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Abstract: The main object of this paper is to investigate the existence of solutions for a self-adjoint
coupled system of nonlinear second-order ordinary differential equations equipped with nonlocal
multi-point coupled boundary conditions on an arbitrary domain. We apply the Leray-Schauder
alternative, the Schauder fixed point theorem and the Banach contraction mapping principle in order
to derive the main results, which are then well-illustrated with the aid of several examples. Some
potential directions for related further researches are also indicated.

Keywords: system of ordinary differential equations; nonlocal multi-point boundary conditions;
sturm-liouville problems; existence results; uniqueness results; schauder fixed point theorem; Leray-
Schauder alternative; banach contraction mapping principle

1. Introduction

The topic of boundary value problems is an important area of investigation in view of
its applications in a variety of disciplines such as modern fluid mechanics [1], nano bound-
ary layer fluid flows [2], conservation laws [3], cellular systems and aging models [4],
magnetohydrodynamic flow of a second grade nanofluid over a nonlinear stretching
sheet [5] and magneto Maxwell nano-material by a surface of variable thickness [6]. For the
application of self-adjoint differential equations, for instance, see [7,8]. Much of the liter-
ature on boundary value problems deals with classical boundary conditions. However,
these conditions fail to cater the complexities of the physical and chemical processes oc-
curring within the domain. In order to cope with this situation, the concept of nonlocal
boundary conditions serves as an excellent tool. Such conditions involve the values of
the unknown function at some interior positions as well as at the end points of the do-
main. It is imperative to note that the measurement provided by a nonlocal condition is
regarded as more accurate than the one described by a local (fixed) condition. For some
recent works on nonlocal nonlinear boundary value problems, see [9-22] and the references
cited therein. Furthermore, in a recent article [23], coupled nonlinear third-order ordinary
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differential equations with nonlocal multi-point anti-periodic type boundary conditions
was investigated.

Modern tools (variational and topological methods) of functional analysis play an
important role in establishing the existence theory for nonlinear boundary value prob-
lems [24,25]. For the application of the fixed-point theory to single-valued and multi-valued
boundary value problems of ordinary differential equations, for instance, see [26,27] and
the references cited therein.

Motivated by the aforecited recent work [23], here we introduce and study the follow-
ing self-adjoint coupled system of nonlinear second-order ordinary differential equations
on an arbitrary domain:

(' (1) = F(t,u(t),2(0), t € [a,b), o
(a2 (1)) = st u(t),0(1), t € [a,b],

subject to nonlocal multi-point coupled boundary conditions of the form:

m n
u'(a) =0, v'(a) =0, u(b) =} ao(y;), v(b) =Y Beu(Sr), 2
=1 k=1
where f,¢ : [a,b] x R x R — R are given continuous functions, a < 77 < -+ < iy <

1< - <&u<ba € Rt (j=1,2,...,m), By € RT (k=1,2,...,n), and p, g €
C([a,b],RT). Here, we emphasize that the parameters 7; and ¢ indicate the nonlocal
positions within the interval [a, b]. In general, we can write these nonlocal positions as
a < 1;,¢x < b. However, for practical purpose (see examples in Section 4), it is necessary to
fix the nonlocal positions within the given domain.

In order to study the existence and uniqueness of solutions for the problem (1) and (2)
via fixed point theory, we transform it into a system of integral equations (see Lemma 1 in
the next section) to define a fixed point problem associated with the problem (1) and (2).
This idea is indeed important from application point of view, for example, see [28] and the
references therein.

The rest of the paper is organized as follows. In Section 2, we prove an auxiliary
lemma related to the linear variant of the problem (1) and (2), which plays a key role in
obtaining the existence and uniqueness results for the problem (1) and (2). The main results
are established in Section 3, while the illustrative examples are presented in Section 4.
Finally, in Section 5 on conclusions, some potential directions for related further researches
are also indicated.

2. An Auxiliary Lemma

In this section, we prove a lemma for a linear variant of the problem (1) and (2), which
plays a key role in the forthcoming analysis.

