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Abstract: In this paper, we review the upper bound method in plasticity with special reference
to metal forming processes. We focus on the method itself, solution methods, and restrictions
of the upper bound method. Particular upper bound solutions are not considered. The upper
bound theorem is formulated using the work function, which is different from conventional proofs.
This approach allows for a unified formulation for several types of rigid plastic materials. The
solution methods include upper bound elemental techniques, streamline-based methods, and singular
solutions. The major restrictions are related to stationary processes and friction laws.
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1. Introduction

In the present paper, we review the upper bound method and its application to
metal forming processes. The first systematic review on this topic was provided in [1]. The
present review encompasses a larger class of constitutive equations and concerns the general
approaches and restrictions. Routine particular upper bound solutions are not analyzed,
although a few references to such solutions are included to illustrate general approaches.

The paper consists of three main parts. The first part discusses the upper bound
theorem based on the work function introduced in [2]. This formulation is not used in
textbooks and monographs on plasticity theory. The general theorem applies to several par-
ticular work functions. The second part reviews several common methods for constructing
kinematically admissible velocity fields involved in the theorem. Most of these methods
have been developed and used in the literature for the material model based on the von
Mises yield criterion. However, they can be used in conjunction with the formulation of
the theorem used in the present paper, which allows for the consideration of much more
general yield criteria. The third part addresses the major restrictions of the upper bound
method. The emphasis here is on stationary processes and friction, both of which are
important for the modeling of metal forming processes.

2. Upper Bound Theorem
2.1. Work Function

Isotropic rigid plastic solids whose yielding is independent of hydrostatic stress are
considered. A large class of such solids is defined by the following constitutive equation:

sij =
∂E
∂ξij

. (1)
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Here, sij are the components of the deviatoric stress tensor, ξij are the components of
the strain rate tensor, and E is the work function introduced in [2]. It is a function of ξij and
is supposed to be convex. Therefore,

E
(

ξ∗ij

)
− E

(
ξij

)
≥∑

i,j

(
ξ∗ij − ξij

) ∂E
∂ξij

(2)

For any pair ξij and ξ∗ij. In the case of incompressible materials, E depends on the
deviator of the strain rate tensor.

In what follows, the following summation convention applies. In a quantity containing
two repeated suffixes, for example sijξij, the summation must be carried out for all values
1, 2, and 3 of both i and j. In a quantity containing one repeated suffix, the summation must
be carried out for all values 1, 2, and 3 of this suffix.

Without body forces, the virtual work-rate principle of a continuum reads∫
σijξijdV =

∫
tiuidS. (3)

Here, the first integral is taken through the volume of a plastic mass and the second
over its surface. Also, σij are the components of the stress tensor, ti are the surface tractions,
and ui are the components of the velocity vector. If the velocity field satisfies the equation
of incompressibility, Equation (3) becomes∫

sijξijdV =
∫

tiuidS. (4)

A velocity field is said to be kinematically admissible if it satisfies the velocity bound-
ary conditions, and the strain rate tensor is derivable from this field. In the case under
consideration, the velocity field should be solenoidal. However, this is unnecessary for
plastically compressible materials [3]. In what follows, s, u, and ξ denote the actual devia-
toric stress, velocity, and strain rate. The kinematically admissible velocity and strain rate
are denoted as u* and ξ∗, respectively.

Equation (4) is valid for both the actual and kinematically admissible velocity fields.
Therefore, it follows from this equation that∫ (

sijξ
∗
ij − sijξij

)
dV =

∫
(tiu∗i − tiui)dS. (5)

Substituting (1) into (2) and integrating through the volume yields∫ [
E
(

ξ∗ij

)
− E

(
ξij

)]
dV ≥

∫ (
ξ∗ij − ξij

)
sijdV. (6)

Equations (5) and (6) combine to give∫ [
E
(

ξ∗ij

)
− E

(
ξij

)]
dV ≥

∫
(tiu∗i − tiui)dS. (7)

Consider the boundary value problem for a body on whose surface the traction is given
on a part SF and the velocity on the remainder Su. Since ui = u∗i on Su, Equation (7) becomes∫

