based on matrix operation.
In the process of calculation, only the SVD is needed without matrix inversion. The
complexity of the algorithm is independent of the frequency sampling, but depends on the
array bandwidth and array size.

3. Results

In this section, the simulation results are provided to verify the method proposed.
In order to compare with other literature, the FI array composed of isotropic ideal point
elements is used to verify the effectiveness of the algorithm proposed. Furthermore,
the full wave simulation software (HFSS) is used to verify the FI synthesis of the array
with isotropic antenna elements. The operation time of all the examples in this paper is
calculated by using a 64-bit personal computer (Intel I7-4790@3.60 GHz).
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Four typical FI array patterns are synthesized by the algorithm proposed in this paper.
In Section 3.1, the shape of the desired pattern in the mainlobe is set to be cos2 [7(θ + π

2 )],
and a notch is added in the side lobe region. In Section 3.2, a pencil beam is synthesized. In
Section 3.3, a scanning FI array is realized.

3.1. Uniform Linear Array of 23 Isotropic Ideal Point Elements

In this case, a 23-element uniform linear array is synthesized. The frequency range
of the array is (0.24–0.36 GHz). As described in reference [23], cos2[7(θ + π

2
)]

is used as
the desired pattern. In reference [23], the FI array with side lobe levels (SLL) of −40 dB is
obtained by 18 h synthesis.

A 23-element uniform linear array with FI pattern is synthesized by the algorithm
proposed in this paper. Eight sub arrays are used to realize the wideband frequency
invariance of the pattern. Elapsed time is 0.071521 s. Figure 4a shows the spatial and
frequency domain pattern of the array. The desired pattern and the pattern of the center
frequency of each sub array Fi in the bandwidth of sub array are shown in Figure 4b. It
can be seen that the main lobe of the array has a good frequency invariant property in
broadband. Compared with the reference [23], the SLL of the FI array realized in this paper
is 15 dB lower.

Figure 4. Pattern of 23-element linear spaced FI array. (a) Spatial-frequency pattern; (b) patterns of FI
sub arrays.

Figure 5 shows the amplitude and phase of the array excitation matrix W. W is a
matrix of N ×M dimensions. The element ωnl in matrix W is shown in the Figure 1, which
represents the excitation of the nth element in the sub array Fl. It can be seen from Figure 5
that the amplitude of array excitation is a taper distribution with the same phase.

Figure 5. Excitation matrix W of 23 elements linear spaced FI array. (a) Amplitude; (b) phase.

A reduction in the number of elements is very important to reduce the array complex-
ity. In this paper, the number of elements in the array is further reduced to 18. As shown in
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Figure 6, the SLL of the array is −40 dB. Compared with the reference [23], the number
of elements is reduced by 21.7%, and the SLL is at the same level. Only six sub arrays are
needed to achieve the wideband FI. As can be seen from Figure 7, when the array element
is reduced, the excitation phase of the FI array element is no longer uniform. The algorithm
running time is 0.062391 s. Computing time was further reduced by 12.8%.

Figure 6. Pattern of 18-element linear spaced FI array. (a) Spatial-frequency pattern; (b) patterns of FI
sub arrays.

Figure 7. Excitation matrix W of 18 elements linear spaced FI array. (a) Amplitude; (b) phase.

In order to quantify the change of beam width with frequency, Table 2 shows the
change data of HPBW in the bandwidth. It can be seen that the FI array synthesized by the
algorithm has good beam stability. With the increase in the number of array elements, the
beam stability is improved.

Table 2. The HPBW variation of the array pattern in the bandwidth.

Element Number Maximum(◦) Minimum(◦) Mean(◦)

18 8.7 8.1 8.3
23 7.5 7.1 7.3

In this case, the synthesis effect of the algorithm for asymmetric pattern is also verified.
There is a −95 dB notch at (130◦–140◦). The simulation time of this example is 0.078176 s.
Compared with the example in the reference [23], the notch depression in Figure 8 is
45 dB lower. Figure 9 shows the results of the array excitation matrix. When the pattern
is asymmetric, the excitation phases of individual array elements are not consistent. It
can be seen that the algorithm proposed in this paper can control the array pattern in the
wide band.
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Figure 8. Pattern of 23-element linear spaced FI array with notch. (a) Spatial-frequency pattern; (b)
patterns of FI sub arrays.