Lemma 1. For f1,¢1 € C([a,b],R) and B # 0, the solution of the following linear system of
differential equations:

(p(0'9) = i), (a0 () = ga(0), t € [a,b)], )

subject to the boundary conditions (2), can be expressed in the following formulas:
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u(t) = '/; (p(ls) /us fl(T)dT> ds
b s m gk s
+;l/ (p(l)/ fl(r)dr>ds+];wf_/j q<1)</ gﬂr)dr)ds @
b Z"”Zloz- s m n | s
_/a < Z;(s)]/a gl(r)dr>ds+</§wj> <k_21,3k/a M(/ﬂ f1(T)dT>ds>]

and

v(t) = /at <q(15) /ﬂs gl(r)dT> ds

1 b1 s L & 1 §
-/ (Q(S) / g1<r>dr>ds+ L b / M( / fl(f)dT>ds 5)

B

| (B (5]

Proof. Integrating the linear differential Equation (3) twice from a to t, and using the
conditions ' (a) = 0, v'(a) =0, we get

u(t) =u(a) + /at (p(ls) /as fl(r)dr> ds (7)

o(t) :v(a)—l—/at (q(ls) /asgl(r)dr>ds. @®)

Using the coupled boundary conditions given by (2) in (7) and (8), we obtain a system
of equations:

m b 1 s m o1 s
u(a) — <Z:¢x]«>v(a) = —/a (P(S)/a fﬂﬂdr)ds—i—/&vg/a q(S)</a gl(r)dr>ds 9)

=1

and

and

Z b1 s 1 & 1 s
—(;m)u(mvw):— / (M / gl<r>dr>ds+k_21ﬁk / M( / f1(T>dT>ds- (10)

Solving (9) and (10) for u(a) and v(a), together with the notation (6), we find that
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b Zn: ‘B s n m ;7]. 1 s
_/a < ’;(;) k/a fl(r)d7>ds+ (k—zlﬁk> (Z;lxj/ﬂ q(s)( : gl(T)dT>ds)1.

b Z]:ll’é] s ]:111 & 1 s (11)
(55 Lo () £l )
j= =
and
l_/ab (q(ls) /:gl(T)dT>ds+:Z1ﬁk/fkp(ls)< asfl(f)dr>ds ”

Inserting the values of #(a) and v(a) in (7) and (8) respectively, we obtain the solutions
(4) and (5). By direct computation, one can obtain the converse of the lemma. This
completes the proof. [

Now we state the fixed point theorems used in establishing the existence theory for
the system (1).

Lemma 2 (Banach fixed point theorem [29]). Let X be a Banach space, D C X closed and
F : D — D a strict contraction, i.e., |[Fx — Fy| < k|x — y| for some k € (0,1) and all x,y € D.
Then F has a fixed point in D.

Lemma 3 (Leray-Schauder alternative [30]). Let Y be a Banach space, and Y : ¥ — ¥ be a
completely continuous operator (i.e., a map restricted to any bounded set in ¥ is compact). Let
O)={ye¥:y=c¢eY(y)forsome0 < e < 1}. Then either the set @(Y) is unbounded or Y
has at least one fixed point.

Lemma 4 (Schauder fixed point theorem [30]). Let C be a convex (not necessary closed) subset
of a normed linear space E. Then each compact map F : C — C has at least one fixed point.

3. Main Results
Let (P, || - ||) be a Banach space, where

P={u®)u) eClle,d, B} and [ull = sup{|u(t)], t € [a,b]}.

Obviously, the product space (P x P, ||(u,v)|) is a Banach space with the norm
given by
(0| = [lull + o]l
for (u,v) € P x P.
Using Lemma 1, we transform the problem (1) and (2) into an equivalent fixed point
problem as follows:

(u,v) =T (u,0), (13)
where 7 : P x P — P x P is defined as

T (u,0)(t) := (Ti(w,0)(t), T2 (1, 0)(1)), (14)

1

Ti(w,o)(t) = | t (m / Sf(’f,u(’f),v(’r))d'r> ds
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+ i & K 1) (/ﬂs g(T,u(T),Z)(T))dT) ds (15)

and

6 & 1 s

—i—k_zlﬁk/a 205) (/a f(T,M(T),U(T))dT> ds 16)
b Zn: ‘B s

. ( oA <Tfu<T>,v<r>>dr> ds

¢ i o1 s
+ (g/@) <]§06]‘/a q(s)(/ﬂ g(T,u(T),U(T))dT) ds)}.