E
(

ξ∗ij

)
dV −

∫
tiu∗i dSF ≥

∫
E
(

ξij

)
dV −

∫
tiuidSF. (8)

One can rewrite Equation (4) as∫
sijξijdV −

∫
tiuidSu =

∫
tiuidSF (9)
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The last integral in (8) can be eliminated using (9). As a result,∫
E
(

ξ∗ij

)
dV −

∫
tiu∗i dSF ≥

∫
E
(

ξij

)
dV −

∫
sijξijdV +

∫
tiuidSu. (10)

The left-hand side of this inequality can be calculated for any kinematically admissible
velocity field. All the quantities involved on the right-hand side of (10) are actual. In
particular, ui involved in the last integral is known from the boundary conditions. Therefore,
the values of ti involved in this integral can be evaluated for certain functions E and certain
boundary value problems.

2.2. Specific Materials

Assume that
E = αξeq (11)

where α is independent of strain rate and

ξeq =

√
2
3

√
ζijζij. (12)

Also, ζij = ξij − ξδij, ξ = ξijδij/3, and δij is the Kroneker delta. Substituting (11) into
(1) yields

sij =
2α

3
ζij

ξeq
. (13)

It follows from this equation and (12) that

3
2

sijsij = α2. (14)

This equation represents the von Mises yield criterion if α = σ0 where σ0 is the tensile
yield stress. In this case, Equation (11) becomes

E = σ0ξeq (15)

And, employing (12), Equation (13) gives

sijζij =
2σ0

3
ζijζij

ξeq
= σ0ξeq. (16)

Substituting (15) and (16) into (10) yields∫
σ0ξ∗eqdV −

∫
tiu∗i dSF ≥

∫
tiuidSu. (17)

If the material is homogeneous, the tensile yield stress is independent of position. In
this case, Equation (17) becomes

σ0

∫
ξ∗eqdV −

∫
tiu∗i dSF ≥

∫
tiuidSu. (18)

The tensile yield stress may be a piece-wise constant function of position, allowing for
piece-wise homogeneous materials to be considered. In this case, the first term in (18) is
the sum of volume integrals, each of which is taken through the volume where the tensile
yield stress is constant.
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In many cases, an unknown traction component T is applied over Su, and the
corresponding velocity component U is constant. For such boundary value problems,
Equation (18) becomes

σ0

∫
ξ∗eqdV −

∫
tiu∗i dSF ≥ U

∫
TdSu. (19)

Let ξ1, ξ2, and ξ3 be the principal strain rates; s1, s2, and s3 be the principal components
of the deviatoric stress tensor; and σ1, σ2, and σ3 be the principal stresses. Assume that

E = αξ1 + βξ2 + γξ3. (20)

Here, α, β, and γ are independent of strain rate. Equation (1) can be referred to the
principal axes of stress and strain rates. Substituting (20) into this equation yields

s1 = α, s2 = β, and s3 = γ. (21)

By definition, s1 + s2 + s3 = 0. Therefore, it follows from (21) that

α + β + γ = 0. (22)

Consider β = 0. Equations (21) and (22) combine to give γ = −α and

s1 = −s3 = α. (23)

It is straightforward to verify that this equation is equivalent to

σ1 − σ3 = 2k (24)

If α = k where k is the shear yield stress. Equation (24) represents one of the face
regimes of the Tresca yield criterion. In this regime, ξ2 = 0 and ξ1 is the maximum principal
strain rate, ξmax. Equation (20) becomes

E = k(ξ1 − ξ3). (25)

Moreover,
sijξij = s1ξ1 + s2ξ2 + s3ξ3 = k(ξ1 − ξ3). (26)

Substituting (25) and (26) into (10) leads to∫
k(ξ∗1 − ξ∗3)dV −

∫
tiu∗i dSF ≥

∫
tiuidSu. (27)

The incompressibility equation can be represented as

ξ1 + ξ2 + ξ3 = 0. (28)

Since ξ2 = 0 and any kinematically admissible velocity field satisfies the incompress-
ibility equation, Equation (27) transforms to

2
∫

kξ∗maxdV −
∫

tiu∗i dSF ≥
∫

tiuidSu. (29)

Further simplifications of this equation are similar to those provided above for the
work function (11). The work functions for other piece-wise linear yield criteria [4,5] reduce
to (20) and can be found in a similar way to what led to (25).

