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1. Introduction

For simplicity, in this paper we let I C R = (—o0, +c0) be an interval.
Definition 1. A function f : I — R is convex if
fltw+ (1 =H)B] < tf(a) + (1 =) f(B) ©)

is true for any «, B € 1 and 0 <t < 1. The inequality (1) is reversed if f is concave on 1.

Suppose that the function f : I — Ris convexon [, a, f € [ with a < 5, then

F(A58) < 5 [ opar < HOL118) o

It is well known in the literature as the Hermite—-Hadamard inequality.
In [1], Dragomir and Agarwal obtained the following inequalities for the right part
of (2).

-

Theorem 1 (Theorem 2.2 in [1]). Suppose that a, p € 1° and « < B, the function f : [° — R s
differentiable and |f'| is convex on |«, B], then

’f )+ f(B _a/f \dx

Theorem 2 (Theorem 2.3 in [1]). Suppose that o, € I°, a < B, and p > 1, the function
_pP_
f : I° — Ris differentiable and | f'| P~ is convex on |a, B, then

< (B —w)(lf(8)|+|f( A 3)

p—u |f((x)|71%2—|f(ﬁ)|71 @

2(p+1)

‘f(“);rf(ﬁ) - ﬁi[x/ff(X)dx <

==
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In the literature, the extensions of the arithmetic, geometric, identric, logarithmic, and
generalized logarithmic mean from two positive real numbers are, respectively, defined by

A(s, t) = > s,teR,
G(s,t):\/g, s,teR, s,t>0,
1
1\
I(S,t)_e<ss) , S,t>0,
t—s
L(s,t) = —————— t t
60 = Z—mT sI£ 1t st#0,
n+1 n+1 i
t -5 "
L"(S't)_[(n—i—l)(t—s)} , neZ\{-1,0}, s teR, s#t

It is well known that G(s,t) < L(s,t) < I(s,t) < A(s,t) for s, t > 0 with s # ¢, for
example, see [2].

Dragomir and Agarwal used Theorem 1 and Theorem 2 to establish the following
error estimates on special means:

Theorem 3 (Propositions 3.1-3.4 in [1]). Suppose thats,t € I°,s < t,n € Z, then

A" )~ Lus, ") < 22D (s o), ">, ©)
( 1 1) p1
— n— (n=1)p
A", #") = Lu(s,1)"| SM{AQS Ele )} Coonz2p>1, @
2(p+1)7
-1 ,— _ t—s _ —
AL ) =Lt < A (s 1072), 0¢[s 1], @)

—1

A(s )~ L < 2(;:); {A<|Sﬂ,|t%’2r{>} T 0dst, p>1 ®)

=

In [3], Pearce and Pecari¢ obtained a better upper bound for the inequality (4). More-
over, they obtained a similar inequality on the left part of (2).

Theorem 4 (Theorems 1 and 2 in [3]). Suppose that o, f € I°, & < Band q > 1, the function
f : I° — R is differentiable and | f'|7 is convex on [, B|, then

‘f@c); L o] < <|f’( >|q;|f'<ﬁ>|q>3 o
and
‘f<a+ﬁ> _a/ fds] < (If’( >|q;|f/<ﬁ>|q>% 10)

By using Theorem 4, Pearce and Pecari¢ generalized and improved the error estimates
(5)-(8) and obtained the following error estimates on special means:

Theorem 5 (Propositions 1 and 2 in [3]). Suppose that s,t € R, s < t,0 & [s,t], n € Z,
|n| >2,q>1, then
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f(w)

’A( ) Ln s, t | < |71| [ (|S‘(”*l)q,|t|(”*1)q)}%’ (11)
[A(s, )" = Lu(s,)"] < |”| [A(| |<”—1M,\t|("-1>q)ﬁ, (12)
|A<s‘1,t_1) L(s,t)7! [ (\s|_2‘7,|t\_2‘7>}%, (13)
A(s, ) = L(s,)71 < t;S [A(|sr2q,\t|*2q)} d (14)

However, using their method could not obtain the corresponding estimate for g < 1.
In this paper, supposing that |f’|7 is convex for some fixed 0 < q < 1, we obtain some
estimates of (2). Moreover, if 4 = 1, our results are the same as (9) and (10), respectively. As
application, some error estimates on special means are given, then the inequalities (11)-(14)
are improved.

2. Main Results

Theorem 6. Suppose that a,p € 1°, & < Band 0 < q < 1, the function f : I° — R is
differentiable and |f'|1 is convex on |a, B].

() Ifo<q<3i, then

B qq+2%
76 — ) < ><f’<a>|+|f’</s>|>

2 —oc/f

2(2g+1) | 2(g+1)

- g)/If (F (B >|} 15)
(i) Ifi <q<1,then
s [ ran] < ZEEAL LR L ) )
+(1—z ) () f (B >|] 16)

Clearly, if g = 1, then (16) is the same as (9).