We need the following assumptions in the forthcoming analysis:

(A1) (Growth conditions) There exist real constants 0;,60; > 0 (i = 1,2), andop > 0, 6y > 0,
such that V u,v € R, we have

[f(tu,0)| < 00 +o1ful +oalv], [g(t u,0)| < 60+ O1[u] + 62[0].

(Az) (Sub-growth conditions) There exist nonnegative functions w(t), A(t) € L(a,b) such that
Lf(t,u,0)] < w(t)+ pr|u| + p2|0|?, u,v €R, uy,pp >0, 0<c1,c0 <1,
g(t,u,0)| < A(E) +v1]ulf +1]0/%2, w,v € R, vy,15 >0, 0 < ky, ky < 1.

(A3) (Lipschitz conditions) For all t € [a,b] and u;,v; € R (i = 1,2), there exist ¢; > 0
(i = 1,2) such that

|f(t,u1,01) = f(t,uz,02)| < ba(fur — uz| + |01 —02)

and
|g(t, uq,01) — g(t,up, v2)| < La(|ug — up| + [v1 — v3|).

For the sake of computational convenience, we set

O1=L1+ L3, Oy=1Ly+ Ly, (17)
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L, =

L=

Ly=

f):

where

_a2 m n 2
i [(b 1By +1) + (DJ-)(ZM@"Z“) )]

j=1 k=1
Y[ (g —a)*  (b—a)? _ LiaBe|(b—a) (& —a)?
e T e | "
1 [p-ap? " mo (- a)
|Bq[ 7 ('B+1)+<;§ﬁk><;“’ : )1

- - ,
séﬂ,b]”’(s)' q séﬂ,b]w(sﬂ

O = min{l — (0101 + 0301),1 — (0102 + O20,)}, 0;, 0; are givenin (Aj). (19)

3.1. Existence Results

The first existence result for the problem (1) and (2) is based on the Leray-Schauder
alternative (Lemma 3).

Theorem 1. Assume that the condition (Aq) holds and that
O101 + 0101 <1 and Oq05 4+ 00, < 1, (20)

where O; (i = 1,2) are given by (17). Then there exists at least one solution for the problem (1) and
(2) on [a, b].

Proof. In the first step, we show that the operator 7 : P x P — P x P defined by (14)
is completely continuous. From the continuity of the functions f and g, it follows that
71 and 7T, are continuous and hence the operator 7 is continuous. Let A C P x P be

bounded. Then, there exist positive constants Qr and Qg such that |f(t,u(t), v(t))| < Qy,
and [g(t, u(t),v(t))| < Qq, V(u,v) € A. Then, for any (u,v) € A, we obtain

Tilu,0)(8)] = ' A (lj(l) / sf(T,u(T),v(T))dT> s

b 1 s
—/a (rf(s>/ f(T,u(r),v(r))dr)ds

i o1 s
+];"‘j/a q(S)</a g(T,u(T),v(T))dT>ds
(52 st stin)

1 n | E

+ (Z f) (kzlﬁk/a p(S)</u f(T,MT),z:(r))dr)dg)] ’

j=1

< Qf{ |Blm [|B|(t‘2”)2 AL (fa]) (fﬁk@";”)zﬂ }

j=1

Y )2 _ )2
+Qg{ |]B117|]l(’7]2 ) +(b2)]},

L1
B
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which, on taking the norm for t € [a,b], yields ||T1(u,v)|| < QfL1 + QgLo. Similarly, we
have [|72(u,v)|| < QfLs + QqL4, where L; (i = 1,...,4) are given by (18). In consequence,
we get

1T (u,0)|] < QrO1 + Qg 0,

where O; (i = 1,2) are given by (17). Hence, we deduce that the operator 7 is uniformly
bounded. Next, we prove that 7 is an equicontinuous operator. For t1,t, € [a,b] with
t1 < tp, we have

| T1(w,0)(t2) — T1(u,0)(t1)]
- /at2 <p(15) us (t,u(t),v(t))dt ds—/ﬂt1 p(ls)/usf(l‘,u(*r),v(r))dr ds

< Qy - — Oas t; —t; — 0 independent of (u,v).

In a similar manner, one can find that
|T2(u,v)(t2) — T2(u,v)(t1)| — O as tp — t; — 0 independent of (u,v).

