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Abstract: Many water-related problems are confronted in coal mining, and the mechanical properties
of coal inevitably deteriorate due to water–rock interactions. Therefore, it is necessary to study the
macroscopic mechanical properties and damage constitutive model of water-bearing coal for safe
mining. The uniaxial compression tests of raw coal samples with five moisture contents under four
loading rates were carried out. Based on the test, the Drucker–Prager criterion is introduced to
describe the failure law of micro-elements; assuming that the strength of micro-elements obeys a
two-parameter Weibull distribution, a three-stage damage constitutive model is established. The
model, existing model, and test curves were compared, and four indicators were introduced to
evaluate the fitting effect. The results demonstrate that the stress–strain curve has a near horizontal
step before the elastic stage, and its length is positively correlated with the moisture content ω.
With the increase in ω, the peak strain increases linearly, and the compressive strength and Young’s
modulus first increase and then decrease. The loading rate does not change the type of the fitting
function between the mechanical parameters and ω. The three-stage model is more universal and
can better fit the full stress–strain curve of water-bearing coal under uniaxial compression.

Keywords: water-bearing coal; coal sample; mechanical property; uniaxial compression; damage
constitutive model

1. Introduction

Coal is a sedimentary rock composed of organic and inorganic materials that plays an
essential role in the global energy structure as a relatively inexpensive and abundant fossil
fuel [1,2]. In many developing countries, coal is the primary energy source. For example,
2.74 billion tons of coal were consumed in China in 2018, providing 59% of the country’s
overall primary energy usage [3]. Ensuring coal mine safety in production has positive
relevance for global energy security and steady supply. In the practice of coal mining, coal
seam water injection operations are carried out to prevent rock bursts, suppress gas emis-
sions, and reduce the dust concentration at the working face; waterproof coal pillars are laid
out to prevent mine water from entering the roadway; and hard top coal is hydraulically
fractured for effective top coal cave mining [4–10]. Variable degrees of water–rock interac-
tion will occur between water and coal in the above water-related engineering, resulting
in the deterioration of coal’s mechanical properties and concealing threats to production
safety [11–13]. It is necessary to investigate the macroscopic mechanical properties and
damage constitutive model of water-bearing coal for safe mining.
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Scholars have conducted many studies on the macroscopic mechanical properties of
water-bearing coal. Poulsen et al. [14], Perera et al. [15], and Vishal [16] investigated the
attenuation law of strength and the elastic modulus of saturated coal samples through
uniaxial compression experiments. Wang et al. [17] investigated the strength of saturated
water-bearing coal samples versus natural water-bearing coal samples under uniaxial
and triaxial compression, discovering that the former is always weaker than the latter.
Yao et al. [18] performed uniaxial compression experiments on coal samples with four
moisture contents and investigated the link between moisture content and mechanical
properties of coal samples and crack propagation characteristics. Qin et al. [19] investigated
the impact of water on the mechanical properties and acoustic emission characteristics
of raw coal samples by loading experiments, and they discovered that as moisture con-
tent increased, the uniaxial compressive strength of the coal samples and the cumulative
ring count of acoustic emission gradually decreased. Feng et al. [20], Yao et al. [21],
Zhang et al. [22], and Liu et al. [23] also obtained similar experimental results: the uniaxial
compressive strength and Young’s modulus of coal samples decline monotonically as mois-
ture content rises. Wang et al. [24], Wang et al. [25], and Zhu et al. [26] performed uniaxial
compression experiments on briquette coal samples varying in moisture content and found
that with increasing moisture content, the mechanical strength indexes such as uniaxial
compressive strength (UCS) and Young’s modulus first increased and then decreased,
which were different from the experimental phenomena of raw coal samples [19–23]. There
was no systematic study of the difference between the two experimental phenomena. The
authors hypothesized that the difference was related to the porosity and permeability of
the coal samples, and that the mechanical strength index of the water-bearing coal samples
with higher porosity and permeability would first grow and subsequently decline. In
this paper, raw coal samples with large porosity and high permeability are selected for
uniaxial compression tests at different loading rates to explore the macroscopic mechanical
properties of water-bearing coal.

