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Abstract: Conventionally, drainage boundaries are often assumed to be either perfectly permeable
or completely impermeable. However, a more realistic approach considers continuous drainage
boundaries. In this context, an analytical solution for double drainage consolidation in vertical
drains is derived. The proposed method is evaluated against existing solutions and finite element
simulations. The study investigates the impact of drainage capacity, soil nonlinearity, smear effect,
and well resistance. The results show that the continuous drainage boundary parameters (i.e., b and c)
significantly affect the distribution of excess pore water pressure and the consolidation rate. Increasing
b and c allows realistic modeling of drainage capacity variations from impermeable to permeable
boundaries. Notably, when b ̸= c, the maximum excess pore water pressure plane shifts from the
mid-height of the foundation soil, diverging from conventional consolidation theory. Soil nonlinearity
(Cc/Ck) and boundary permeability (b and c) jointly affect consolidation. Higher Cc/Ck values
correlate with more detrimental consolidation effects. Minimizing disturbance around vertical drains
during construction is crucial due to well resistance and smear zone effects, which can significantly
slow down consolidation. This study provides an analytical solution considering soil nonlinearity for
predicting consolidation in actual engineering scenarios involving vertical drainage trenches.

Keywords: vertical drain; continuous drainage boundary; double drainage consolidation; smear
effect; well resistance

1. Introduction

Infrastructure is often constructed on reclaimed land using dredged fills in coastal
areas. However, the low permeability of dredged fills makes the developed excess pore
water pressure more difficult to dissipate. Vertical drains can introduce radial drainage
channels in the soil and decrease the seepage path, so they are often used to accelerate the
consolidation of dredged fills [1–3]. Research on the consolidation theory of vertical drains
has been carried out extensively. In 1948, Barron [4] proposed a radial consolidation theory
for vertical drain-improved ground for the first time. Since then, many researchers have
revised the original theory of Barron [4] in different aspects, such as the introduction of the
“equal strain hypothesis” [3,5,6] and the “free strain hypothesis” [7–9]. The “equal strain
hypothesis” is relatively simple and is suitable for the conditions where the additional
load is uniform and the loading area is large enough. The “free strain hypothesis” is more
difficult in the calculation, but it can better characterize the actual deformation of the
foundation. It is noted that the seepage flow can cause disturbance around vertical drains
and the drainage capacity of the sand well itself can degrade with time due to clogging,
both of which affect the consolidation characteristics of the soil. Therefore, consolidation
theories for sand wells that can consider the well resistance and the smear effect have
been developed by many researchers. For the well resistance effect, previous research
was mainly focused on the change in permeability coefficient with time or depth in the
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vertical drain [10–12]. For the smear effect, Zhang [13] and Walke [14] proposed that the
permeability coefficient in the smear zone could increase in a linear pattern or a parabolic
pattern with the distance away from the sand well, based on which two different analytical
solutions for vertical drain consolidation were derived [15–17].

It should be emphasized that most investigations were carried out to analyze the
consolidation problem of vertical drains in an effort to use the most appropriate input
parameters for capturing the time-dependent drainage behavior in both the vertical drain
and the smear zone. For consolidation problems, there are three components that can
influence the accuracy of the calculation except the use of input parameters: the governing
equations and the initial and boundary conditions. Among these aspects, the boundary
conditions play an important role, as they can significantly affect the dissipation of excess
pore water pressure and the consolidation rate. For example, if soil with a vertical drain
is packed in an impervious plastic bag, the pore water can never be drained out from the
boundary, no matter how the loading is applied and how long the loading time. In reality,
the drainage capacity at the boundaries lies within the zero drainage conditions for an
impervious boundary and the maximum drainage conditions for a pervious boundary.

The conventional consolidation theory for vertical drain-improved ground is generally
developed by assuming that the boundary at the ground surface is completely pervious and
the bottom of the soil layer is fully impervious [18,19]. Actually, both boundaries should
be characterized as an interface with a drainage capacity that is closer to a state between
pervious and impervious in practice, instead of an extreme state. To tackle this limitation,
Gray [18] first proposed an impeded boundary, after which extensive efforts have been
made in this direction [19–21]. However, the physical meaning of impeded boundary
conditions is unclear because it cannot quantify the permeability at the boundary interface.
Furthermore, the calculation process is difficult. Based on this, Mei et al. [22] proposed a
continuous drainage boundary, wherein the dissipation of the excess pore water pressure
at the boundary is linked to time. Subsequently, Mei et al. [23] derived an analytical
solution for one-dimensional consolidation problems using continuous drainage boundary
conditions and compared it with classical one-dimensional consolidation solutions. Zhang
et al. [24] extended the application of continuous drainage boundaries to two-dimensional
consolidation problems by considering both horizontal and vertical flow. In recent years,
Mei et al. [25] h investigated interface parameter estimation methods, addressing the
limitations in considering different drainage capacities at the upper and lower boundaries.
At present, continuous drainage boundary conditions are predominantly employed in
the context of one-dimensional consolidation. However, the consideration of different
drainage capacities at the upper and lower interfaces in three-dimensional vertical drainage
consolidation remains limited.

