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Abstract: Vehicle stability is a critical problem, especially for compact electric vehicle (EV) trucks,
owing to the impact of the cargo weight and cornering characteristics. In this study, this problem
was approached by mathematically formulating the change in the understeer characteristics of an EV
truck as variable mass understeer gradient (VMUG) according to the vehicle cargo weight to design
the reference yaw rate without the need to consider cornering stiffness. Comparison was made with
the conventional methods by applying the VMUG-based slip control while simulating the yaw rate
and side-slip tracking performance of the compact EV model for normal loading and overloading
conditions. The simulation results demonstrate the superior performance of the proposed method
compared to the existing methods. The proposed method has the potential for application for stability
enhancement in non-electric and general-purpose vehicles as well.

Keywords: desired yaw rate; electric vehicle; EV truck; stability control; sliding mode control

1. Introduction

Application of control techniques for improved vehicle stability has captured the
interest of researchers for a long time. In general, various control methods such as Electric
Stability Control and Traction Control Systems are implemented for vehicle stability. With
the advent of electric vehicles (EVs), stability controls such as an anti-lock brake system,
a yaw stability system, a traction control system, and a roll stability system have been
applied as extensions of existing studies [1,2]. With the recent emergence of compact EVs
that represent the low-speed and short-range market, statutory compulsory restrictions
on existing stability controllers have been excluded and the vehicles have been mass-
produced without considering stability control. However, in the case of compact EV trucks,
vehicle stability controls are essential owing to the impact of weight of the cargo on vehicle
characteristics. In this study, an improved target for stability control of compact EVs was
developed for stability enhancement.

Accurate vehicle body control aims to take actions according to the desired yaw
rate which is used to control slip not only in EVs, but also in the chassis control of
many vehicles [1,3]. In addition, the desired yaw moment is used as a key reference
for various types of vehicle control such as front steer control and torque vectoring [2,4,5].

Although necessary for DY calculation, it is not realistic to consider the change in
cornering stiffness in actual vehicle control because of several challenges such as the
absence of a sensor. To estimate cornering stiffness, Pacejka et al. proposed a Magic
formula [6]. Ren et al. simplified this formula by assuming a constant stiffness [7].
Wasim et al. and Saikia and Mahanta considered varying stiffness according to the road
friction coefficient [8,9]. Wang et al. used an uncertain boundary term for constant
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stiffness [10]. Zhao et al., used the tire cornering stiffness by adding a scale factor to
the constant for active front steering control [11]. Termous et al. used a range of reference
yaw rate instead of applying constant stiffness [12]. In most of the studies, stiffness was
assumed to be or varied within a small range to calculate the desired yaw rate. Assuming a
constant cornering stiffness does not accurately account for various changes in the system.
A method using robust control to cope with the nonlinearity of constant cornering stiffness
has also been proposed [13–15].

However, in the case of trucks, the load varies according to the weight of the cargo
and the cornering characteristics of the tires, so understeer or oversteer may occur in some
situations, unlike general sedans and SUVs [16]. In particular, research on vehicle slip
control under overload is required as it is known to cause numerous traffic accidents.

In this study, the problem of cornering stiffness was solved by mathematically formu-
lating the change in the understeer characteristics of an EV truck according to the vehicle
cargo weight. A new reference for the yaw rate was designed based on the understeer
gradient and the performance was verified through the slip controller. The overall configu-
ration is shown in Figure 1. First, the existing method of estimating the desired yaw rate
is examined, and the appropriate hypotheses in various tests are confirmed through ISO
3888-1 double lane change [17]. Second, by the ISO 4138 Steady State Circle test [18], the
desired yaw rate is adjusted by formulating a variable mass understeer gradient (VMUG).
Third, using the VMUG formula, the movement of the vehicle with heavy loads that can-
not be examined by the Steady State Circle Test is investigated. Finally, a sliding mode
slip controller that performs slip control according to the tire load is designed, and the
performance of the VMUG is verified by comparing with the control of various desired
yaw rate references.
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2. Dynamic Model

The target vehicle for application is a small truck with front-wheel drive. Figures 2 and 3
and Table 1 show the modeling and detailed parameter values of the target vehicle for
VMUG application.

Table 1. Parameters of the small EV truck.

Parameter Value

Range (km) 90
Load carrying capacity (kg) 600

Speed limit (km/h) 80
Drive Front drive motor

Battery pack (kWh) 30
Length/width/height (mm) 3868/1656/1830

Clearance (mm) 250
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The 2D motion model of the vehicle can be described using Lagrange’s equation [19,20].
The generalized external force Q related to the generalized coordinate q can be expressed
as follows.