At present, there is little basic research on the damage constitutive models of water-
bearing coal, and some researchers have developed some damage constitutive models of
water-bearing hard rock. Krajcinovic et al. [27] developed a statistical damage constitutive
model suitable for rock and other materials by integrating the continuous damage concept
with the statistical strength concept for the first time. Hu et al. [28], Zhou et al. [29], and
Bian et al. [30] established the continuous damage constitutive models of red sandstone,
shale, and sandstone considering the influence of water content. Liu et al. [31] established a
logistic equation-based continuous damage model, which can fit the uniaxial compression
stress–strain curves of various types of rocks. Wang et al. [32] established the two-stage
discontinuous damage constitutive model of ordinary water-bearing coal recently. The
two-stage model uses a piecewise function to describe the constitutive relationship of
ordinary water-bearing coal, which has a better fitting effect than the traditional continuous
model. Coal is a special soft rock with low strength [33], and the stress–strain curve of
water-bearing coal with large porosity and high permeability used in this work is more
obvious in the initial compaction stage due to the water–rock interaction, so the existing
continuous model and two-stage discontinuous model are not fully applicable, and the
theoretical value of the existing damage constitutive model will have a large deviation
from the experimental value in the compaction stage. Therefore, this paper establishes a
more accurate three-segment damage constitutive model of water-bearing coal with large
porosity and high permeability to improve the fitting effect of the theoretical curve on the
experimental curve.

In this article, first, uniaxial compression experiments of raw coal specimens with five
water contents are performed at four loading rates. Secondly, the stress–strain properties of
water-bearing coal specimens under loading are investigated, and the link between water
content and mechanical parameters of coal specimens is obtained. Finally, the piecewise
water-bearing coal damage constitutive model is established, and the model is validated
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by experimental data. The research results are predicted to supplement the rock damage
mechanics theory and improve the safety of mining in coal mines.

2. Experimental Methods
2.1. Experimental System
2.1.1. Electro-Hydraulic Servo Universal Testing Machine

As depicted in Figure 1, the press utilized in the tests in this work is a WAW-1000D
microcomputer-controlled electro-hydraulic servo universal testing machine, which is
manufactured by Xinte Testing Machine Co., Ltd., Changchun City, China. The machine is
constituted of the host, servo controller, computer system, and servo oil source, which can
automatically control force, displacement, and deformation in various modes.
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The technical parameters of the testing machine are as follows: the maximum ex-
periment force is 1000 kN, the accuracy of the test force indication is less than ±1%, the
experiment force measuring limit is 2% to 100% of the maximum experiment force, the
isokinetic stress control limit is 2~60 N/mm2·S−1, the steady velocity strain control limit is
0.00025~0.0025/s, the steady velocity displacement control limit is 0.5~50 mm/min, and
the maximum compression test space is 600 mm.

2.1.2. Strain Measurement System

The static strain meter was applied to quantify the axial and lateral strains of the
specimen during compression. As depicted in Figure 2, the strain meter model is ASMB2-8,
having eight monitoring channels. It was independently developed by Sigma Company in
Jinan City, Shandong Province, China, and can measure static strain with high precision.
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Figure 2. The ASMB2-8 static strain meter.

The mass of the static strain meter is 1340 g, and its size is 191 mm× 200 mm× 79 mm. Its
main technical parameters are as follows: the test range is −60,000~+60,000 µε, the maximum
sampling rate of the channel is 10 S/s, there are three strain resolutions (0.1/0.5/1.0 µε),
the test error is 0.05%D ± 0.3 µε (D is the strain measurement value), and the working
temperature is −40~70 ◦C.

2.2. Sample Preparation

The coal blocks used to prepare the samples were extracted from 11,215 working faces
of the main coal seam in a mine in Yulin City, China. The ZS-100 rock coring machine
(Jinan Mining and Rock Testing Instrument Co., Ltd., Jinan, China) was used to drill the
core along the vertical bedding direction of the coal block, and then the obtained coal core
was processed into the standard raw coal sample (φ50 mm× 100 mm) shown in Figure 3
through cutting, grinding, and other processes. The processing error of the coal sample
meets the tolerance requirements of the standard GB/T 23561.7-2009. The mass and wave
velocity of the coal samples were measured using an electronic balance and an acoustic
wave instrument to ensure sample uniformity, and coal samples with minor dispersion
were chosen for experiments.

Appl. Sci. 2022, 12, 8811 4 of 19 
 

in Jinan City, Shandong Province, China, and can measure static strain with high preci-
sion. 

The mass of the static strain meter is 1340 g, and its size is 191 mm × 200 mm × 79 
mm. Its main technical parameters are as follows: the test range is −60,000~+60,000 με, the 
maximum sampling rate of the channel is 10 S/s, there are three strain resolutions 
(0.1/0.5/1.0 με), the test error is 0.05%D ± 0.3 με (D is the strain measurement value), and 
the working temperature is −40~70 °C. 