In this paper, a closed-form solution is derived for the three-dimensional consolidation
problem of sand well-improved ground, where both the top and bottom interfaces are
assumed as continuous drainage boundaries. Comparison between the proposed solution
and Lu’s solution [26] is conducted to evaluate the effectiveness of the present solution.
Additionally, the influence of input parameters for the well resistance and the smear zone
on the calculations of excess pore water pressure and consolidation degree is discussed in
detail.

2. Drainage Boundary Condition

A consolidation theory has three components: the governing equations and the initial
and boundary conditions. Most analytical solutions of conventional consolidation theories
are developed based on Terzaghi’s [27] initial and boundary conditions, which are defined
as follows:

Initial conditions:
u(t, z) |t=0 = p (1)

Boundary conditions:
u(t, z) |z=0 = 0 (2)
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∂u
∂z

|z=h = 0 (3)

In this equation, u is the excess pore water pressure, z is the depth, t is the consolidation
time, and p is the constant instantaneously applied load on the ground surface.

In Equation (1), when z = 0, the developed excess pore water pressure u at the ground
surface upon the instantaneously applied surcharge (t = 0) is derived by:

u(0, 0) = p (4)

In Equation (2), when t = 0, the excess pore water pressure at the top boundary
interface calculated from the boundary conditions can be obtained as:

u(0, 0) = 0 (5)

By comparing Equations (4) and (5), it is found that the initial and boundary conditions
are contradictory:

In addition, the conventional consolidation theory regards the top surface as com-
pletely pervious and the bottom surface as perfectly impervious, which is contrary to reality.
In practice, a drainage boundary is expected to have the following characteristics:

(1) At the initial time (t = 0), the excess pore water pressure at any depth cannot dissipate,
which means u(0, z) = p;

(2) As time goes by, the excess pore water pressure at the boundary decreases monotonously;
(3) When the consolidation time is sufficiently long, the excess pore water pressure in the

soil is completely dissipated, that is, when t → ∞ , u = 0.

Mei et al. [22] proposed continuous drainage boundary conditions using a negative
exponential function that can fulfill all above features, as follows:

u(z, t)|z=0 = pe−bt (6)

In this equation, b is the interface parameter, which reflects the time-dependent
drainage capacity at the boundary. The parameter b can be experimentally derived by
back-calculating the variations in excess pore water pressure at a boundary interface in
the laboratory or in the field and is positively proportional to the drainage capacity at
the boundary interface. Equation (6) has the following features: u(0, 0) = p, when t = 0
and u(t, 0) = p when b = 0, satisfying the initial conditions; u(∞, 0) = 0 when t → ∞ ,
enabling the excess pore water pressure to reduce to zero at infinite time; and u(t, 0) = 0
when b → ∞ , degenerating the continuous drainage boundary into a completely pervious
drainage boundary.

For the three-dimensional consolidation problem of vertical drain-improved ground
under a constant load, the contradiction between the initial and boundary conditions in
conventional theories still exist. Therefore, Equation (6) is employed to derive the double
drainage consolidation theory for vertical drains.

3. Double Drainage Consolidation for Vertical Drains
3.1. Assumptions

The double drainage model for vertical drain-improved ground is idealized as shown
in Figure 1, where rw, rs, and re are the radius of the vertical drain, the smear zone, and the
intact zone, respectively; kh and kv are the radial and vertical permeability coefficients of
the surrounding soil, respectively; ks and kw are the permeability coefficients of the smear
area and the vertical drain, respectively, which can be used to characterize the smear effect
and the well resistance of the vertical drain. In addition, p is the constant instantaneously
applied load, and H is the depth of the ground. Sand cushions are arranged at both the
top and bottom boundaries to enable the dissipation of excess pore water pressure at the
drainage interfaces.
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Figure 1. Vertical drain-improved foundation model.

The establishment of the double drainage consolidation solution for vertical drains is
based on the following assumptions:

(1) The equal strain hypothesis is adopted as the surcharge load is uniformly distributed
over the large ground surface, and the seepage flow can be described by Darcy’s law;

(2) At any time, the amount of water flowing into the vertical drain from the surrounding
soil is equal to the amount that is discharged at drainage boundaries from the vertical
drain;

(3) During the process of consolidation, the permeability and compression coefficients
remain unchanged;

(4) The contribution of the soil’s self-weight to the consolidation process is ignored.