Qi =
d
dt

∂K
∂

.
qi

− ∂K
∂qi

+
∂P
∂qi

(1)

In Lagrange’s equation, the external force generated by the yaw movement can be
arranged as a target. The yaw dynamics for yaw control required for the slip model can be
expressed as follows, depending on yaw rate and vehicle speed:

Qγ =
d
dt

∂K
∂γ

− vy
∂K
∂vx

+ vx
∂P
∂vy

(2)

Assuming that the slope of the roll axis is small, the kinematic energy K can be
expressed as follows. (The description of each variable used is specified in Nomenclature).

K =
1
2

m
{
(vx − hφr)2 +

(
vy + h

.
φ
)2
}
+

1
2

Ix
.
φ

2
+

1
2

Iy(φr)2 +
1
2

Iz

(
r2 − φ2r2 + 2θωr

.
φ
)
− Ixzr

.
φ (3)

Considering the front-wheel steering and ignoring the rear-wheel steering, the equa-
tion of motion for the respective yaw motion can be expressed as below.

Iz
.
r + Izθr

..
φ − Ixz

..
φ − mh

.
vxφ + mhrvyφ

= l f

(
Fx f lsinδ f l + Fy f lcosδ f l + Fx f rsinδ f r + Fy f rcosδ f r

)
−lr
(

Fxrlsinδrl + Fyrlcosδrl + Fxrrsinδrr + Fyrrcosδrr

)
− t f

2

(
Fx f lcosδ f l − Fy f lsinδ f l − Fx f rcosδ f r + Fy f rsinδ f r

)
− tr

2

(
Fxrlcosδrl − Fyrlsinδrl − Fxrrcosδrr + Fyrrsinδrr

)
(4)



Appl. Sci. 2021, 11, 6465 4 of 13

The equation of motion for the yaw moment can be expressed as follows by performing
a linear approximation to the trigonometric function.

Mz = Iz
.
r +

(
(Izθr − Ixz)

..
φ − mh

( .
vx + rvy

)
φ
)
− l f

(
Fy f l + Fy f r

)
+ lr

(
Fyrl + Fyrr

)
(5)

3. Proposed VMUG Strategy for Desired Yaw Rate

In this section, reference is set for control of the desired yaw rate based on the steady
states. There are two ways to set the desired yaw rate: a mathematical method and
an experimental method [3]. In the mathematical method, the desired yaw rate can be
expressed as the value of the velocity according to the road radius. The steering angle
and the steady-state angle under the assumption of steady-state circle driving are given
as follows.

γd =
V
R

(6)

δss =
l f + lr

R
+ Kay (7)

By rearranging with reference to the understeer gradient K and using the lateral
acceleration ay = V2/R, the desired yaw rate can be obtained as follows.

γd =
δ

L + V2K
V (8)

In this study, both the experimental and mathematical methods were implemented to
minimize the disadvantages of the conventional desired yaw rate based on mathematical
formulation. For the experimental method, the ISO 4138 Steady State Circle test, as shown
in Figure 4, was applied. Within a radius of 100 m, the lateral acceleration was increased
from 0 to 0.9 g in steps of 0.3 g, the understeer gradient in steady-state section was
formulated, and this was used in the equation of the desired yaw rate. The vehicle was
designed as a small truck with a maximum cargo weight of 600 kg. As the value of the
understeer gradient changes according to the cargo weight, the desired yaw rate also
changes accordingly. The desired yaw rate using constant cornering stiffness and the yaw
rate changing according to the applied load are shown in Figure 5. The yaw rate data can
be obtained by increasing the cargo weight from 0 to 600 kg with the center of mass at
(315 mm, 2000 mm). The dimension of the cargo is set to 0.516 × 0.816 × 0.816 m, and the
mass inertia of the cargo is given in Table 2.
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Table 2. Mass moment of inertial based on vehicle load weight.

100 kg 200 kg 300 kg 350 kg 400 kg 450 kg 500 kg 550 kg 600 kg

Ixx [kgm2] 26.6 53.3 79.9 93.2 106.5 119.8 133.1 146.4 159.8
Iyy [kgm2] 66.6 133.2 199.8 233.0 266.3 299.6 332.9 366.2 399.5
Izz [kgm2] 66.6 133.2 199.8 233.0 266.3 299.6 332.9 366.2 399.5

Furthermore, for control in case of overloading beyond the allowable limit, infor-
mation on the desired yaw rate at the load is required. However, in the case of 40%
overloading, simulation was not possible through the Steady State Circle test. Therefore,
by mathematically formulating the understeer gradient that changes depending on the
cargo weight, the expected understeer gradient value at overloading is estimated.