Figure 9. Excitation matrix W of 23 elements linear spaced FI array with notch. (a) Amplitude;
(b) phase.

3.2. Uniform Linear Array of 64 Isotropic Ideal Point Elements

In this case, a 64-element pen beam FI array is synthesized. The array worked in
the frequency band (0.6–1.2 GHz). The array element spacing is 0.45λmax. λmax is the
wavelength corresponding to frequency 0.6 GHz. Using the algorithm proposed in this
paper, a wide-band FI array is synthesized with 32 subarrays. Elapsed time is 0.515945 s.
The results in Figure 10b show that the SLL of the array is lower than −40 dB, which is
20 dB lower than the results in the reference [21].

Figure 10. Pattern of 64-element linear spaced FI array. (a) Spatial-frequency pattern; (b) patterns of
FI sub arrays; (c) HPBW of array pattern.

As can be seen from Figure 10c, the HPBW of the array pattern is stable at 2.7◦ in the
whole bandwidth range. It can be seen from Figure 11 that the number of elements used in
the subarray is gradually decreasing with the increase in frequency. The subarray at the
highest frequency uses almost half of the elements of the low frequency subarray.
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Figure 11. Excitation matrix W of 64-element linear spaced FI array. (a) Amplitude; (b) phase.

3.3. Uniform Linear Array of 44 Isotropic Ideal Point Elements

This example further verifies the effectiveness of the algorithm for non-symmetrical
FI array synthesis. In this example, a 44-element uniformly spaced linear array working at
(0.5–1 GHz) is synthesized [22]. The main lobe of the array pattern points to 100 degrees.
In the algorithm proposed, the spacing of the elements in the array is 0.39λmax, which is
0.11λmax in the reference [22]. It can be seen that the FI array synthesized by the algorithm
in this paper is easier to be realized. In this case, 22 FI sub arrays are used. Figure 12
shows the pattern of the array. In the bandwidth range, the mean value of HPBW is 4.339
degrees, and the variation range is less than 0.3 degrees. The SLL of the array is less than
−35 dB, which is 5 dB lower than the value in the reference [22]. As shown in Figure 13, in
order to scan the array pattern to 10 degrees, the excited phase of the array elements must
be modulated.

Figure 12. Pattern of 44-element linear spaced FI array. (a) Spatial-frequency pattern; (b) patterns of
FI sub arrays; (c) HPBW of array pattern.

Figure 13. Excitation matrix W of 44-element linear spaced FI array. (a) Amplitude; (b) phase.

3.4. Uniform Linear Array with Isotropic Antennas

In the application of the wideband array, the wideband antenna plays an important
role. Most of the references and the three examples mentioned above use isotropic ideal
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point source as the array element to verify the performance of the FI array synthesis
algorithm. In practical engineering, the mutual coupling between the elements will lead to
an inconsistency in the element pattern and increase the difficulty of the FI array synthesis.
In this case, a broadband antenna will be designed. Using the antenna to form a broadband
array, the effectiveness of the proposed FI array synthesis algorithm is verified. The active
patterns (AP) of elements and the patterns of arrays are obtained by HFSS 19.2.

There are many studies about the design of broadband antenna, and about 40% of
the bandwidth is achieved when the SWR is less than two. The bandwidth of the antenna
cannot meet the bandwidth requirements of the broadband FI array. Moreover, the antenna
gain varies widely in the bandwidth, which is not suitable for broadband communication.
Kwai-Man Luk et al. proposed a broadband antenna structure based on the equivalent
electric dipole and magnetic dipole model [27]. The widest bandwidth of the antenna is
71% (SWR < 2), and the gain variation in the band is less than 1 dB.

In this paper, the antenna feed strip is redesigned with a bent structure. A new slot
has been made in the antenna arm. HFSS 19.2 is used to simulate the antenna with the
structure shown in Figure 14. Figure 16 shows the results of full wave simulation analysis
with software. With the introduction of the new structure, the bandwidth of the antenna
increases to 108% for S11 < −10 dB (1.55–3.22 GHz). As shown in Figure 15b, the antenna
gain is stable at 7.96 dB and the variation range is 0.42 dB. It can be seen from Figure 16
that the antenna is an omnidirectional antenna and a broadband FI antenna.

Figure 14. Geometry of the antenna (unit in mm).