 
Figure 2. The ASMB2-8 static strain meter. 

2.2. Sample Preparation 
The coal blocks used to prepare the samples were extracted from 11,215 working 

faces of the main coal seam in a mine in Yulin City, China. The ZS-100 rock coring machine 
(Jinan Mining and Rock Testing Instrument Co., Ltd., Jinan, China) was used to drill the 
core along the vertical bedding direction of the coal block, and then the obtained coal core 
was processed into the standard raw coal sample (𝜙50 mm × 100 mm) shown in Figure 3 
through cutting, grinding, and other processes. The processing error of the coal sample 
meets the tolerance requirements of the standard GB/T 23561.7-2009. The mass and wave 
velocity of the coal samples were measured using an electronic balance and an acoustic 
wave instrument to ensure sample uniformity, and coal samples with minor dispersion 
were chosen for experiments. 

 
Figure 3. The standard raw coal samples. 

The preparation steps for coal samples with varying water content are as follows: 
1. The coal sample selected by mass and wave velocity was put in a steady temperature 

drying oven, and the drying temperature was set at 105 °C. After 12 h, the heated 
coal sample was moved to the dryer and cooled to room temperature to measure the 
mass 𝑚  of the dried coal sample; 

Figure 3. The standard raw coal samples.

The preparation steps for coal samples with varying water content are as follows:

1. The coal sample selected by mass and wave velocity was put in a steady temperature
drying oven, and the drying temperature was set at 105 ◦C. After 12 h, the heated coal
sample was moved to the dryer and cooled to room temperature to measure the mass
mdry of the dried coal sample;
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2. The dried coal sample obtained by the first step was heated in a boiling vessel for
eight hours and then cooled to room temperature. Finally, the coal sample was wiped
off the surface water to measure its mass msr. The following formula can be used to
calculate the saturated moisture content of a coal sample:

ωsr =
msr −mdry

mdry
× 100% (1)

3. The water-saturated coal sample obtained in the second step was heated in a constant
temperature and humidity drying oven, and the drying temperature was set at 40 ◦C.
The mass of coal sample mw was measured every 30 min and the moisture content
of the coal sample was calculated. When the water content of the coal sample was
close to the set water content, the measurement time interval was shortened to five
minutes until the coal sample reached the planned moisture content. The following is
the formula for calculating the moisture content of a coal sample:

ω =
mw −mdry

mdry
× 100% (2)

2.3. Experimental Scheme

The experiment consisted of four parallel test groups, each with five moisture content
levels, including dry state (ω = 0%), saturated state (ω = 13.14%), natural moisture state
(ω = 3.31%), and two unsaturated moisture states (ω = 7.06% and ω = 10.34%). As shown
in Table 1, the water contents of the four parallel test groups were approximately equal,
and their ranges were 0~13.37% (S1), 0~13.55% (S2), 0~13.31% (S3), and 0~13.85% (S4),
respectively. According to the research results of Qi et al. [34], the water content of coal
seams is mostly lower than 15%, so the water content set in this paper is consistent with
the actual situation.

Table 1. The water content of coal samples was tested in four parallel test groups.

Test Group Number mw/g mdry/g ω/%

S1

S1-1 244.8 238.4 0
S1-2 245.2 - 3.31
S1-3 238.4 231.2 7.09
S1-4 255.2 248.3 10.31
S1-5 244.1 237.1 13.37

S2

S2-1 256.3 249.1 0
S2-2 243.5 - 3.31
S2-3 245.1 238.5 7.09
S2-4 247.0 239.9 10.75
S2-5 250.5 243.6 13.55

S3

S3-1 241.4 234.0 0
S3-2 245.1 - 3.31
S3-3 236.3 229.9 7.05
S3-4 254.0 246.6 10.42
S3-5 250.7 243.4 13.31

S4

S4-1 263.5 256.7 0
S4-2 245.8 - 3.31
S4-3 247.2 240.6 7.07
S4-4 240.6 233.5 10.49
S4-5 252.8 245.4 13.85

The test system’s schematic diagram is depicted in Figure 4, and the test loading
method used in this article is displacement loading. A resistance strain gauge was used
to measure the axial and transverse strains of coal samples at the same time. The four
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parallel test groups (S1, S2, S3, and S4) were subjected to four loading rates (0.05 mm/min,
0.10 mm/min, 0.20 mm/min, and 0.50 mm/min) until the coal samples were destroyed.
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groups’ four groups of coal samples with various water contents show consistent fluctuation
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(a) Loading rate: 0.05 mm/min; (b) loading rate: 0.10 mm/min; (c) loading rate: 0.20 mm/min;
(d) loading rate: 0.50 mm/min.