3.2. Derivation of Governing Equation

(1) Strain equilibrium

The surcharge load is applied uniformly and instantly on the ground surface. The
assumption of equal strain yields the following equations:

∂εv

∂t
=

1
Es

∂(σ0 − ur)

∂t
= − 1

Es

∂ur

∂t
(7)

ur =
1

π(r2
e − r2

w)

∫ re

rw
2πrur(r, z, t)dr (8)

where εv is the volumetric strain, being equivalent to the vertical strain, since there is no
confinement in the lateral direction that can cause lateral strains; Es is the modulus of
compression of the ground soil; σ0 is the total stress, and σ0 = p; ur and ur are the excess
pore-water pressure and the average excess pore water pressure in the soil, respectively.

(2) Seepage flow continuity

A unit ring with a height of dz and a thickness of dr is taken from the vertical drain-
improved ground model, as shown in Figure 2. The flow velocities from the inner surface
and the upper surface of the unit ring model are assumed to be vh and vv, respectively. The
flow velocities from the outside surface and the bottom surface of the unit ring mode are
vh + ∂vh

∂r and vv +
∂vv
∂z , respectively.
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The change of seepage flow through the unit ring model can be expressed as follows:

∂Q
∂t =

[
vv − (vv +

∂vv
∂z dz)

]
·
[
π(r + dr)2 − πr2

]
+{

vh · (2πr)− (vh + ∂vh
∂r dr)[2π(r + dr)]

}
dz

(9)

The volume change of the unit ring model can be derived as follows:

∂V
∂t

= π
[
(r + dr)2 − r2

]
dz · ∂εv

∂t
(10)

It is assumed that the volume change in the unit ring is simply induced by the seepage
flow, i.e., ∂V

∂t = ∂Q
∂t , and the following equation can then be obtained:

−1
r
(vh + r

∂vh
∂r

)− ∂vv

∂z
=

∂εv

∂t
(11)

The seepage flow is described by Darcy’s law as:{
vh = kh

γw
∂ur
∂r

vv = kv
γw

∂ur
∂z

(12)

Substituting Equation (12) into Equation (11) gives:

1
r

kh
γw

∂ur

∂r
+

kh
γw

∂2ur

∂r2 +
kv

γw

∂2ur

∂z2 = −∂εv

∂t
(13)

According to the study by Lu [26], Equation (13) can be written as Equation (14) to
avoid the derivation of the piecewise function caused by the difference in permeability
coefficient between the smear zone and the intact zone.

1
r

∂

∂r

[
kr(r)
γw

r
∂ur

∂r

]
+

kv

γw

∂2ur

∂z2 = −∂εv

∂t
(14)

where
kr(r) = kh f (r) (15)

f (r) =

{
ks
kh

= α rw < r < rs

1 rs < r < re
(16)

In Equation (16), α is a constant. Since both the permeability and compression co-
efficients are kept constant through the consolidation process, the following equation is
derived: [

2πrdz · kr(r)
γw

∂ur

∂r

]∣∣∣∣
r=rw

= −πr2
wdz · kw

γw

∂2uw

∂z2 (17)

3.3. Derivation of Analytical Solution

As described in Section 3.2, the main governing equations for the vertical drain-
improved ground with double continuous drainage boundary conditions could be derived
under the following conditions:
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Initial conditions:
ur(z, t)|t=0 = uw(z, t) |t=0 = p (18)

Boundary conditions:
∂ur

∂r

∣∣∣∣
r=re

= 0 (19)

uw|z=0 = pe−bt (20)

uw|z=H = pe−ct (21)

ur|r=rw
= uw (22)

It should be emphasized that the boundary conditions at the bottom are also charac-
terized using the proposed continuous drainage boundary conditions, but with a different
interface parameter c. The parameter c preserves the same definition of the interface
parameter b described in Section 2. Different notation is used herein for clarity in the
derivation.

Equation (14) is integrated twice with respect to r to derive the following equation:

ur = uw +
γw

2kh
(

∂εv

∂t
+

kv

γw

∂2ur

∂z2 )
[
r2

e A0(r)− B0(r)
]

(23)

where

{
A0(r) =

∫ r
rw

dτ
τ f (τ)

B0(r) =
∫ r

rw
τdτ
f (τ)

.

Substituting Equation (23) into Equation (8) yields:

ur = uw +
γwr2

e J
2kh

(
∂εv

∂t
+

kv

γw

∂2ur

∂z2 ) (24)

where J is a constant related to the properties of the vertical drain and can be calculated by:

J =
n2

n2 − 1

[(
kh
ks

− 1
)

ln s + ln n +
(s2 − 3)(s2 − 1)

4n2
kh
ks

− (s2 − 3)(s2 − 1)
4n2

]
where s = rs

rw
is the radius ratio of the smear zone to the vertical drain; and n = re

rw
is the

radius ratio of the intact zone to the vertical drain.
The derivative of r in Equation (23) can be solved and substituted into Equation (17),

from which Equation (25) is obtained, as follows:

kw

γw

∂2uw

∂z2 = −(n2 − 1)(
∂εv

∂t
+

kv

γw

∂2ur

∂z2 ) (25)

Combining Equations (24) and (25) yields:

ur = uw + B
∂2uw

∂z2 (26)

Equations (7) and (26) are substituted into Equation (24) to eliminate the terms of ∂εv
∂t

and ur, and then the equation can be expressed by uw.