Corollary 1. Suppose that a, B € 1° and a < B, the function f : I° — R is differentiable and
|f’|2 is convex on [w, B, then for any q > 1, we have

- o [ ] < ELERAqr @ ir @) + 1605 @l ir @]
L2AUF@LIFB)
< B A(f I 17 B)m]. a7)
Proof. Let q 1 in the inequality (15) and we have the first inequality. Note that

VI () f(B)] < ‘f Hlf Pl 5o the second inequality holds. By power—mean inequality,
we can obtam the last 1nequal1ty. O

Theorem 7. Suppose that a,p € 1°, & < Band 0 < q < 1, the function f : I° — R is
differentiable, and | f'|7 is convex on [, B].
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(3

/(2

/(3

)

() If0<q<3, then

) - g [ e

2[5+l _
w | <2 1) (IF @)+ 1 (B)])
Zq—l—l) 2(q+1)

+<1—q>((§ o)~ ir@re| s

() Ifs<q<1,then

?) - g [ e

q2—27%
—) ( ><|f'<a>|+|f’<ﬁ>|>

+(z$ -2)(3+5 -2 )VIr@rel| (19)

Clearly, if g = 1, then (19) is the same as (10). If we let g = % in the inequality (18),
then we have the following.

Corollary 2. Suppose that «, B € I° and « < B, the function f : I° — R is differentiable, and
|f’|% is convex on [a, ,B} then for any g > 1, we have

s ) T

< [ A(F@LIF B + 3G (1F @ IF B))

ZA(IF @I B))
SA(f @, £ (B)1)]

IN
|q>

IN
T

(20)

3. Lemmas

Lemma 1 (Lemma 2.1 in [1]). Suppose that o, B € 1° and a < B, the function f : I° — Riis
differentiable, and f' € Liu, B], then

fla)+fB) 1 (P _
5 —ﬁia/le(x)dx—

Lemma 2 (Lemma 2.1 in [4]). Suppose that a, 3 € I° and a < B, the function f : I° — Riis
differentiable, and ' € Lla, B], then

— /01(1 o0 f[ta+ (1—t)Bldt.  (21)

(58) - 5 [ rwar=-w) [ MO+ 0 -Dp, @2

where

1-t, te[31],

The following result can be found in [5]. For the convenience of readers, we provide
the proof below.
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Lemma 3 (Lemma 2.1 in [5]). Let x,y > 0,r € R\ {0}.
(i) Ifr>20r0<r<1,then

r
V@ -y Y < by <2 (@ -2xbyE YY) @)
(i) If1<r<2o0rr<0,then
r
V@ -2 by > (o y) 2 2 (0 (- 2y ) @Y

Each equality is true if and only ifr = 1,2 or x = y.

Proof. It is easy to see that every equality in (23) and (24) holds whenr = 1,2 or x =y, so
we suppose thatr # 1,2,y = 1 and x > 1 in the following.
First, we prove that the left parts of the inequalities (23) and (24) hold, respectively.

Let
flx)=(x+1) —x" — (2" —2)x2 -1, x>1,
gy =(1+1)" 11— (21 -1)tz, 0<t<l1.
Then 1
fl(x) = rxr‘1g<x), x>1,
JdH)=(r—1)1+t) 2 %(zH 1)t 0<t<l.

The following proof is divided into four cases.

(1) Ifr<0,then
gt =-[1-na+n2- %(1 —2r el <o, 0<t<1.

Note that ¢(1) = 0, s0 g(t) > 0 (0 < t < 1). It follows that f'(x) < 0 (x > 1). Since
f(1) =0, we have f(x) < 0.

@ If0<r<1,let
I (t) = —[1n(1—r)+(r—2)1n(1+t)—1n£—1n(1—2f*1)— (%—1) 1nt}, 0<t<l,

then 1 (t) = —({52 — 52) < 0. It means that /i (t) is strictly decreasing on (0,1). Note

1+t
that
o r@=2hy -2
h(07) =1In 20=7) + 7 tl_1>r51+lnt>0,
B r 27’71
h(1 )_lnl—r_lnl—ZV—l <0

there exists §; € (0,1), such that h;(t) > 0 (0 < t < ¢1) and hy(t) < 0 (& < t < 1).
Since ¢’(t) and hy () have the same sign, we obtain g/(¢) > 0 (0 < t < &) and ¢/(t) < 0
(&1 <t <1). Note that g(1) = g(0) = 0, and we have g(t) > 0 (0 < t < 1). It follows that
f'(x) >0 (x >1). Because f(1) = 0, we have f(x) >0 (x > 1).

B3) Ifl<r<?2,let

ho(t) =In(r—1) + (r —2)In(1+¢) — ln% —In(21 1) - (% - 1) Int,
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then /1 (t) = 1=2 — '3 > 0. It means that /1, (t) is strictly increasing on (0, 1). Note that

2(r—1) r—2 .
hy(01) =1 — lim Int
2(07) n1*(2’*1—1) 2 thor <0

_ r—1 r-1_1
hy(17) =In p —In = > 0;

there exists &, € (0,1), such that h,(t) <0 (0 <t < &) and hp(t) > 0 (52 < t < 1). Since
¢'(t) and hy(t) have the same sign and g(1) = ¢(0) =0, wehave g(t) <0 (0 <t <1). It
follows that f'(x) < 0 (x > 1). Note that f(1) = 0, and we have f(x) <0 (x > 1).