Understeer gradient values according to lateral acceleration and cargo mass are shown
in Figure 6. For lateral acceleration of 0.39 g or more, the simulation did not work properly.
However, two trends of the understeer gradient could be confirmed. The proposed yaw
rate strategy was divided into a linear form section and a quadratic form section through
an empirical method for division according to load and lateral acceleration. Each section
was formulated by polynomial fitting as shown in Figure 7.
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The section for cargo weight up to 350 kg is in quadratic form, and it is rearranged for
lateral acceleration from 0.06 to 0.42 g as follows.

UGQ = A + B1ay + B2a2
y (9)

Rearranging the above gives the following:

UGQ = fA(m) + fB1(m)ay + fB2(m)a2
y (10)

fA(m) = (1.2 + 1.04m)10−3 (11)

fB1(m) = (1.5924 + 1.3715m)10−3 (12)

fB2(m) = (−3.9632 − 4.2925m)10−3 (13)

The section for cargo weight of 350 to 600 kg is in a linear form, and it is rearranged
for lateral acceleration from 0.18 to 0.39 g as follows.

UGL = f
(
ay, mcargo

)
= c1 f

(
ay
)
mcargo + c2 (14)

UGL =
1

106

(
3.0458ay − 3.6756

)
mcargo + 0.0025 (15)

The VMUG equation, including cargo weight, can be rearranged and expressed
as follows.

VMUG =

{
fA(m) + fB1(m)ay + fB2(m)a2

y (mcargo < 350kg)
1

106

(
3.0458ay − 3.6756

)
mcargo + 0.0025

(
mcargo ≥ 350kg

) (16)

4. Analysis of Conventional Desired Yaw Rate Method

At cornering, lateral force and slip angle are generated in the tire, and the cornering
stiffness is expressed as the ratio of these two, which is constant up to a certain point. In
addition, it also changes depending on the load and the radius of the tire [20], as well as
according to the air pressure set in the vehicle [16]. The cornering stiffness described above
can be calculated only when the slip angle and the lateral force can be empirically obtained.
In particular, since the tire slip angles are calculated using an estimator, a controller with
high performance and fast reaction speed is required for vehicle slip control. Pacejka et al.
proposed a method of calculating cornering stiffness using the Magic formula [6]. To
compare the characteristics of vehicles using the formula, the understeer gradient values
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used in previous methods were summarized and compared. The nominal understeer
gradient values for design purposes can be expressed as the ratio of load W and the tire’s
cornering stiffness C on each axis.

Kus =
W f

Cα f
− Wr

Cαr
(17)

For a detailed analysis, a comprehensive value considering the nominal understeer
gradient, lateral load transfer, camber change, lateral force compliance, roll steer, and
steering system compliance steer, is used as follows.

Kus = Kus0 + KLLT + KCamber + KLFCS + KSTRG + KAT (18)

In this study, our aim is to obtain an accurate value of the nominal understeer gradient
for comparison using simulations, which requires calculating the cornering stiffness in real
time. This can be achieved by rearranging it as follows.

Cα f =
Fy f

2
(

δ − θv f

) , Cαr =
Fyr

2(δ − θvr)
, θv f =

vy + l f γ

vx
, θvr =

vy + lrγ

vx
(19)

However, when the wheel steer angle θv is close to the steering angle δ due to rapid
steering of the vehicle, a notch is generated rendering the control impossible. Therefore, it
is necessary to use optimal cornering stiffness, and in a number of studies, this is assumed
to be constant. Alternately, a robust controller considering the nonlinearity is designed
to respond to changes in cornering stiffness. In this study, the conventional constant
cornering stiffness that can accurately indicate the desired yaw rate was used as a reference
for comparison with VMUG.

Another method of obtaining cornering stiffness is to use the Magic formula. The
understeer gradient simply expressed using the cornering stiffness equation is shown
as follows.