Thus, the operator 7 is equicontinuous.
Finally, we verify that the set © = {(u,v) € P x P|(u,v) = €T (u,v), 0 < e < 1}is
bounded. Let (1,v) € ©. Then (u,v) = €T (u,v), and for any t € [a,b], we have

u(t) = €Ti(u,0)(t), o(t) = eTa(u,v)(t).
Then, using the growth conditions (A7), we obtain
lu(t)] < Ly (00 + o1|u| + o2|v]) + Lo (60 + 61 |u| + 62|0])
< Lyog + Lobo + (L101 + Lotk ) [[ul| + (L10z + L6, |||
and
[o(t)| < La(00 + o1|u| + 02|v]) + Ly (60 + 61 |u| + 62]0])
< L3op + Lo + (Laon + Labh)[[ul| + (Lsoz + Lab2) 0.
From the foregoing inequalities, we get

]l + loll < (L1 + L3)oo + (La + La)bo + [(L1 + La)or 4 (La + Lg )64 ] |[u|
+ [(L1 + L3)oa + (Lo + Lg)62] [0,

which, in view of (19) and (20), implies that

0100 + 026
0 .
This shows that the set @ is bounded. Thus, the hypotheses of Lemma 4 are satisfied

and hence its conclusion implies that the operator 7 has at least one fixed point. Therefore,
the problem (1) and (2) has at least one solution on [a,b]. This completes the proof. [

1(w,0)| <
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In the following result, we apply the Schauder fixed point theorem (Lemma 4) to
prove the existence of solutions for the problem (1) and (2).

Theorem 2. Assume that the condition (Ay) holds true. Then there exists at least one solution for
the problem (1) and (2) on [a, b].

Proof. Fixing
1 1 1 1
¢ > max {6(91||w||,6(92||/\|, (61101) 71, (61201) 2, (6v102) ™11, (612,0) T2 },

we introduce a set given by
A={(u,v) e PxP:|(u0)] <}

and consider the operator 7 : A — A. For any (u,v) € A, we have

|71 (u,0) (¢ |/< /fTu (1))dt )ds
*11;[ /( /fru ))d'r)ds
S [ [ s
_/ ( /1"‘1/ (T,u(T),?J(T))d”{)ds
u 1 Sk 1 s
(B (£ ([ srstonse)a)|
— )2 _ )2
- (w(tH“'”'”WzleQ){Blﬁl l'w(t 2a) + L zu)
+ (f%) (Zﬁk@kz‘”zﬂ}
j=1 k=1

m oo )2 .
+ (A(t)+v1|u|k1 +V2|vkz>{ |];7| j l(’?; . ) N (b : )2] }

which, on taking the norm for ¢ € [a, b], yields

1T, 0)[| < <IWII + ] +Mz|v|CZ>L1 + (IAII + v Jul +Vz||v|k2>Lz

Similarly, one can find that

1T2(u,0)[| < <|w|| + pa [l +uz|v|CZ>L3 + (I?\II + vy Jul +Vz||v|"2>L4
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where L; (i =1,...,4) are given by (18). Consequently, we obtain

17 (u,0)|| < (le + ] +M2|IUICZ> O1+ (II/\II + vy fJuf +Vz||v||"2>02 <9,

where O; and O; are given by (17). Thus, we deduce that 7 : A — A.

Following the arguments used in the proof of Theorem 1, it is easy to show that the
operator T is completely continuous. So, by the Schauder fixed point theorem, there exists
a solution for the problem (1) and (2) on [a, b]. The proof is now completed. [J

3.2. Uniqueness Results

In this subsection, we apply Banach’s contraction mapping principle (Lemma 2) to
establish the uniqueness of solutions for the problem (1) and (2).