Assume that

E = α

√
2

3
t
√
(ξ1 − ξ2)

t + (ξ2 − ξ3)
t + (ξ1 − ξ3)

t (30)
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where α is independent of strain rate, ξ1 ≥ ξ2 ≥ ξ3, and 1 < t < ∞. It follows from (1) and
(30) that

s1 = α
√

2
3 Λ

[
(ξ1 − ξ2)

t−1 + (ξ1 − ξ3)
t−1
]
,

s2 = α
√

2
3 Λ

[
(ξ2 − ξ3)

t−1 − (ξ1 − ξ2)
t−1
]
,

s3 = −α
√

2
3 Λ

[
(ξ1 − ξ3)

t−1 + (ξ2 − ξ3)
t−1
]
,

(31)

where

Λ =
[
(ξ1 − ξ2)

t + (ξ2 − ξ3)
t + (ξ1 − ξ3)

t
](1−t)/t

(32)

In the case of uniaxial tension s1 = 2σ0/3 and s2 = s3 = −s1/2, and Equation (31)
supplies α = 2(1/2−1/t)σ0. The work function and equation (31) become

E = σ0
2(1−1/t)

3
t
√
(ξ1 − ξ2)

t + (ξ2 − ξ3)
t + (ξ1 − ξ3)

t (33)

And
s1 = σ0

2(1−1/t)

3 Λ
[
(ξ1 − ξ2)

t−1 + (ξ1 − ξ3)
t−1
]
,

s2 = σ0
2(1−1/t)

3 Λ
[
(ξ2 − ξ3)

t−1 − (ξ1 − ξ2)
t−1
]
,

s3 = −σ0
2(1−1/t)

3 Λ
[
(ξ1 − ξ3)

t−1 + (ξ2 − ξ3)
t−1
]
,

(34)

Respectively. In the case of pure shear ξ1 = −ξ3 and ξ2 = 0. Then, it follows from (34) that

τY = σ0

(
1 + 2t−1

)1/t
/3, (35)

where τY is the shear yield stress. Substituting (33) and (34) into (10) yields

2(1−1/t)

3

∫
σ0

t
√(

ξ∗1 − ξ∗2
)t
+
(
ξ∗2 − ξ∗3

)t
+
(
ξ∗1 − ξ∗3

)tdV −
∫

tiu∗i dSF ≥
∫

tiuidSu. (36)

Further simplifications of this equation are similar to those provided above for the
work function (11).

There are two extreme bounds for all physically reasonable pressure-independent
isotropic yield criteria [6]. One of these extreme criteria is usually called the Schmidt–
Ishlinskii yield criterion [7]. The other is the Tresca criterion. Assuming that s1 ≥ s2 and
s2 ≥ s3, the criterion proposed in [6] reads

n
√
(s1 − s2)

n + (s2 − s3)
n + (s1 − s3)

n =
n√2σ0. (37)

This criterion reduces to the Tresca yield criterion if n = 1 or n→ ∞ . Also, it reduces
to the von Mises criterion if n = 2 or n = 4. Equation (33) coincides with (15) if t = 2 or
t = 4. Therefore, the von Mises yield criterion is associated with the work function in (33) if
t = 2 or t = 4. The yield criterion corresponding to other t-values can be found numerically.

Figure 1 depicts several physically reasonable yield loci in the s1s2-space. The loci
are shown within the angular sector between the lines s1 = s2 and s1 = −2s2 where the
inequalities s1 ≥ s2 and s2 ≥ s3 are satisfied. The three curves between the von Mises and
Tresca loci correspond to the yield criterion (37) at n = 6, n = 10, and n = 20.
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The considered particular work functions simplify (10) because the first two integrals
on its right-hand side are cancelled. It is always so if the work function is a homogeneous
function of degree 1. For, Euler’s theorem for homogeneous functions of order 1 reads

E = ξ1
∂E
∂ξ1

+ ξ2
∂E
∂ξ2

+ ξ3
∂E
∂ξ3

. (38)

Substituting (38) into (10) and using (1) proves the statement above. The most impor-
tant consequence of this particular form of (10) is that the resulting inequalities, such as
(19), allow for an upper bound on unknown tractions to be found for certain boundary
conditions. This is not the case for viscoplastic materials.