The stress–strain curves of coal samples with varying moisture content all have a near
horizontal step between the fracture compaction stage and the elastic deformation stage,
which is referred to in this paper as the pore compaction stage. As a result, the stress–strain
curve has five stages: fracture compaction, pore compaction, elastic deformation, plastic
deformation, and post-peak failure. From Figure 5a–d, it can be found that the stress–strain
curve of the dry coal sample exhibits linear elastic change before the peak, axial stress drops
rapidly in linear form after the peak point, and there is almost no falling platform. The
fracture and pore compaction stage intervals increase significantly as the moisture content
of coal samples increases, the elastic stage interval decreases, and the plastic deformation
stage becomes more obvious. In addition, as the water content increases, the axial stress
drop velocity after the peak point decreases, revealing a multi-level drop platform.

From Figure 5a–d, it can be found that with an increase in water content, the near
horizontal step becomes longer, and the interval of the pore compaction stage increases.
We believe that this phenomenon may be related to the particularity of the test coal sam-
ples. Scholars discovered that coal has a porous structure through CT scans and three-
dimensional reconstruction [35], and some researchers discovered that the porosity and
permeability of the coal seam sampled in this test are large [36,37], resulting in the internal
micro-pores of coal samples being filled with water after immersion, as shown in Figure 6.
The coal sample’s micro-cracks closed at the start of loading, the coal sample gradually
became more compact as the axial strain increased, its elastic modulus rose as well, and
the stress–strain curve was concave upward in this stage. The hydrostatic pressure in the
coal sample’s micro-pores increased as the external load increases, resulting in micro-pore
rupture and a large number of micro-damages in the coal sample. The stress changes are
minor at this stage, but the strain develops quickly, and the stress–strain curve appears near
the horizontal step. Because the number of micro-damages is positively correlated with
water content, the degree of internal damage in coal samples with higher water content is
greater than in coal samples with lower water content, and the interval length of the pore
compaction stage in coal samples with higher moisture content is also larger than in coal
samples with lower water content.
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3.2. Relationship between Mechanical Parameters and Moisture Content of Coal Samples

By analyzing the measured data of the uniaxial compression test of the coal samples,
the specific values of mechanical parameters (compressive strength, Young’s modulus, and
peak strain) of coal samples with different water content can be obtained.

Figure 7 shows the fitting curves for the mechanical parameters and moisture content
of the coal samples in four parallel test groups. It was discovered that the coal samples
in each test group can be fitted by the same functional relationship with a high degree of
accuracy. Therefore, it can be considered that the loading rate does not change the type of
fitting function for each of the mechanical parameters.

The function expressions of uniaxial compressive strength σc, Young’s modulus E,
peak strain εc, and moisture content ω of coal samples are as follows:

σc = a1 + b1ω + b2ω2 + b3ω3

E = a2 + b4ω + b5ω2 + b6ω3

εc = ε0 + kω
(3)

In Equation (3), a1 ∼ a6, b1, b2 and k are fitting parameters, and ε0 is the peak strain
of a dry coal sample.
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4. Damage Constitutive Model
4.1. Evolution Law of Mesoscopic Damage
4.1.1. Mesoscopic Damage Caused by Water–Rock Interaction

The water–rock interaction process is represented in Figure 8. Generally, the meso-
scopic damage to coal in the water–rock interaction can be roughly divided into two
categories: physical damage and chemical damage [13]. Physical damage causes colloids
that hold mineral particles together to dissolve, weakening the cohesiveness between the
particles and causing the particles to wash out of the coal body. Chemical damage causes
soluble materials to dissolve in acidic and alkaline aqueous solutions. The coal mass’s
macroscopic mechanical characteristics alter as a result of the coal mass’s microstructure
changing due to the water–rock interaction.

Appl. Sci. 2022, 12, 8811 10 of 19 
 

 
Figure 8. The schematic diagram of the water–rock interaction process. 