Figure 15. Antenna parameters from HFSS simulation. (a) S11; (b) gain.
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Figure 16. Antenna gain pattern from HFSS simulation. (a) ϕ = 0◦; (b) frequency (2.4 GHz).

In this paper, a 23-element uniform linear array is first formed along the y-axis with a
spacing of 93.8 mm (0.5λ @ 1.6 GHz). The frequency band of the FI array is (1.6–2.4 GHz).
The desired SLL of the FI array is lower than −40 dB. The main lobe of array pattern
satisfies cos2[7(θ + π

2
)]

. The array structure is shown in Figure 17. It can be seen from
the above algorithm that 8 sub arrays are needed to realize the FI array. HFSS 19.2 is used
to simulate the FI array at the center frequency of 8 sub arrays. The AP pmn( fl0, θm) of
each element at the center frequency of each sub array is extracted. Bringing the AP of
all elements into Equation (2) obtains the matrix P. The excitation vector wl of each sub
array is obtained by the algorithm flow described in Figure 3. By introducing wl into HFSS,
the pattern of the sub array can be obtained. Repeat this process to obtain the excitation
vectors of all sub arrays and the pattern of the FI array in the frequency band as shown in
Figure 18.

Figure 17. FI array with 23 elements.

Figure 18. Pattern of 23-element linear spaced FI array simulated by HFSS. (a) Spatial-frequency
pattern; (b) patterns of FI sub arrays; (c) HPBW of array pattern.

The simulation results show that the FI array synthesized by this algorithm can achieve
frequency invariant pattern in the bandwidth. Compared with the result in Section 3.1, the
SLL of the array is 15 dB higher due to the mutual coupling of the elements. Additionally,
the elements in the array are no longer fed by the same phases, as shown in Figure 19.
The mean value of HPBW in the bandwidth is 7.4 degrees, and the variation range is
0.2 degrees.



Electronics 2021, 10, 2039 12 of 14

Figure 19. Excitation matrix W of 23-element linear spaced FI array. (a) Amplitude; (b) phase.

Furthermore, this paper synthesizes a 64-element FI array working at (1.6–3.2 GHz).
A total of 32 subarrays are used to ensure the stability of the main lobe in the whole
bandwidth.

As can be seen from Figure 20, the peak SLL of the array pattern is −45.12 dB. Fur-
thermore, Figure 20 also shows that the HPBW of the 64-element FI array in this example
is always 2.7 degrees in the bandwidth. This result is consistent with Figure 10. Figure 21
shows the excitation matrix of the array in this example. Compared with the excitation
matrix of the isotropic ideal point element in Section 3.2, the excitations of the elements in
this case are no longer the same as the excitations of the last example due to the difference
between the active patterns of the elements.

Figure 20. Pattern of 64-element linear spaced FI array simulated by HFSS. (a) Spatial-frequency
pattern; (b) patterns of FI sub arrays; (c) HPBW of array pattern.

Figure 21. Excitation matrix W of 64 elements linear spaced FI array. (a) Amplitude; (b) phase.

4. Discussion

In this paper, an analytic method of FI array synthesis is proposed by SVD. The
uniform linear array with low frequency as reference is the common array aperture of the
whole broadband.
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In order to verify the effectiveness of the algorithm, the FI array composed of isotropic
ideal point elements or broadband antenna elements is synthesized. In this paper, the
synthesis results of five FI arrays with isotropic ideal point elements are compared. The
simulation results are listed in Table 3. With the same number of elements, the SLL of the
array in this paper can be lower than that in the reference. Under the same SLL constraint,
the number of array elements in this paper is less. The research of the array synthesis
algorithm which can contain the difference of radiation patterns of array elements in the
actual array is the focus of FI array synthesis.

Table 3. The conclusion of simulation results.

Pattern cos2[7(θ+ π
2
)]

cos2[7(θ+ π
2
)]

cos2[7(θ+ π
2
)]

with Notch Pencil Beam Scanning Beam

Reference [23] [23] [23] [21] [22]
Number in reference 23 23 23 64 44

Number in paper 23 18 23 64 44
SLL in reference (dB) −40 −40 −40 −20 −30

SLL in paper (dB) −55 −40 −55 −42 −35
Notch in reference (dB) −50

Notch in paper (dB) −95

According to the active wideband pattern of elements in the array, two wideband FI
arrays are synthesized. Finally, the results of the array synthesis are verified by full wave
simulation. The simulation results show that the algorithm can synthesize the FI array
quickly and effectively.