Assume that
E = αξk

eq (39)

where α is independent of strain rate. Substituting (39) into (1) yields the Norton–Hoff law
(see, for example, [8–10]):

sij =
2αk

3
ζij

ξ2−k
eq

. (40)

This constitutive equation is often used in superplasticity [11]. It follows from (12) and
(40) that

sijξij = αkξk
eq. (41)
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Substituting (39) and (41) into (10) yields

α
∫ (

ξ∗eq

)k
dV −

∫
tiu∗i dSF ≥ α(1− k)

∫
ξk

eqdV +
∫

tiuidSu. (42)

The first integral on the right-hand side involves the actual velocity field and cannot
be evaluated. Of course, one can return to (8), which becomes

α
∫ (

ξ∗eq

)k
dV −

∫
tiu∗i dSF ≥ α

∫
ξk

eqdV −
∫

tiuidSF. (43)

The functional on the left-hand side should be minimized. This allows for an approxi-
mate velocity field to be found. Using this velocity field and the virtual work-rate principle,
one can determine an approximate value of the traction in question for certain boundary
conditions. However, in contrast to (19), the theorem does not imply that the traction found
in this way is an upper bound on its actual value.

Some papers replace the volume integrals in (43) with the plastic work rate dissipated
in the volume (for example, [12]). The equation becomes∫

s∗ijξ
∗
ijdV −

∫
tiu∗i dSF ≥

∫
sijξijdV −

∫
tiuidSF (44)

where the components s∗ij are calculated using the kinematically admissible velocity field
and (40). In general, the significance of and motivation for using this approach are question-
able. However, the approach is justified for a class of boundary value problems. Assume
that SF is a traction-free surface. Then, Equations (43) and (44) become∫ (

ξ∗eq

)k
dV ≥

∫
ξk

eqdV (45)

And ∫
s∗ijξ
∗
ijdV ≥

∫
sijξijdV, (46)

Respectively. It is seen from (41) that (45) implies (46). Using (4), one can transform
(46) into ∫

s∗ijξ
∗
ijdV ≥

∫
tiuidSu. (47)

If there is one unknown traction component over and the corresponding velocity
component is constant, the latter can be taken outside the integral, and the unknown
traction can be evaluated.

2.3. Discontinuous Velocity Fields

The velocity field may be discontinuous in the case of perfectly plastic materials. The
corresponding functionals for minimization are (17), (29), or (36). Similar functionals exist
for other yield criteria. The incompressibility equation demands that the normal velocity
must be continuous across velocity discontinuity surfaces. The tangent velocity may be
discontinuous, and the amount of its discontinuity is denoted as [uτ ]. Let Sd be the velocity
discontinuity surface. The plastic work rate at this surface is determined as

Wd =
∫

τY[uτ ]dSd (48)

where τY is the shear yield stress. This work rate should be added to the functionals for
minimization. For example, Equation (17) becomes∫

σ0ξ∗eqdV +
∫

τY[u∗τ ]dSd −
∫

tiu∗i dSF ≥
∫

tiuidSu. (49)
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Equations (29) and (36) should be modified similarly. The yield stresses σ0 and τY are
not independent if the yield criterion is specified. In particular,

τY =
σ0√

3
,τY =

σ0

2
, and τY =

σ0
n√1 + 2n−1

(50)

in the case of the von Mises criterion, Tresca criterion, and criterion (37), respectively. The
last equation in (50) shows that the shear yield stress predicted by the yield criterion (37)
is smaller than that predicted by the von Mises yield criterion if n < 2 and n > 4. On
the other hand, Equation (35) shows that the shear yield stress associated with the work
function (33) is larger than that predicted by the von Mises yield criterion if n < 2 and
n > 4.