Considering that the Young’s modulus of rock materials is easy to measure and ana-
lyze during the water–rock interaction process, the damage variable 𝐷  of coal samples 
caused by the water–rock interaction can be expressed as: 𝐷 = 1 − 𝐸𝐸  (4)

In Equation (4): 𝐸  is the Young’s modulus of coal with initial natural moisture con-
tent, and 𝐸  is the Young’s modulus of coal sample with moisture content 𝜔. 

As the moisture content of coal increases, the damage degree caused by the water–
rock interaction is intensified, Young’s modulus is gradually reduced, and the damage 
variable 𝐷  is gradually increased. Therefore, the evolution law of the damage caused by 
the water–rock interaction can be obtained with water content as a control variable. 

4.1.2. Mesoscopic Damage Caused by Loading 
The distribution of the mineral particles’ physical and mechanical characteristics in 

coal is random, so the strength of the micro-element body in coal can be considered to 
meet a specific statistical distribution type, and hence it is possible to establish the coal’s 
statistical damage constitutive model. 

Scholars have introduced a variety of micro-element strength distribution types in 
their studies, including dual-parameter Weibull distribution, logarithmic normal distri-
bution, normal distribution, and power function distribution. Studies have shown that the 
fitting effect of the two-parameter Weibull distribution is better than that of other distri-
bution types [38]. Therefore, this paper assumes that the strength of the micro-element 
body in coal follows this distribution, and its probability density function is [39]: 𝑃(𝑆) = 𝑚𝑛 𝑆𝑛 exp − 𝑆𝑛  (5)

In Equation (5): 𝑃(𝑆) is the strength distribution function of a coal sample micro-
element; 𝑆 is the random distribution variable of micro-element strength, it is a combined 
function of stress, known as stress level; and 𝑚 and 𝑛 are distribution parameters ob-
tained by analyzing the experimental data. 

Figure 8. The schematic diagram of the water–rock interaction process.



Appl. Sci. 2022, 12, 8811 10 of 18

Considering that the Young’s modulus of rock materials is easy to measure and analyze
during the water–rock interaction process, the damage variable D1 of coal samples caused
by the water–rock interaction can be expressed as:

D1 = 1− Eω

E0
(4)

In Equation (4): E0 is the Young’s modulus of coal with initial natural moisture content,
and Eω is the Young’s modulus of coal sample with moisture content ω.

As the moisture content of coal increases, the damage degree caused by the water–rock
interaction is intensified, Young’s modulus is gradually reduced, and the damage variable
D1 is gradually increased. Therefore, the evolution law of the damage caused by the
water–rock interaction can be obtained with water content as a control variable.

4.1.2. Mesoscopic Damage Caused by Loading

The distribution of the mineral particles’ physical and mechanical characteristics in
coal is random, so the strength of the micro-element body in coal can be considered to
meet a specific statistical distribution type, and hence it is possible to establish the coal’s
statistical damage constitutive model.

Scholars have introduced a variety of micro-element strength distribution types in their
studies, including dual-parameter Weibull distribution, logarithmic normal distribution,
normal distribution, and power function distribution. Studies have shown that the fitting
effect of the two-parameter Weibull distribution is better than that of other distribution
types [38]. Therefore, this paper assumes that the strength of the micro-element body in
coal follows this distribution, and its probability density function is [39]:

P(S) =
m
n

(
S
n

)
exp

[
−
(

S
n

)m]
(5)

In Equation (5): P(S) is the strength distribution function of a coal sample micro-
element; S is the random distribution variable of micro-element strength, it is a combined
function of stress, known as stress level; and m and n are distribution parameters obtained
by analyzing the experimental data.

When the stress of the coal rises to a particular degree, the number of damaged
micro-elements inside the coal is:

N′ =
∫ S

0
NP(x)dx = N

{
1− exp

[
−
(

S
n

)m]}
(6)

In Equation (6): N is the total number of micro-elements in coal and rock and N′ is the
number of damaged micro-elements.

The number of damaged micro-elements divided by the total number of micro-
elements is the damage variable D2 of the coal under load:

D2 =
N′

N
(7)

The equation for the damage evolution of the coal under loading is obtained by
substituting Equation (6) into Equation (7):

D2 = 1− exp
[
−
(

S
n

)m]
(8)

4.1.3. Evolution of Total Mesoscopic Damage

The first damaged state of coal is defined as the state in which only the water–rock
interaction takes place, while the second damaged state is described as the state in which
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coal is only loaded. The one-dimensional constitutive relations of coal under two damage
states are as follows:

σω = E0(1− D1)εω (9)

σ = Eω(1− D2)ε (10)

In Equations (9) and (10), σω and εω are stress and strain caused by the water–rock
interaction respectively; σ and ε are stress and strain caused by the load, respectively.