C f _Magic = c1sin
{

2arctan
( Fz f

c2

)}
, C f _Magic = c1sin

{
2arctan

(
Fzr

c2

)}
(20)

The terms c1 and c2 depend on the vehicle characteristics. From Figure 8, for general
road surfaces with a low-speed driving at 60 km/h or less, it can be seen that the desired
yaw rate value based on the constant cornering stiffness or Magic formula is obtained
without a significant error. For vigorous vehicle movement, setting the accurate desired
yaw rate is difficult in practice. In Figure 8b, it can be seen that a notch occurs for high speed
and low friction double lane change with the conventional estimation method, indicating
that a proper control is not possible. It can be seen that for dynamic vehicle movement, the
control is difficult if an appropriate desired yaw rate is not selected.

When the target vehicle is a truck, the characteristics of the vehicle movement show
more dynamic changes, as not only the total weight of the vehicle varies depending on
the cargo weight, but the load applied to the center of mass and the vehicle shaft changes
as well. Therefore, the cornering stiffness and the understeer gradient of the vehicle vary
accordingly, leading to a varying desired yaw rate. This can be critical for the vehicle
slip control due to the fast-changing reference. It can be inferred that the selection of
an appropriate reference for the design of the slip controller can influence the control.
Each desired yaw rate is verified through the controller design in Chapter 6.
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5. VMUG Based Sliding Mode Slip Controller Design

To confirm the proposed desired yaw rate, a sliding mode controller, which is a uni-
versal robust controller, was designed. The VMUG based desired yaw rate designed
in Chapter 3 was used as the control reference. The control block diagram is shown in
Figure 9. The vehicle slip controller controls the brake so that the sum of the longitudinal
force and the lateral force does not exceed the maximum allowable friction based on the
Kamm’s circle at the turning of the vehicle. The sliding mode plane for applying the brake
is expressed as follows.

s = (γ − γd) (21)
.
s = −Ks (K > 0) (22)
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The derivative value of the sliding mode plane s is rearranged, and the sliding mode
surface obtained in the lateral dynamics is substituted. Rearranging for the derivative of
yaw rate gives the following:

.
s = −Ks = −K(γ − γd) =

.
γ − .

γd (23)

.
γ =

.
γd − K(γ − γd) (24)

If the sliding mode plane is applied to (5) for the yaw moment derived in Chapter 2, it
is arranged as follows.

Mz = Iz
( .
γd − K(γ − γd)

)
+
(
(Izθr − Ixz)

..
φ − mh

( .
vx + rvy

)
φ
)
− l f

(
Fy f l + Fy f r

)
+ lr

(
Fyrl + Fyrr

)
(25)

The yaw moment when both braking and driving force can be used, such as in the
wheel motor, can be summarized as a control formula that uses all four wheels. However,
it is simplified as follows because the brake control must be used in the general motor
drive method.

MInWheel = −
t f

2

(
Fx f l + Fxrl

)
+

t f

2
(Fxlr + Fxrr) + l f

(
Fy f l + Fy f r

)
− lr

(
Fyrl + Fyrr

)
(26)

MBrake = −
t f

2

(
Fx f l + Fxrl

)
+ l f

(
Fy f l + Fy f r

)
(27)

When the slip in the vehicle tire occurs, the control method changes due to the
reduction of the maximum friction. This is not considered in the current study. In absence of
the slip, the driving force and braking force are generated in proportion to the longitudinal
force of the tire as follows.

MBrake = −
t f

2

(
1 +

Fzrl
Fz f l

)
Ff l + l f

(
1 +

Fz f r

Ff l

)
Fy f l (28)

Since the braking force for brake control must be within Kamm’s circle, the maximum
braking force can be calculated as follows.

F2
x f l + F2

y f l − µ2F2
z f l < 0 (29)

Fx f l <
√
−F2

y f l + µ2F2
z f l (30)

The yaw moment using the sliding mode controller based on the controller formula (25)
and the brake yaw moment (27) is obtained as follows.

Mz = Iz
( .
γd − K(γ − γd)

)
+
(
(Izθr − Ixz)

..
φ − mh

( .
vx + rvy

)
φ
)
− l f

(
Fy f l + Fy f r

)
+ lr

(
Fyrl + Fyrr

)

MBrake = −
t f

2

(
1 +

Fzrl
Fz f l

)
Ff l + l f

(
1 +

Fz f r

Ff l

)
Fy f l

With the two equations, under the assumption that the ratio of the lateral force and
the longitudinal force is maintained linear, if the braking force of the front-left wheel Fx f l
for VDC is calculated, it can be reorganized and expressed as follows.