3. Solution Methods
3.1. UBET and TEUBA

Papers [13–15] propose an upper bound approach for plane strain problems based on
discontinuous kinematically admissible velocity fields consisting of rigid blocks. Since all
strain rate components vanish in each rigid block, Equation (49) becomes∫

τY[u∗τ ]dSd −
∫

tiu∗i dSF ≥
∫

tiuidSu. (51)

These papers also determined an upper bound on the load for several metal forming
processes using the proposed approach. Many researchers have further developed this
approach, which is now known as the upper bound elemental technique (UBET) and
tetrahedral upper bound analysis (TEUBA). The latter is used for solving three-dimensional
problems. An overview of UBET and TEUBA is presented in [16]. These methods can
be regarded as variants of the finite element method. UBET is also used in conjunction
with non-constant velocity fields in blocks [17]. Paper [18] presents such kinematically
admissible velocity fields under axial symmetry.

Since UBET is based on discontinuous kinematically admissible velocity fields, the
method can only be used in conjunction with rigid perfectly plastic models.

3.2. Stream Functions

Kinematically admissible velocity fields can be conveniently constructed for a class
of processes using stream functions. Consider plane strain deformation. Let ux and uy be
the velocity components referred to Cartesian coordinates (x, y). This velocity field can be
described as

ux =
∂ψ

∂y
and uy = −∂ψ

∂x
(52)

where ψ(x, y) is the stream function. It is evident from (52) that the velocity field is
solenoidal. The non-zero strain rate components are determined from (52) as

ξxx = ∂ux
∂x = ∂2ψ

∂y∂x ,

ξyy =
∂uy
∂y = − ∂2ψ

∂x∂y ,

ξxy = 1
2

(
∂ux
∂y +

∂uy
∂x

)
= 1

2

(
∂2ψ

∂y2 −
∂2ψ

∂x2

)
.

(53)

Using these components, one can calculate the work functions involved in the func-
tionals in Section 2.

Using a cylindrical coordinate system (r, θ, z) in which the circumferential velocity
vanishes is usually convenient for solving axisymmetric problems. The velocity field can
be described as (for example, [19])

ur =
1

2πr
∂ψ

∂z
and uz = −

1
2πr

∂ψ

∂r
. (54)
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Here, ur is the radial velocity, uz is the axial velocity, and ψ(r, θ) is the stream function.
The velocity field is solenoidal at any choice of stream functions. The strain rate components are

ξrr =
∂ur
∂r = 1

2πr

(
∂2ψ
∂z∂r −

∂ψ
r∂z

)
,

ξθθ = ur
r = 1

2πr2
∂ψ
∂z ,

ξzz =
∂uz
∂z = − 1

2πr
∂2ψ
∂z∂r ,

ξrz =
1
2

(
∂ur
∂z + ∂uz

∂r

)
= 1

4πr

(
∂2ψ

∂z2 −
∂2ψ

∂r2 + ∂ψ
r∂r

)
.

(55)

Using these components, one can calculate the work functions involved in the func-
tionals in Section 2.

Paper [19] combines the UBET and stream function approaches. The stream function
approach can also be applied to three-dimensional problems. In this case, Bezier’s curves
can be used for describing streamlines [20].

3.3. Singular Velocity Fields

The maximum friction law demands that the friction stress is equal to the shear yield
stress at sliding. This law is used under certain conditions at frictional interfaces [21]. The
friction surface where the maximum friction law is valid is called the maximum friction
surface. In the case of rigid perfectly plastic materials, the actual velocity field is singular
near maximum friction surfaces [22]. In particular,

uτ = U0 + U1
√

z + o
(√

z
)

(56)

As z→ 0 . Here, z is the Cartesian coordinate normal to the maximum friction surface,
uτ is the velocity component tangent to this surface, and U0 and U1 are independent of
z. One can choose a kinematically admissible velocity field satisfying (56). An advantage
of such a choice is that the stress field generated by this kinematically admissible velocity
field and the associated flow rule satisfies the friction law [23,24].

It is seen from (56) that some strain rate components approach infinity or negative
infinity near maximum friction surfaces. Therefore, the volume integrals in (17), (29), and
(36) are improper. However, they are convergent.

4. Restrictions of the Method
4.1. Stress Fields and Combined Loading

Equation (1) provides only the deviatoric portion of the stress. Therefore, the hydro-
static stress does not enter the formulation, and the stress field cannot be determined using
the upper bound theorem. A postprocessing procedure was proposed in [25] to overcome
this restriction in the case of rigid perfectly plastic materials.