A
∂4uw

∂z4 + B
∂3uw

∂z2∂t
+ C

∂2uw

∂z2 +
∂uw

∂t
= 0 (27)

where A = r2
e JkwkvEs

2(n2−1)khγw
, B= − r2

e Jkw
2(n2−1)kh

, and C= − kvEs(n2−1)+kwEs
(n2−1)γw

are three constants re-
lated to the parameters of the vertical drain and the surrounding soil.
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Equation (27) can be solved with the initial conditions (18), and the boundary condi-
tions (20) and (21). By homogenizing the boundary conditions, the developed excess pore
water pressure at an arbitrary time and spatial location can be calculated, as follows:

uw(z, t) = v(z, t) +
(H − z)pe−bt

H
+

zpe−ct

H
(28)

For the homogenized governing equation, the initial and boundary conditions are
written as follows:

Initial conditions:
v(z, 0) = 0 (29)

Boundary conditions: {
v(0, t) = 0 (30)

v(H, t) = 0 (31)

Subsequently, the eigenfunction expansion method is employed in this investigation
to solve the double drainage solution for vertical drains, as follows:

v(z, t) =
∞

∑
m=1

gm(t) · sin
(

M
H

z
)

(32)

where M = mπ, m = 1, 2, 3. . .
Substituting Equation (28) into Equation (27) gives:

A
∂4v
∂z4 + B

∂3v
∂z2∂t

+ C
∂2v
∂z2 +

∂v
∂t

=
(H − z)pbe−bt

H
+

zpbe−bt

H
(33)

Substituting Equation (32) into Equation (33), according to the Fourier transform,
gives:

∞
∑

m=1

[
g′m(t) +

A(M
H )

4−C(M
H )

2

1−B(M
H )

2 gm(t)
]
· sin

(
M
H z

)
=

∞
∑

m=1

[
1

1−B(M
H )

2
2p
M

][
be−bt − (−1)mce−ct

]
· sin

(
M
H z

) (34)

Equation (34) is then simplified into Equation (35), as follows:

∞

∑
m=1

[
g′m(t) + Y · gm(t)

]
=

∞

∑
m=1

(N1 pe−bt + N2 pe−ct) (35)

where Y =
A(M

H )
4−C(M

H )
2

1−B(M
H )

2 , N1 = 1
1−B(M

H )
2

2b
M , and N2 = −(−1)m

1−B(M
H )

2
2c
M .

The following equation is obtained by solving Equation (35) with the initial condi-
tions (29):

gm(t) =
∞

∑
m=1

[
N1 p

Y − b
(e−bt − e−Yt) +

N2 p
Y − c

(e−ct − e−Yt)

]
(36)

Substituting Equation (36) into Equation (32) yields:

v(z, t) =
∞

∑
m=1

[
N1 p

Y − b
(e−bt − e−Yt) +

N2 p
Y − c

(e−ct − e−Yt)

]
sin

(
M
H

z
)

(37)

Then, the excess pore water pressure in the vertical drain can be obtained by substitut-
ing Equation (37) into Equation (28), as follows:

uw(z, t) = (H−z)pe−bt

H + zpe−ct

H +
∞
∑

m=1

[
N1 p
Y−b (e

−bt − e−Yt) + N2 p
Y−c (e

−ct − e−Yt)
]

sin
(

M
H z

) (38)
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According to Equation (26), the average excess pore water pressure in the vertical
drain-improved ground can be derived as:

ur(z, t) = (H−z)pe−bt

H + zpe−ct

H +
∞
∑

m=1

[
N1 p
Y−b (e

−bt − e−Yt) + N2 p
Y−c (e

−ct − e−Yt)
]
·
[

1 − B
(

M
H

)2
]

sin
(

M
H z

) (39)

The average consolidation degree can be calculated based on the ratio between the
average excess pore water pressure and the applied load by:

U =
Sct

St
= 1 −

1
H
∫ H

0 urdz
p

(40)

Substituting Equations (38) and (26) into Equation (40), the average consolidation
degree for the double drainage problem of vertical drain-improved ground with continuous
boundary condition can be obtained, as follows:

U = 1 − e−bt+e−ct

2 −
∞
∑

m=1

{
[1−(−1)m]

M

[
1 − B

(
M
H

)2
]
·
[

N1
Y−b (e

−bt − e−Yt) + N2
Y−c (e

−ct − e−Yt)
]} (41)

3.4. Evaluation of the Proposed Solution

In order to assess the effectiveness of the proposed solution, degeneration to the de-
veloped method is conducted, and the calculation is compared with existing solutions of
Lu [26] and Xie and Zeng [28]. In the double drainage consolidation theory, the continuous
drainage interface at the bottom boundary cannot be directly degraded into an impervious
one by mathematical methods. For one-dimensional consolidation, if the drainage capaci-
ties at the top and bottom interfaces are considered to be identical, i.e., b = c, the excess pore
water pressure in the soil could have a maximum value at the mid-height, which distributes
symmetrically with respect to the plane of maximum excess pore water pressure, given that
the soil’s self-weight is neglected [29]. The schematic illustration of the plane of maximum
excess pore water pressure at the mid-height of the foundation soil (i.e., H/2) is depicted in
Figure 3. On this basis, the conventional one-dimensional consolidation theory can be used
to calibrate the present solution.
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Figure 3. Definition of the plane of maximum excess pore water pressure in the soil with continuous
drainage boundary conditions at both the top and bottom boundaries.