Theorem 3. Assume that (Az) holds. In addition, we suppose that

Ol + Oxty < 1, (21)
where O; (i = 1,2) are given by (17). Then the problem (1) and (2) has a unique solution on [a, b].
Proof. Define Ny = sup,c(,; |f(t,0,0)| and Np = sup,¢(,; (t,0,0)], and fix

N1O1 + N, O,
K> .
T 1-(4H01+60,)

Consider a set By = {(1,v) € P x P : ||(u,v)| < x}, and show that 7 B, C By. For
any (u,v) € By, t € [a,b], it follows by the condition (A3) that

[f(Eult), o) = [f(tu(t),o(t)) — f(£0,0) + f(£,0,0)|
< [f(tu(t),o(t)) = £(£0,0)| + |f(£0,0)]
< G (flull +loll) + Ni < 4| (u,0) [ + N1 < £+ Ny

Similarly, |g(t,u(t),v(t))] < £|(u,v)|| + N2 < lox + Np. Then, for (u,v) € By,
we obtain

Ti(,0)(8)] = ‘ A (lj(l) / Sf(T,u(T),v(T))dT> ds

1
B

b 1 s
_/a (p(s)/a f(T’u(T)/U(T))dT>dS
L o1 s
+]§“j/a q(s)</ﬂ g(T,M(T),U(T))d—L—)dS
,/ab <ZZ’7E;)0¢; /:g(T’u(T)’v(T))dT>dS

+ (ioq) (:Zlﬁk/;k Pgs)</asf(*r,u(*r),v(r))dr>ds>1‘

j=1

—a)? —a)? = < —a)?
< (£1K+N1){|Blﬁ| [|B|(t . ) + (b . ) + <]§06j> (k):lﬁk@k2>>]}



Appl. Sci. 2021, 11, 4798 10 of 14

+ (zzx+Nz>{zf”;;_f‘f [(”f;“)z - “"2“)2] }

which implies that
[T1(u,0)|| < (f1x + N1)Ly + (L2x + Na) Lo.

In the same fashion, one can obtain || 72(u,v)|| < (¢1x + Ny)L3 + (Y25 + Ny) L4, where
L; (i=1,...,4) are defined by (18). Consequently, we have,

[T (u,0)]] < (b1 + N1)Oq + (bax + Np) 02 < k.

Therefore, T By C By.
Next, we show that the operator 7 is a contraction. Let (u1,v1), (u2,v2) € P x P, then

|T1(u1,01)(t) — T1(uz,v2)(t)]
dT) ds

<{/ <|p<1s>|/;

1 /Qb(pgw/; dT)”lS
+]§zx]’/u’7/ |q(15)| </as dr)ds
+/b< =1 dT>dS

+<Z )(fﬁk (/ ’fﬂn o1(7)) = £(x,2(7), 22(7))

j=1

—4)2 —a)? m n _ )2
§61(|”1uz|+|vlvz|){|;ﬂ[|3(t 5 ) +(b 5 ) + (2“]‘)(2:&(@2))}}

"o, 2
Lo [ —a)? | (b—a)?
+£2(|u1u2|+vlvz|){ ]Bzﬂ]{ J2 +( 2) )

—~

f(tur (1), 01(7)) = f(7, u2(7), 02(7))

—

f(rui (1), 01(1)) = f(T,u2(7), 02(7))

=

3

8(t,u1(1),01(7)) = g(T, u2(7), 02(7))

8(t,u1 (1), 01(7)) = g(T, u2(7), 02(7))

which leads to the following estimate:
T3 (1, 01) — Ta(uz,02) || < (4111 4 LaLa) (|[ug — ]| + [lo1 — v2). (22)
Analogously, we have
[ T2(u1,v1) — Ta(u2,02)[| < (6113 + LaLy) (|[u1 — ]| + [|o1 — v2). (23)
From (22) and (23), we obtain
T (u1,01) = T (u2,02) || < (O1£y + O2n) (|[uy — || + [[v1 — v2]), (24)

where O; (i = 1,2) are given by (17). In view of the assumption (21), it follows from (24)
that the operator 7 is a contraction. Hence, by Banach contraction mapping principle,
the operator 7 has a fixed point, which corresponds to a unique solution of the problem (1)
and (2) on [a, b]. The proof is completed. [

4. Ilustrative Examples

Example 1. Consider the following coupled system of second-order ordinary differential equations
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((

! 2
(\/th T v’(t)) — o(tu,0) = C"lsét) + o sin(dmu) + <H29> o(t), te [0,2],

9t+5
6+t

)3u’(t)> = f(t,u,v) = e’ + 2 u(t) + PP te[0,2],

39 B +105 82(1+ [o(1)])’

(25)

supplemented with the following boundary conditions:

6 (8 8 (9
) + 7u<5> + 7u<5>. (26)