Equations (15), (27), and (34) each allow for one scalar quantity to be evaluated. In
the case of a single loading force, it is the force itself, if the conditions that have led to
(19) are satisfied. In the case of combined loading, it may be a combination of several
forces. Additional information or assumptions are required to separate these forces (for
example, [26–28]).

4.2. Stationary Processes
4.2.1. Geometry

The inequality (8) and all the subsequent inequalities following it have been proven
for a given configuration of the plastic body. This condition is not satisfied for many
stationary metal forming processes, for example, flat rolling with lateral spreading [29],
tube sinking [30], and manufacturing composite materials [31,32]. A schematic diagram of
a tube sinking process is shown in Figure 2. If the shape of the free surface were known,
the inequality above would be valid. However, this shape should be found in solving the
problem. A schematic diagram of a bi-metallic extrusion process is shown in Figure 3.
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The shape of the bi-metallic interface is unknown. Therefore, the distribution of material
properties is unknown, and (8) is not valid. The condition above is often ignored in the
literature. This issue is discussed in some detail in [33], where a model of ploughing by a
pyramidal indenter is considered. The significance of and motivation for using the upper
bound theorem to analyze such processes (for example, [34–36]) are questionable.
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4.2.2. Strain Hardening

The distribution of the yield stress is unknown in stationary processes. Therefore, σ0
in (17) and other similar inequalities is unknown, and the corresponding integral cannot
be evaluated. The significance of and motivation for using the upper bound theorem to
analyze such processes (for example, [37,38]) are questionable.

4.3. Non-Stationary Processes

Equation (8) and all the equations following on from (8) are understood to hold
incrementally in time. The configuration and properties can be updated after each step of
a step-by-step procedure [39]. However, it is worthy of note that the only reliable result
from the upper bound theorem is the limit load. In particular, quite different kinematically
admissible velocity fields may result in the same limit load. An excellent example is
provided in [40]. It is evident that using two different kinematically admissible velocity
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fields in the step-by-step procedure will lead to different updated configurations and
different solutions. The upper bound theorem is not capable of choosing one of these fields.

4.4. Friction

There are several issues related to friction. Some of them can be successfully resolved
using trial velocity fields that are not kinematically admissible [41]. This technique is
outside the scope of the present paper. Some issues can be resolved by exaggerating the
inequality in (8).

Two friction laws are usually used in the modeling of metal forming processes. These
are Coulomb’s friction law

τf ≤ µ|σn| (57)

and Tresca’s friction law
τf ≤ mτY. (58)

Here, τf is the friction stress, µ is the friction coefficient, m is the friction factor, and σn
is the traction component normal to the friction surface. If the equality holds in (57) and
(58), then the friction surface belongs to SF. Consider the second integral on the left-hand
side of (8). The integrand involves ti, which are the actual traction components. One of
these components is τf . Equation (57) does not supply the actual value of this component.
Therefore, the integral cannot be evaluated. Equation (58) supplies the actual value of
τf if τY is constant (i.e., rigid perfectly plastic materials). In this case, the left-hand side
of (8) can be calculated for a kinematically admissible velocity field. It is also possible if
a step-by-step procedure is used to model a non-stationary process in the case of strain
hardening materials (please see Section 4.3). However, the distribution of τf along the
friction surfaces is unknown in the case of stationary processes. Therefore, the upper
bound theorem is not valid. Sometimes, kinematically admissible velocity fields are used
to calculate the distribution of τY and then τf . This method cannot be regarded as the
upper bound approach. In the literature, it is sometimes referred to as “an intuitively sound
approximation” [42]. In the case of rate-dependent models, such as (39), the actual velocity
field is necessary to determine the value of τY even if a process is non-stationary. Therefore,
τf involved in (8) is unknown, and the corresponding integral cannot be evaluated.