According to Section 2, when the interface parameter approaches infinity, the con-
tinuous drainage boundary conditions can be degraded to the conventional completely
pervious boundary conditions.
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Therefore, the assumption of b = c→∞ and h = H/2 can simplify the double contin-
uous drainage consolidation model into a double drainage problem with two pervious
boundaries, and the average consolidation degree is reduced to Equation (42), as follows:

Us = 1 −
∞

∑
k=1

2
M2

s
e−Y′t (42)

where Ms =
2k−1

2 π, k = 1, 2, 3 . . ., and Y′ =
A(Ms

h )
4−C(Ms

h )
2

1−B(Ms
h )

2 .

Obviously, Equation (42) is consistent with the corresponding equation of Lu [26] for a
single drainage problem with a pervious boundary at the top and an impervious boundary
at the bottom derived using the conventional consolidation theory.

If kv = 0, Equation (42) can be further reduced to a consolidation model that only
considers the radial drainage. The average degree of consolidation is then calculated as
follows:

U = 1 −
∞

∑
k=1

2
M2

s
e−βt (43)

where β =

2Eskh
γw Jr2

e
(Ms

h )
2

2(n2−1)kh
r2
e Jkw

+(Ms
h )

2 .

This equation is consistent with the result obtained by Xie and Zeng [28].
Due to the symmetry of the distribution of excess pore water pressure, the results of

average excess pore water pressure at the depth of 0–4 m for a soil medium with a total
thickness of 8 m calculated using the proposed method in Equation (39) are plotted in
Figure 4, along with the calculated curves for a single drainage problem of a soil medium
with a total thickness of 4 m according to Lu’s solution [26]. Parameters used in the
calculation are obtained from a coastal reclamation project in Cangnan County, Zhejiang
Province, China, as shown in Table 1. The time factor for the ground soil in the horizontal
direction is defined as Th = Cht

r2
e

.
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Table 1. Physical parameters of the soil.

Depth, H (m)
Permeability Coefficient, k (m/d)

Es (kPa)
Radius, r (m)

kh kv ks kw re rs rw

8 4.3 × 10−4 2.16 × 10−4 4.31 × 10−5 1.08 2000 2.5 1 0.25
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It can be seen from Figure 4 that the curves of average excess pore water pressure
calculated using the proposed approach at different time factors are consistent with those
derived using the method of Lu [26], demonstrating the efficacy of the developed technique.

4. Parametric Analysis
4.1. Average Excess Pore Water Pressure

The drainage capacities at the top and bottom boundaries (i.e., interface parameters b
and c) have a significant influence on the dissipation of average excess pore water pressure,
which can directly reflect the consolidation process. Figure 5 illustrates the variations
in average excess pore water pressure with depth for vertical drain-improved ground
with equal drainage capacities at both the top and bottom boundary interfaces (i.e., b = c)
at a time factor of Th = 1.4 (equivalent to t = 100 d). It can be seen that the average
excess pore water pressure increases with the decrease in interface parameter. The average
excess pore water pressure curve for b = c = 200 coincides with the curve for b = c = 2.
Meanwhile, the excess pore water pressures at the top and bottom boundaries are zero.
Hence, it can be concluded that a drainage boundary becomes completely pervious when
the interface parameter is greater than 2. Unlike the conventional consolidation theory,
when the interface parameters are smaller than 2, that is, when both boundary interfaces
are in an intermediate drainage state between fully pervious and perfectly impervious, the
excess pore water pressures at the boundaries are no longer zero in the proposed solution.
As expected, for the case of b =c, the distribution of average excess pore water pressure is
symmetrical about the mid-height of the foundation soil, at which the plane of maximum
excess pore water pressure is located. The drainage capacity at the boundaries decreases
gradually with the decrease in interface parameter, along with which the profile of average
excess pore water pressure moves to the right with higher magnitudes at all depths.
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In Figure 6, the profiles of average excess pore water pressure in vertical drain-
improved ground with different drainage capacities at the top and bottom boundaries
(i.e., b ̸= c) at a time factor of Th = 1.4 (equivalent to t = 100 d) are investigated. In all
calculations, the interface parameter at the top is adopted as b = 2 to simulate a completely
pervious boundary, such that the average excess pore water pressure at the ground surface
is always zero. As the interface parameter c at the bottom boundary varies from 0.2 to
0.002, it represents a gradually weakened drainage capacity at the bottom. Therefore, the
average excess pore water pressure at the bottom boundary increases gradually from zero
with the decrease in c, and the curve of average excess pore water pressure moves to the
right. This demonstrates that the dissipation of average excess pore water pressure can be
significantly influenced by the drainage capacity at the bottom. Moreover, it is interesting
to note that when b ̸= c, the plane of maximum excess pore water pressure is no longer at
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the mid-height of the foundation soil. With the decrease in c, the plane of maximum excess
pore water pressure gradually moves towards to the boundary with a lower drainage
capacity.
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Additionally, ABAQUS (2017) is widely used in various engineering fields for its
powerful nonlinear solver [30,31], and continuous drainage boundaries can be realized
through its DISP subroutine [32]. In order to strengthen the validation of the analytical
results, Figure 6 compares the theoretical computational analytical solution of the mean
overpressure with the numerical solution obtained through the finite element software
ABAQUS, and the trends and results of both are very consistent.