According to Lemaitre’s equivalent strain hypothesis [40] and Zhang et al.’s general-
ized strain equivalence principle [41], the one-dimensional constitutive model of water-
bearing coal under loading can be obtained by solving Equations (4), (9) and (10):

σ = E0(1− D)ε (11)

In Equation (11): D is the total damage of a coal sample caused by the water–rock
interaction combined with load, and its expression is:

D = D1 + D2 − D1D2 (12)

It can be seen from Equation (12) that the dual impact of the water–rock interaction
and load increase the overall mesoscopic damage of coal, but the total mesoscopic damage
is not a simple superposition of two basic damages, and the coefficient of the coupling
term D1D2 is negative, indicating that the coupling effect reduces the total mesoscopic
damage. We conclude that this may be because the mesoscopic damage caused by the
water–rock interaction increases the mesoscopic defects in the coal mass, and, to a certain
extent, increases the threshold of dislocation movement under load in the coal body. After
loading, the micro-pores and micro-cracks in coal are sealed, and the mesoscopic damage
caused by the water–rock interaction is reduced.

From Equations (4), (8) and (12), the total mesoscopic damage evolution equation of
water-bearing coal under loading can be obtained:

D = 1− Ew

E0

{
1− exp

[
−
(

S
n

)m]}
(13)

According to Equation (13), when only the damage resulting from the water–rock
interaction is considered, there is S = 0, and D = D1; when only the damage caused by
loading is considered, there is Ew = E0, and D = D2.

4.2. Random Distribution Variable of Micro-Element Strength

To derive the damage constitutive equation of coal, it is important to identify the
precise expression of S in Equation (13). In this paper, the Drucker–Prager strength criterion
commonly used in geotechnical materials is used as a reference.

The expression of the random distribution variable S of the micro-element strength
corresponding to the Drucker–Prager strength criterion is:

S = αI∗1 −
√

J∗2 (14)

In Equation (14): I∗1 is the first principal invariant of the effective stress tensor, J∗2 is the
second principal invariant of the effective stress deviation, and α is the material parameter.
The following equations can be used to calculate I∗1 and J∗2 :

I∗1 = σ∗1 + σ∗2 + σ∗3 (15)

J∗2 =

(
σ∗1 − σ∗2

)2
+ (σ∗2 − σ∗3 )

2 +
(
σ∗3 − σ∗1

)2

6
(16)
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According to the equivalent strain hypothesis [40], the relationship between effective
stress and nominal stress is as follows:

σ∗i =
σi

1− D
(i = 1, 2, 3) (17)

From Equations (14)–(17), the expression of random distribution variable S can be
obtained:

S =

(
αI1 +

√
J2
)
Eε1

σ1 − µ(σ2 + σ3)
(18)

In Equation (18): I1 is the first principal invariant of the nominal stress tensor, J2 is the
second principal invariant of the nominal stress deviation. I1 and J2 can be calculated by
the following equations:

I1 = σ1 + σ2 + σ3 (19)

J2 =
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2

6
(20)

In the case of uniaxial compression, there are σ1 = σ, σ2 = σ3 = 0, ε1 = ε, and
Equation (18) can be simplified:

S =

(
α +

1√
3

)
Eε (21)

4.3. Sectional Damage Constitutive Model

Referring to the research results of Lu [42], the one-dimensional constitutive relation
of water-bearing coal in the fracture compaction stage can be defined as:

σ = σa

(
ε

εa

)2
(22)

In Equation (22): σa and εa are the maximal stress and strain in the fracture compaction
stage of water-bearing coal under uniaxial compression.

Figure 3 shows that the stress–strain curve of water-bearing coal during the pore
compaction stage is nearly horizontal, so the one-dimensional constitutive model in this
stage can be defined as:

σ = σa +
σb − σa

εb − εa
(ε− εa) (23)

In Equation (23): σb and εb are the maximal stress and strain in the pore compaction
stage of water-bearing coal under uniaxial compression.