5. Conclusions

An analytic method of FI array synthesis is proposed and verified in this paper. The
number of elements in FI array is reduced to 78.3%.In order to further reduce the number
of elements and increase the bandwidth of the FI array, it needs to be designed based on
the research of a non-uniformly spaced FI array.

Author Contributions: Conceptualization, L.X. and R.L.; methodology, L.X.; software, L.X.; valida-
tion, L.X., R.L. and F.W.; formal analysis, R.L.; investigation, F.W.; resources, F.W.; data curation,
X.C.; writing—original draft preparation, R.L.; writing—review and editing, F.W.; visualization, X.C.;
supervision, X.S. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Jacob, B.; Israel, C.; Jingdong, C. Fundamentals of Signal Enhancement and Array Signal Processing, 1st ed.; Wiley-IEEE: Hoboken, NJ,

USA, 2018; pp. 371–375.
2. Pei, C.; Yongjun, Z.; Chengcheng, L. A novel adaptive wideband frequency invariant beamforming algorithm for conformal

arrays. In Proceedings of the 2017 18th International Radar Symposium (IRS), Prague, Czech Republic, 28–30 June 2017; pp. 1–10.
3. Li, S.; Yang, X.; Ning, L.; Long, T.; Sarkar, T.K. Broadband constant beamwidth beamforming for suppressing mainlobe and

sidelobe interferences. In Proceedings of the 2017 IEEE Radar Conference (RadarConf), Seattle, WA, USA, 8–12 May 2017;
pp. 1041–1045.

4. Frost, O.L. An algorithm for linearly constrained adaptive array processing. Proc. IEEE 1972, 60, 926–935. [CrossRef]
5. Smith, R.P. Constant Beamwidth Receiving Arrays for Broad Band Sonar Systems. Acta Acust. United Acust. 1970, 23, 21–26.
6. Hixson, E.L.; Au, K.T. Widebandwidth constant beamwidth acoustic array. J. Acoust. Soc. Am. 1970, 48, 117. [CrossRef]
7. Ward, D.B.; Kennedy, R.A.; Williamson, R.C. Theory and design of broadband sensor arrays with frequency invariant far-field

beam patterns. J. Acoust. Soc. Amer. 1996, 97, 1023–1034. [CrossRef]
8. Ward, D.B.; Kennedy, R.A.; Williamson, R.C. FIR filter design for frequency invariant beamformers. IEEE Signal Process. Lett.

1996, 3, 69–71. [CrossRef]
9. Lebret, H.; Boyd, S. Antenna array pattern synthesis via convex optimization. IEEE Trans. Signal Process. 1997, 45, 526–532.

[CrossRef]

http://doi.org/10.1109/PROC.1972.8817
http://doi.org/10.1121/1.1974937
http://doi.org/10.1121/1.412215
http://doi.org/10.1109/97.481158
http://doi.org/10.1109/78.558465


Electronics 2021, 10, 2039 14 of 14

10. Yan, S.F.; Ma, Y.L.; Hou, C.H. Optimal array pattern synthesis for broadband arrays. J. Acoust. Soc. Am. 2007, 122, 2686–2696.
[CrossRef] [PubMed]

11. Duan, H.; Ng, B.P.; See, C.M.S.; Fang, J. Applications of the SRV constraint in broadband pattern synthesis. Signal Process. 2008,
88, 1035–1045. [CrossRef]

12. Zhao, Y.; Liu, W.; Langley, R. Application of the least squares approach to flxed beam former design with frequency-invariant
constraints. IET Signal Process. 2011, 5, 281–291. [CrossRef]

13. Crocco, M.; Trucco, A. Design of Robust Superdirective Arrays with a Tunable Tradeoff Between Directivity and Frequency-
Invariance. IEEE Trans. Signal Process. 2011, 59, 2169–2181. [CrossRef]

14. Crocco, M.; Trucco, A. Stochastic and Analytic Optimization of Sparse Aperiodic Arrays and Broadband Beamformers With
Robust Superdirective Patterns. IEEE Trans. Audio Speech Lang. Process. 2012, 20, 2433–2447. [CrossRef]

15. Sekiguchi, T.; Karasawa, Y. Wideband beamspace adaptive array utilizing FIR fan filters for multibeam forming. IEEE Trans.
Signal Process. 2000, 48, 277–284. [CrossRef]