The phenomenon of asymmetric distribution of excess pore water pressure without
consideration of the soil’s self-weight has not been taken into account in the conventional
consolidation theory. In practice, the drainage capacities at both the top and bottom
boundaries often differ, and as such, a horizontal drain (i.e., sand cushion) should be set at
the plane of maximum excess pore water pressure to efficiently accelerate the consolidation
process of the foundation soil. More details regarding the optimization of horizonal drains
in clay-drain reclamation can be found in Feng et al. [29].

Figure 7 illustrates the impact of soil nonlinearity. As depicted in the figure, with the
increase in the ratio of compression index to permeability index (Cc/Ck), the pore pressure
under the same boundary conditions gradually increases, indicating a gradual attenuation
of dissipation. This phenomenon is primarily attributed to the elevated Cc/Ck ratio,
signifying a gradual decrease in soil permeability. Consequently, the overall permeability of
the foundation decreases, leading to a slowdown in pore pressure dissipation. Furthermore,
contrasting pore pressure curves for different bottom permeabilities reveal the significant
influence of Cc/Ck on the dissipation and distribution of pore pressure, and it diminishes
the impact of boundary conditions on pore pressure. For instance, comparing the curve
with b = 2, c = 0.2, and Cc/Ck = 0.6 to the curve with b = 2, c = 0.002, and Cc/Ck = 0.3, it
is observed that in the upper part of the soil, where the ground permeability is lower, the
dissipation of pore pressure is faster. This can be mainly attributed to the improvement in
soil permeability resulting from the reduced Cc/Ck value. Hence, it is evident that in the
prediction and calculation of soil consolidation, consideration must be given not only to
the permeability of the boundary interface but also to the inherent permeability of the soil
itself, as it significantly influences the consolidation process.
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4.2. Average Consolidation Degree

The variations in average consolidation degree with time factor can intuitively exhibit
the consolidation speed. Input parameters, such as the interface parameters, the well
resistance, the radius of the smear zone, and the smear permeability coefficient, can all
affect the consolidation process. In the parametric study, the parameters defined in Table 1
are employed, and the results are given in Figures 8–14.
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Figure 9 illustrates the influence of soil nonlinearity on the average degree of con-
solidation. As depicted in the graph, both interface parameters and soil nonlinearity ex-
ert significant effects on the degree of consolidation. The introduction of nonlinear pa-
rameters alters the impact of interface parameters on the average consolidation degree of 
the soil. Similar to the earlier analysis of excess pore water pressure, nonlinearity affects 
the overall permeability of the soil. Consequently, when combined with the influence of 
boundary permeability, this results in a noteworthy alteration in the consolidation curve 
compared to the scenario where soil nonlinearity is not considered. 

In Figure 10, the consolidation curves calculated for vertical drain-improved 
ground with different combinations of interface parameters are compared. Essentially, 
the case of b = c can be used as a control for double continuous drainage conditions, 
against which the interface parameter at the bottom boundary is lowered to a value of c 
= 0.00001, representing an impervious boundary for single continuous drainage condi-
tions for comparison. The results show that the interface parameter has a significant ef-
fect on the average consolidation degree, regardless of the drainage conditions at the 
boundaries (i.e., single or double drainage model). As expected, the consolidation speed 
of the double continuous drainage model is much faster than that of the single continu-
ous drainage model, because the vertical seepage path under double drainage conditions 
is much shorter than that under single drainage conditions. In a conventional manner, 
the average consolidation degree of vertical drain-improved ground is calculated by the 
single drainage model, where the consolidation speed can be underestimated. The re-
sults also demonstrate that if a ground improvement project requires a shorter consoli-
dation time, pre-setting a horizontal drain (i.e., sand cushion) at the bottom is suggested 
before filling dredged materials, which can significantly accelerate the consolidation 
speed. 