From Equations (13), (15) and (21), the one-dimensional constitutive model of water-
bearing coal in elastic deformation, plastic deformation, and post-peak failure stages can
be obtained:

σ = σb + Eω(ε− εb) exp

−

(

α + 1√
3

)
Eωε

n

m (24)

At the peak point (εc, σc), the uniaxial compression stress–strain curve meets the
boundary requirements: (1) ε = εc, σ = σc; (2) ε = εc, ∂σ

∂ε = 0. Substituting the boundary
conditions into Equation (24), the expression of m and n can be obtained after solving:

m =
εc

R(εb − εc)
(25)

n =

(
α +

1√
3

)
Eωεc(−R)−

1
m (26)
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For the specific stress–strain curve, R is a constant in Equations (25) and (26), and its
calculation equation is as follows:

R = ln
σc − σb

Eω(εc − εb)
(27)

The expressions of m and n, namely Equations (25) and (26), are substituted into
Equation (24), and the subsequent equation can be derived:

σ = σb + Eω(ε− εb) exp

[
R
(

ε

εc

) εc
R(εb−εc)

]
(28)

By combining Equations (21), (22) and (26), the segmented damage constitutive model
of water-bearing coal can be obtained:

σ =



σa

(
ε

εa

)2

(ε < εa)

σa +
σb − σa

εb − εa
(ε− εa) (εa ≤ ε < εb)

σb + Eω(ε− εb) exp

[
R
(

ε

εc

) εc
R(εb−εc)

]
(ε ≥ εb)

(29)

5. Validation of the Constitutive Model

The constitutive model developed in Section 4 is validated using the experimental data
collected in Section 3. Wang et al. [32] assumed that the strength of the coal micro-element
body obeyed the distribution of the power function, and on this basis, the two-stage damage
constitutive model of water-bearing coal was deduced. The model of Wang et al. [32] was
used to calculate the test results in this article, and the two models’ fitting results were
compared and analyzed.

The fitting results of the two models are shown in Figures 9–12.
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In the study literature on the coal (rock) constitutive model, there are few indications
to quantitatively assess the fitting result of the constitutive model. To scientifically evaluate
the fitting effect of the damage constitutive model, the following four statistical indicators
are introduced in this paper:
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1. Mean absolute error (MAE), which is defined as:

MAE(y, ŷ) =
1
l

l

∑
i=1

(|yi − f (xi)|) (30)

2. Mean square error (MSE), which is defined as:

MSE(y, ŷ) =
1
l

l

∑
i=1

(yi − f (xi))
2 (31)

3. Root mean square error (RMSE), which is defined as:

RMSE(y, ŷ) =

√√√√1
l

l

∑
i=1

(yi − f (xi))
2 (32)

4. Decision coefficient (R2), which is defined as:

R2 = 1− MSE(y, ŷ)
1
l ∑l

i=1(yi − y)2 (33)

In Equations (30)–(33): y is the parameter to be estimated, it is the strength of the
coal sample in this paper, and ŷ is the estimator of y; l is the number of statistical samples;
yi is the true value of the test data; f (xi) is the predicted value of the damage constitutive
model; y is the average amount of the test data.

The MAE, MSE, and RMSE can reflect the deviation between the experimental amount
and the theoretical amount of the model; the smaller the value is, the higher the fitting
degree of the model is, and when the value is zero, the experimental value is equal to the
theoretical value, and the damage constitutive model is the perfect model. The value of
R2 can reflect the degree of approximation of the theoretical value of the model to the real
test value; the larger the value is, the better the model fitting effect is. The fitting effect
evaluation indexes (MAE, MSE, RMSE, and R2) corresponding to the three-stage damage
constitutive model in this paper and Wang et al.’s [32] two-stage damage constitutive model
are shown in Tables 2–5.

Table 2. The fitting effect evaluation index values of the two models based on the experimental data
in test group 1.

Index

ω = 0% ω = 3.31% ω = 7.06% ω = 10.34% ω = 13.14%

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

MAE 0.507 0.476 0.683 0.894 0.057 0.682 0.595 0.665 1.059 0.580
MSE 0.429 0.618 0.869 1.681 0.008 0.825 0.775 0.666 1.916 0.668

RMSE 0.655 0.786 0.932 1.296 0.092 0.908 0.881 0.816 1.384 0.817
R2 0.89 0.84 0.94 0.88 0.99 0.87 0.81 0.83 0.51 0.83

Table 3. The fitting effect evaluation index values of the two models based on the experimental data
in test group 2.