16. Ghavami, M. Wideband smart antenna theory using rectangular array structures. IEEE Trans. Signal Process. 2002, 50, 2143–2151.
[CrossRef]

17. Liu, W.; Weiss, S. Frequency invariant beamforming for two-dimensional and three-dimensional arrays. Signal Process. 2007,
87, 2535–2543. [CrossRef]

18. Liu, W.; Weiss, S. Design of Frequency Invariant Beamformers for Broadband Arrays. IEEE Trans. Signal Process. 2008, 56, 855–860.
[CrossRef]

19. Liu, W.; McLernon, D.C.; Ghogho, M. Design of Frequency Invariant Beamformer Without Temporal Filtering. IEEE Trans. Signal
Process. 2009, 57, 798–802. [CrossRef]

20. Liu, W. Design and implementation of a rectangular frequency invariant beamformer with a full azimuth angle converage. J.
Frankl. Inst. 2011, 348, 2556–2569. [CrossRef]

21. Zhu, C.; Li, X.; Liu, Y.; Liu, L.; Liu, Q.H. An Extended Generalized Matrix Pencil Method to Synthesize Multiple-Pattern
Frequency-Invariant Linear Arrays. IEEE Antennas Wirel. Propag. Lett. 2017, 16, 2311–2315. [CrossRef]

22. Liu, Y.; Cheng, J.; Xu, K.D.; Yang, S.; Liu, Q.H.; Guo, Y.J. Reducing the Number of Elements in the Synthesis of a Broadband
Linear Array With Multiple Simultaneous Frequency-Invariant Beam Patterns. IEEE Trans. Antennas Propag. 2018, 66, 5838–5848.
[CrossRef]

23. Tang, W.; Zhou, Y. Frequency invariant power pattern synthesis for arbitrary arrays via simulated annealing. Electron. Lett. 2010,
46, 1647–1648. [CrossRef]

24. Liu, Y.; Nie, Z.; Liu, Q.H. Reducing the Number of Elements in a Linear Antenna Array by the Matrix Pencil Method. IEEE Trans.
Antennas Propag. 2008, 56, 2955–2962. [CrossRef]

25. Cheng, Q.; Fusco, V.; Zhu, J.; Wang, S.; Gu, C. SVD-Aided Multi-Beam Directional Modulation Scheme Based on Frequency
Diverse Array. IEEE Wirel. Commun. Lett. 2020, 9, 420–423. [CrossRef]

26. Xu, L.; Yang, Y.; Li, R. Fast arrays synthesis by the matrix method with embedded patterns of standard cell. Prog. Electromagn.
Res. C 2019, 93, 237–251. [CrossRef]

27. Luk, K.M.; Wong, H. A New Wideband Unidirectional Antenna Element. Int. J. Microw. Opt. Technol. 2006, 1, 35–44.

http://doi.org/10.1121/1.2785037
http://www.ncbi.nlm.nih.gov/pubmed/18189561
http://doi.org/10.1016/j.sigpro.2007.11.001
http://doi.org/10.1049/iet-spr.2009.0300
http://doi.org/10.1109/TSP.2011.2106780
http://doi.org/10.1109/TASL.2012.2203808
http://doi.org/10.1109/78.815503
http://doi.org/10.1109/TSP.2002.801891
http://doi.org/10.1016/j.sigpro.2007.03.018
http://doi.org/10.1109/TSP.2007.907872
http://doi.org/10.1109/TSP.2008.2008557
http://doi.org/10.1016/j.jfranklin.2011.07.016
http://doi.org/10.1109/LAWP.2017.2715860
http://doi.org/10.1109/TAP.2018.2862361
http://doi.org/10.1049/el.2010.3043
http://doi.org/10.1109/TAP.2008.928801
http://doi.org/10.1109/LWC.2019.2960493
http://doi.org/10.2528/PIERC19032701

	Introduction 
	Materials and Methods 
	Results 
	Uniform Linear Array of 23 Isotropic Ideal Point Elements 
	Uniform Linear Array of 64 Isotropic Ideal Point Elements 
	Uniform Linear Array of 44 Isotropic Ideal Point Elements 
	Uniform Linear Array with Isotropic Antennas 

	Discussion 
	Conclusions 
	References