Figure 9. Influence of soil nonlinearity on average consolidation degree.
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Figure 11. Influence of well resistance on the average consolidation degree. 

Figure 12 illustrates the influence of the radius of the smear zone on the average 
consolidation degree. Again, the parameter s = rs/rw represents the radius ratio of the 
smear zone to the vertical drain. A larger s value represents the case where a vertical 
drain can cause a greater extent of disturbance around a vertical drain, corresponding to 
a larger radius of the smear zone. It can be seen that the consolidation speed obviously 
accelerates as s decreases, where the consolidation curve moves to the left (i.e., a higher 
average consolidation degree at a specific time factor). 

Figure 10. Comparison of average consolidation degree between single and double continuous
drainage consolidation models.
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According to Figure 5, when the interface parameters at both boundaries are b = c = 2,
the top and bottom interfaces are completely pervious. Figure 8 presents the consolidation
curves calculated for different combinations of equal interface parameters. It can be seen
that the consolidation speed gradually decreases with decreases in b and c, since the
consolidation curve moves to the right. At a specific time factor, the average consolidation
degree becomes smaller when the interface parameter decreases or the drainage capacity at
the boundaries reduces. This proves that the drainage capacities at both the top and bottom
boundaries can greatly affect the dissipation of excess pore water pressure in the vertical
direction. In practice, a completely pervious boundary rarely exists. Therefore, the average
consolidation degree could be overestimated for vertical drain-improved ground using the
conventional consolidation theory with completely pervious boundary conditions, which
is consistent with the observations of Feng et al. [29].

Furthermore, similar to the pore pressure analysis, a comparison between analytical
and numerical solutions for the degree of consolidation was undertaken. As illustrated
in Figure 9, the results obtained from finite element calculations using ABAQUS exhibit
close correspondence to the theoretical calculations proposed in this study. The maximum
disparity between the two approaches is approximately 5%, and this difference is even
smaller when considering the time required to achieve complete consolidation. This com-
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parison serves as an additional validation of the applicability of the theoretical framework
presented in this paper.

Figure 9 illustrates the influence of soil nonlinearity on the average degree of consol-
idation. As depicted in the graph, both interface parameters and soil nonlinearity exert
significant effects on the degree of consolidation. The introduction of nonlinear parameters
alters the impact of interface parameters on the average consolidation degree of the soil.
Similar to the earlier analysis of excess pore water pressure, nonlinearity affects the overall
permeability of the soil. Consequently, when combined with the influence of boundary
permeability, this results in a noteworthy alteration in the consolidation curve compared to
the scenario where soil nonlinearity is not considered.

In Figure 10, the consolidation curves calculated for vertical drain-improved ground
with different combinations of interface parameters are compared. Essentially, the case of
b = c can be used as a control for double continuous drainage conditions, against which
the interface parameter at the bottom boundary is lowered to a value of c = 0.00001, repre-
senting an impervious boundary for single continuous drainage conditions for comparison.
The results show that the interface parameter has a significant effect on the average con-
solidation degree, regardless of the drainage conditions at the boundaries (i.e., single or
double drainage model). As expected, the consolidation speed of the double continuous
drainage model is much faster than that of the single continuous drainage model, because
the vertical seepage path under double drainage conditions is much shorter than that under
single drainage conditions. In a conventional manner, the average consolidation degree
of vertical drain-improved ground is calculated by the single drainage model, where the
consolidation speed can be underestimated. The results also demonstrate that if a ground
improvement project requires a shorter consolidation time, pre-setting a horizontal drain
(i.e., sand cushion) at the bottom is suggested before filling dredged materials, which can
significantly accelerate the consolidation speed.

In Figure 11, the influence of different permeability coefficients of the vertical drain
on the average consolidation degree is investigated. The magnitude of the permeability
coefficient of the vertical drain can directly represent the well resistance. It shows that
with the increase in kw, the permeability of the vertical drain becomes higher, leading to
a less significant well resistance effect. Due to the weakened well resistance effect, the
consolidation curve moves to the left, where the average consolidation degree is higher at
a given time factor, and the consolidation speed is accelerated. For a low value of kw, the
well resistance effect becomes more apparent, and the seepage flow through the vertical
drain is reduced. Therefore, it is of significance to increase the drainage capacity of vertical
drains (i.e., sand well) in ground improvement projects.

Figure 12 illustrates the influence of the radius of the smear zone on the average
consolidation degree. Again, the parameter s = rs/rw represents the radius ratio of the
smear zone to the vertical drain. A larger s value represents the case where a vertical
drain can cause a greater extent of disturbance around a vertical drain, corresponding to
a larger radius of the smear zone. It can be seen that the consolidation speed obviously
accelerates as s decreases, where the consolidation curve moves to the left (i.e., a higher
average consolidation degree at a specific time factor).