Index

ω = 0% ω = 3.31% ω = 7.06% ω = 10.34% ω = 13.14%

The
Authors’
Model

The
Comparison

Model

The
Authors’
model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

MAE 0.123 0.459 0.379 1.148 0.603 0.638 0.062 0.421 0.225 0.839
MSE 0.028 0.515 0.572 4.194 0.615 0.672 0.006 0.338 0.280 1.341

RMSE 0.168 0.718 0.756 2.048 0.784 0.820 0.077 0.581 0.529 1.158
R2 0.99 0.92 0.95 0.65 0.94 0.94 0.99 0.95 0.96 0.83
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Table 4. The fitting effect evaluation index values of the two models based on the experimental data
in test group 3.

Index

ω = 0% ω = 3.31% ω = 7.06% ω = 10.34% ω = 13.14%

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

MAE 0.282 0.761 0.834 0.949 0.231 0.556 0.688 0.496 0.345 0.792
MSE 0.563 1.840 4.838 1.949 0.187 1.067 1.450 0.538 1.229 1.203

RMSE 0.751 1.357 2.200 1.396 0.432 1.033 1.204 0.733 1.108 1.097
R2 0.89 0.64 0.73 0.89 0.98 0.89 0.73 0.90 0.76 0.77

Table 5. The fitting effect evaluation index values of the two models based on the experimental data
in test group 4.

Index

ω = 0% ω = 3.31% ω = 7.06% ω = 10.34% ω = 13.14%

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

The
Authors’
Model

The
Comparison

Model

MAE 0.120 0.620 0.876 0.639 0.727 0.756 0.296 0.588 0.311 0.374
MSE 0.058 0.739 2.827 1.443 2.650 0.881 0.365 0.590 0.225 0.299

RMSE 0.240 0.860 1.681 1.201 1.628 0.939 0.604 0.768 0.475 0.547
R2 0.99 0.86 0.77 0.88 0.61 0.87 0.90 0.84 0.93 0.90

From the fitting results in Figures 9–12, it can be noticed that the three-stage constitu-
tive model curve derived in this paper is basically identical to the experimental curve at
each loading rate. By observing the values of each evaluation index in Tables 2–5, it can be
found that the maximum MAE, MSE, and RMSE corresponding to the model in this paper
are 1.059, 4.838, and 2.200, respectively, and the maximum R2 is 0.99, indicating that the
model has a high fitting degree and good applicability.

Wang et al.’s [32] model can accurately describe the changing trend of the uniaxial
compression total stress–strain curve of water-bearing coal, but there are many inconsistent
points. The MAE, MSE, and RMSE values of this model are generally larger than those of
this model, and the R2 values are mostly smaller than those of this model.

The fitting effect of the traditional continuous damage constitutive model in the
fracture compaction stage of the specimen is worse than that in other stages, and there is
a certain deviation between the theoretical and experimental value. Wang et al. [32] put
forward a two-stage damage constitutive model by improving the continuous damage
constitutive model, which has a good matching effect to the full stress–strain curve of
common small porosity and low permeability coal. The three-stage damage constitutive
model suggested in this study is more universal and can fit the full stress–strain curve
of large porosity and high permeability coal wells. Wang et al.’s [32] model is a special
form of this model; when σb = σa and εb = εa, the model in this paper degenerates into
Wang et al.’s [32] model.

6. Conclusions

The main conclusions are summarized as follows:

• The full stress–strain curve of coal under uniaxial compression has a nearly horizontal
step before the elastic stage, which is described as the pore compaction stage in this
article. The interval length of this stage is positively correlated with the water content,
and this stage will only emerge with the stress–strain curve of water-bearing coal with
high porosity and permeability.

• With increasing water content, the interval between the fracture compaction stage
and the coal sample pore compaction stage increases, the elastic deformation stage
interval decreases, the plastic failure stage is more obvious, and the multistage stress
drop platform appears in the post-peak failure stage.

• The loading rate does not change the type of the fitting function between the mechan-
ical parameters (uniaxial compression strength, Young’s modulus, and peak strain)
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of coal samples and their moisture content. The mechanical parameters of the coal
samples in each parallel test group can be fitted as the same function as their moisture
content, and all have good fitting results.

• The three-stage damage constitutive model of water-bearing coal is derived, and
the statistical indicators (MAE, MSE, RMSE, and R2) are introduced to scientifically
evaluate the fitting effect of the model. This model improves the shortcomings of the
traditional continuous fitting curve and the two-stage fitting curve. The fitting degree
of the experimental curve and the theoretical curve is high, and it can better character-
ize and predict the mechanical properties of coal under different water contents.
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