Fx f l =
1

t f
2

(
1+

Fzrl
Fz f l

)(l f

(
1 +

Fz f r
Fz f l

)
Fy f l − Iz

( .
γd − K(γ − γd)

)
−
(
(Izθr − Ixz)

..
φ − mh

( .
vx + rvy

)
φ
)
+ l f

(
Fy f l + Fy f r

)
− lr

(
Fyrl + Fyrr

) (31)
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6. VMUG Based Yaw Rate Verification

The verification of VMUG was carried out in two ways: by the non-control yaw
rate calculation method and by comparing performance through the sliding mode slip
controller.

The simulation environment adopted in this study was MATLAB Simulink and Carsim.
In Carsim, the characteristics of the hardware chassis of the EV truck were applied, and
VMUG and SMC were configured in MATLAB.

6.1. Verification by Non Control Simulation

Testing the VMUG equation through the 100 m steady-state circle test confirmed
the following as shown in Figure 10. The VMUG based method was compared to the
conventional stiffness-based method such as the Constant stiffness and the Magic formula
method. For a full load of 600 kg, the VMUG based method clearly shows accuracy
compared to the other methods.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 10 of 13 
 

(a) (b) 

Figure 10. VMUG performance verification test results: (a) Steady State Circle test without load weight; (b) Steady State 
Circle test with 600 kg load weight. 

6.2. Verification by Sliding Mode Slip Controller 
The result of the slip angle in the double lane change test with full loading of 600 kg 

and overloading of 1000 kg under the conditions of 80 km/h speed and μ = 0.5 is shown 
in Figures 11 and 12. In the SMC slip control using the conventional method of constant 
cornering stiffness, a large slip angle is formed while returning from the second lane, ren-
dering the control impossible. On the other hand, VMUG-based SMC slip control shows 
a significantly smaller slip angle. The result shows that VMUG presents an appropriate 
reference for robust control of vehicle stability even in the overloading condition of 40% 
or more.  

 
Figure 11. Slip control comparative analysis with slip angle beta: DLC performed at 80 km/h speed 
and 0.5 μ with 600 kg max payload. 

Figure 10. VMUG performance verification test results: (a) Steady State Circle test without load weight; (b) Steady State
Circle test with 600 kg load weight.

6.2. Verification by Sliding Mode Slip Controller

The result of the slip angle in the double lane change test with full loading of 600 kg
and overloading of 1000 kg under the conditions of 80 km/h speed and µ = 0.5 is shown
in Figures 11 and 12. In the SMC slip control using the conventional method of constant
cornering stiffness, a large slip angle is formed while returning from the second lane,
rendering the control impossible. On the other hand, VMUG-based SMC slip control shows
a significantly smaller slip angle. The result shows that VMUG presents an appropriate
reference for robust control of vehicle stability even in the overloading condition of 40%
or more.

Figure 13 shows the route in the double lane change situation. Both the VMUG control
and the conventional control properly follow the reference at full load. However, the
conventional control shows a large path deviation corresponding to 0.75 m for the case
of overload. The VMUG control deviated 0.16 m even under overload, confirming 78.7%
improvement.
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7. Conclusions

In this study, we investigated the change of desired yaw rate according to the cargo
weight of a small EV truck with front-wheel drive. It was confirmed that the performance
of the proposed yaw rate strategy was superior for both normal loading and overloading.
As the weight of the load increased, it was confirmed that the performance of the proposed
method in the 80 km/h DLC test improved to a maximum of about 17 degrees based on
the slip angle of the chassis. Therefore, this study opens the prospect of application of the
VMUG to compact EV trucks in the future, while ensuring stability even for overloading
scenarios. It is expected that further research on VMUG has the potential of its application
in general purpose vehicles other than the compact EV truck considered in this paper.
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Nomenclature

ay lateral acceleration of vehicle
Fxij longitudinal force of tire
Fyij lateral force of tire
Fzij lateral force of tire
h vertical force of tire
Ix distance of the mass center from axles
Iy roll moment of inertia of the vehicle
Iz yaw moment of inertia of the vehicle
K understeer gradient
Ke kinematic energy
l f , lr distance from mass center to front and rear axles
m mass of vehicle
MB brake moment
Mz yaw moment
R radius of cornering circle
t f , tr front and rear width of vehicle
vx longitudinal velocity of vehicle
vy lateral velocity of vehicle
α tire side slip angle
β chassis slip angle
γ yaw rate
γd desired yaw rate
φ roll angle
µ friction coefficient of road
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