The influence of the permeability coefficient in the smear zone on the average con-
solidation degree is evaluated in Figure 13. The ratio of ks/kh represents the permeability
coefficient ratio of the smear zone to the intact zone. With the decrease in ks/kh, the perme-
ability coefficient of the smear zone decreases, that is, the disturbance becomes more critical.
When ks/kh = 1, the permeability coefficient of the smear area is the same as that of the
intact zone, namely, the vertical drain does not result in the smear effect. From Figure 13, it
is found that the consolidation speed increases greatly as ks/kh increases. To sum up, the
range and the permeability coefficient of the smear zone have significant influences on the
average consolidation degree, since the smear effect can reduce the radial seepage flow.
Therefore, the disturbance around vertical drains should be reduced as much as possible
during the installation of vertical drains.
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In Figure 14, a comparison of the average consolidation degree under different assump-
tions about the vertical drain is carried out. An ideal well refers to a vertical drain model
with perfectly pervious drainage boundaries at both the top and bottom interfaces, and
there is no smear effect or well resistance effect, i.e., b = c = 2, ks = kh, and the permeability
coefficient of the vertical drain is 10kw. A well resistance model refers to the case with
completely pervious drainage boundaries at the top and bottom interfaces, in which the
well resistance effect is considered but not the smear effect, i.e., b = c = 2, ks = kh, and the
permeability coefficient of the vertical drain is 0.1kw. A smear model corresponds to the
situation with fully pervious drainage boundaries at both the top and bottom, where the
smear zone is taken into account but not the well resistance effect, i.e., b = c = 2, ks = 0.1kh,
and the permeability coefficient of the vertical drain is 10kw. A realistic well model rep-
resents the conditions in which both the top and bottom interfaces are characterized by
time-dependent continuous drainage boundaries, and the drainage capacities at the two
boundaries are different. Meanwhile, the realistic well model takes into account the well
resistance effect and the smear effect, i.e., b = 0.2, c = 0.02, ks = 0.1kh, and the permeability
coefficient of the vertical drain is kw. It can be seen from Figure 12 that the consolidation
speed calculated using the ideal well model is significantly higher than that derived using
other models. The consolidation speed from the realistic well model is the lowest, since
this model can consider all of the effects, including the time-dependent drainage capacity
at interfaces with continuous drainage boundary conditions, the well resistance effect, and
the smear effect.

The choice of interface parameters, the well resistance, and the smear zone are all
important factors that can affect the consolidation process of vertical drain-improved
ground. In the calculation, ignoring one of these factors can lower the accuracy of the
consolidation prediction. In practice, installation of a horizontal drain (i.e., sand cushion) is
an effective way to accelerate the consolidation rate. Meanwhile, it is imperative to increase
the permeability of vertical drains and reduce the disturbance around vertical drains.

5. Conclusions

Traditional consolidation theories for most vertical drain-improved soil layers are
based on the assumption of an impermeable lower boundary and a permeable upper
boundary. However, in practical applications, this may not always hold true. Under con-
stant instantaneous loading, the initial and boundary conditions in existing methods are
mathematically contradictory. To address this issue, we introduce continuous drainage
boundary conditions to characterize the time-dependent drainage behavior at the bound-
aries and compare the results with those obtained using existing finite element numerical
methods. We solve the three-dimensional consolidation of vertical drain-improved ground.
We then conduct parameter studies to investigate soil consolidation behavior. The following
conclusions can be drawn:

(1) By varying the interface parameters b and c, continuous boundary conditions can
simulate drainage capacity changes over time from fully permeable to completely
impermeable, overcoming the limitations of traditional boundary conditions that can
only model extreme drainage states.

(2) Boundary drainage capacity significantly influences the consolidation process. As
the interface parameters decrease, the drainage capacity of the continuous drainage
boundary decreases, leading to a noticeable reduction in the consolidation rate of the
foundation soil.

(3) Under continuous drainage boundary conditions, when the drainage capacities of the
upper and lower interfaces differ, the maximum excess pore water pressure plane is
no longer located at the mid-high level of the foundation soil. This achievement is
challenging for traditional consolidation theories.

(4) The interaction between soil nonlinearity and foundation boundary permeability
has a significant impact on consolidation characteristics. Soil nonlinearity parameter
Cc/Ck with a value of 0 (without considering the nonlinearity) results in the shortest
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consolidation time, while on the contrary, larger values of Cc/Ck (Cc/Ck = 0.9) are
less favorable for pore pressure dissipation or soil consolidation.

(5) The consolidation rate under dual drainage conditions is significantly faster than un-
der single drainage conditions. The drainage capacity of the bottom boundary should
not be overlooked, and horizontal drainage trenches (such as sand cushions) can be
installed before filling with dredged material to accelerate the consolidation process.

(6) The well resistance effect and the smear effect have obvious adverse influences on the
dissipation of average excess pore water pressure. Therefore, it is important to reduce
the disturbance around vertical drains and increase the permeability of vertical drains
as far as possible.
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