3
p(t):<9t+5> and  q(t) = V22 +1,

Here,

6+t

a = O, b :2, m = 1/3, 12 :2/3, 13 = 1, (:1 :6/5, C:,(z = 7/5, (:3 = 8/5, (:4 :9/5,
a1 =23/8, ap =1/2, a3 =5/8, B1 =2/7, Bp =4/7, B3 =6/7, By =8/7.
Using the given data, it follows that |B| ~ 3.285715 # 0 (B is given by (6)), p ~ 0.578704,
g =1 L ~ 7437340, L, ~ 1.048309, L3 ~ 4.958609, Ly ~ 2.995171, [p, § and

Li (i=1,...,4) are defined in (18)], O; ~ 12.395949 and O, ~ 4.043479 [O; and O,
are given by (17)]. Obviously,

2 !

1 1 1 4
t < = — t < — 4 — il
|f( ’u’v)l — 39 + 105”1/[” + 82”0”’ |g( ,M,U)‘ — 16 + 68Hu|| + 81 ||'U||,

with g = 1/39, o9 = 2/105, 0o = 1/82, 6y = 1/16, 6; = 1/68, 6, = 4/81. Moreover,
0101 + Ox071 = 0.295576 < 1 and O107 + 070, ~ 0.350848 < 1, which imply that (20) is
satisfied. Clearly the hypotheses of Theorem 1 are satisfied. Therefore, by the conclusion of
Theorem 1, the problems (25) and (26) has at least one solution on [0, 2].

Example 2. Consider the following system:

/
9t+5\3 , 3 2 7 2 5
((6“) u (t)) =+ (t - 12) [(u(t))9 + (U(t))?], te 0,2,
/ 9 » 4
(\/th +1 v’(t)) =57 <t+ 11) [(u(t))fzi + (v(t))gl, te0,2],
subject to the coupled boundary conditions of Example 1.
Here ¢c; = 2/9, ¢; = 5/7, ky = 2/5, kp = 3/8. Evidently, the condition (A7) is
satisfied. Thus, the conclusion of Theorem 2 applies to the system (27) with boundary

conditions (26). So, there exists a solution of the problem (27) with the coupled boundary
conditions (26) on [0, 2].
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Example 3. Consider the following system:

o453, \ 3 bl
<(6—|—i’) " <t)> B 12\/m<t (t)+ 1+|U(t>|>, te [0,2]/

!
9 2 1
22 / 2 :
< 2t +1v(t)> = 7+1807Ts1n(57'[x)+18(1L 1)v(t), te0,2],

(28)

with the coupled boundary conditions (26).

Obviously, we have

| =

|f(t,u1,v1) — f(t,up,v2)| < —(Jug —up| + [v1 — v2))

S~

4

and .
|g(t,u1,v1) — g(t, uz,v2)| < E(\Ml —up| + |v1 —v2]),

with /1 = 1/44 and ¢, = 1/18. From Example 1, we conclude that
01 = 12.395949, O, =~ 4.043479 and 0141 + Oy =~ 0.506364 < 1.

Thus, by Theorem 3, the problem (28) equipped with the boundary conditions (26)
has a unique solution on [0, 2].

5. Conclusions

We have presented the sufficient criteria for the existence and uniqueness of solutions
for a coupled system of self-adjoint nonlinear second-order ordinary differential equations
supplemented with nonlocal multi-point coupled boundary conditions on an arbitrary
domain. The given boundary value problem is converted into an equivalent fixed point
operator equation, which is solved by applying the standard fixed point theorems. We have
demonstrated the application of the obtained results by constructing examples. As a special
case, our results correspond to a coupled system of self-adjoint nonlinear second-order
ordinary differential equations with mixed boundary conditions [u'(a) = 0,v'(a) = 0,
u(b) = 0,0(b) = 0] if we fix aj=0and By =0forallj=1,--- ,mandk =1,--- ,n.
Our results are new in the given configuration and contributes to the theory of Sturm-
Liouville problems.

It is hoped that several recent works (see, for example, [31-36]) will provide incen-
tive and motivation for making further advances along the lines of the demonstrated
applications of fixed point results and various operators of fractional calculus in the areas
of differential equations and their associated boundary value problems which we have
presented in this article.
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