The discussion above assumes that the regime of sliding is operative over the entire
friction interface. However, this is not generally true. A generic friction surface S f is
schematically shown in Figure 4. Point A corresponds to the boundary of domains where
the material sticks to or slips at the interface. Assume that the regime of sticking occurs
over AB. Then, this portion of the friction interface must be regarded as Su. Consequently,
domain AC must be regarded as SF. Kinematically admissible velocity fields determine
another position of point A on the friction interface, for example A1 or A2. Therefore, the
surface integral in (8) cannot be generally evaluated. However, the inequality is valid if SF
is replaced with a surface determined by a kinematically admissible velocity field.
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Suppose a kinematically admissible velocity field determines a sticking region whose
size is smaller than that of the actual sticking region (i.e., the boundary of the domains is at
the point A2). In this case, the inequality in (8) is exaggerated since no plastic work rate is
dissipated between the points A2 and A in the exact solution.

Suppose a kinematically admissible velocity field determines a sticking region whose
size is larger than that of the actual sticking region (i.e., the boundary of the domains is
at the point A1). This is equivalent to the assumption that the kinematically admissible
velocity field satisfies the sticking conditions between the points A2 and A, which does not
contradict the theorem.

The special case m = 1 should be treated separately. In the case of strain and viscoplas-
tic materials, the entire friction surface must be regarded as Su [43,44]. In contrast to the
general case noted above, this particular frictional law is compatible with the upper bound
formulation [45].

The portion of the surface integral on the left-hand side of (8) related to the friction
law can be written as

W f =
∫

τf u∗τ cos γdSF. (59)

Here, γ is the angle between the friction traction and the velocity vector u*
τ (Figure 5).

In the case of plane strain and axisymmetric processes, the directions of uτ and u*
τ coincide.

Therefore, γ = π and the integral in (59) can be evaluated. The direction of uτ is unknown
in three-dimensional processes. Hence, the integral in (59) cannot be evaluated. However,
since |cos γ| ≤ 1, one can replace cos γ with −1 in (59), which exaggerates the inequality
in (8).
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5. Discussion

In the present paper, we have discussed the upper bound theorem in plasticity with
special reference to metal forming technologies. We have focused on the theorem itself and
its advantages and disadvantages for application to metal forming. Particular upper bound
solutions have not been considered.

The upper bound theorem for rigid perfectly plastic materials is a convenient and
efficient tool for evaluating the limit load. The majority of available solutions are for such
constitutive equations. The efficiency of the theorem for applications is significantly re-
duced for other constitutive equations, which is a consequence of two main factors. One
of these factors is the friction law. Among the friction laws widely used in metal forming
applications, the only law that results in a constant friction stress is compatible with the
theorem. The other factor is that it is usually difficult to construct a continuous kinemati-
cally admissible velocity field. Even FE-type methods, such as UBET, use discontinuous
fields. The constitutive equations for other rigid perfectly plastic solids do not permit such
kinematically admissible velocity fields.
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Most available rigid perfectly plastic solutions are for the von Mises yield criterion,
including recent publications [46–49]. It is straightforward to extend these solutions to
other yield criteria. In particular, the same kinematically admissible velocity fields can be
adopted. Combining these velocity fields and an appropriate functional for minimization,
one can investigate the effect of the yield criterion on the limit load and other parameters.
However, no attempt has yet been made.
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Nomenclature
k shear yield stress
m friction factor
sij deviatoric stress tensor
s∗ij deviatoric stress tensor calculated using kinematically admissible velocity fields
s1, s2, s3 principal components of the deviatoric stress tensor
ti surface tractions
ui velocity components
ux, uy velocity components referred to Cartesian coordinates (x, y)
ur radial velocity
uz axial velocity
uτ velocity components tangent to the surface
z coordinate normal to the maximum friction surface
E work function
S surface of plastic mass
Sd velocity discontinuity surface
S f friction surface
SF surface over which the traction is given
Su surface over which the velocity is given
[uτ ] amount of velocity discontinuity
γ angle between the friction traction and the velocity vector tangent to the friction surface
µ friction coefficient
ξij strain rate tensor
ξ∗ij strain rate tensor calculated using kinematically admissible velocity fields
ξeq equivalent strain rate
ξ1, ξ2, ξ3 principal strain rates
ξmax maximum principal strain rate
σij stress tensor
σ0 tensile yield stress
σ1,σ2,σ3 principal stresses
σn traction component normal to the friction surface
τf friction stress
τY shear yield stress
ψ(x, y) stream function
(r, θ, z) cylindrical coordinate system
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