(4) Ifr > 2, thenh)(t) = %ﬁ — 22 < 0. It means that /i (t) is strictly decreasing in (0, 1).
Note that 7i;(07) > 0, h2(17) < 0, and there exists ¢3 € (0,1), such that hy(¢t) > 0
(0 <t<{3)and hy(t) <0 (g3 <t < 1). Since ¢'(t) and hy(t) have the same sign
and ¢(1) = ¢(0) =0, we have g(t) > 0 (0 < t < 1). It follows that f'(x) > 0 (x > 1).

Then by f(1) = 0, we have f(x) >0 (x > 1).

Next, we derive that the right parts of the inequalities (23) and (24) are true, respec-
tively. Let

27 ,
Lix) = (x +1)" = (" + (2r = 2)x2 +1), x>1,
() =r(t+ 1)1 —2r 1 -2 1(r —1)t2, 0<t<l.
Then

/ r—1 1
U(x) = x z() es 1,

X

r—2
I'(t)=2""2r(r—1)t27" <t+ 1) —-1], 0<t<l.
2V/t

If0<r<Tlorr>2then!(t) > 0. Note that /(1) = 0, wehave I(t) <0 (0 <t < 1),
and L'(x) < 0 (x > 1). Thenby L(1) = 0, we have L(x) < 0 (x > 1), so the right parts of
the inequalities (23) holds.

Ifr<Oorl<r<2thenl’(t) < 0. Note that(1) =0, wehavel(t) >0 (0 <t <1)
and L'(x) > 0 (x > 1). Then by L(1) = 0, we have L(x) > 0 (x > 1), so the right parts of
the inequalities (24) holds.

The proof is complete. [

Lemma 4. Suppose that o, p € I°, 0 < B,0<¢q < 1,0 <t <1, the function f : I — [0, +c0)
is positive, and f9 is convex on [a, B].
() If0<q<3, then

2

flta+ (1 - )] < 25 £ f@) + (1— DT F(B) + ( - z) (K1 — 1)) f(ﬂc)f(ﬁ)]- 25)

q
(i) Ifi<q<1,then
flta+ (1= 1)B] < t1£(2) + (1— DI F(B) + (21 —2)(H(1 - 1) ¥ \/f(@)f(B). (26)
Proof. Since f7is convex and q > 0, we have
flta+ (1= £)B] < [t£9(x) + (1 — ) F1(B)]7.

Ifo<g< %, then % > 2, by the right-hand side of the inequalities (23), then
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EF9(0) + (1= DF1(B)F < q2i |6 Fla) + <1—t>5f<ﬁ>+(j—z)<<1—t>>f f<a>f<ﬁ>]

Thus, the inequality (25) is valid.
If % <g<1,thenl < % < 2, by the left-hand side of the inequalities (24) we have
1 1 1 1 1
[tf1(a) + (L =) f1(B)]7 < tif(a)+ (1 —1)1f(B)+ (27 —=2)(H(1 —1))% 1/ f(a) f(B)-

Hence, the inequality (26) is valid.
O

4, Derivation of Theorem 6 and 7

The derivation of Theorem 6: (i) If0 < g < %, then by the inequalities (21) and (25),
we can derive that

’f();f —uc/f

11— 2t||f'[ta + (1 — £)B] |dt

gw/ |1—zt|{ta|f( )+ (1= 67| (B )|+(—2)(t(1—t))21q () f'(B )I}

Note that

1
/ 11— 2¢t|(1—1)7d

:/ 11— 2¢|tid
0

3 1 1 1
:/0 (1—2t)tqolt—/1 (1—2t)tidt

_ g(1+q-27)
(+1)(2q+1)’

and
1 1
/|1—2t| K1 — £))%dt
_/% 1-26)((1 — 1)) dt — /(1—2t)( K1 — )W dt

__2q At 2] _myEt
2q+1(t(1 £)* " g qurl(f(l 071
g-27
T2+ 1

so (15) is valid.
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(ii) If 1 < g <1, then by (21) and (26), we have

‘f )+ f(B _a/f \dx

*lX

/ 11— 2| f'[ta + (1 — £)B]|dt

< ‘“/ 1= 21| )]+ (- DFFB)] + @7 =201 = )5l (B a
_q(B—«a) 1+Q'27% / / (
S L @+ e+ (1-27 ) ir |]
so (16) is valid.
The derivation of Theorem 7: (i) If 0 < g < 1, then by (22) and (25) we can derive
that

A(58) - 55 [ s

1
<(B—w) [ IMO]If e+ (1 - DBt

<(p-at ™ [ MO @]+ -0 @1+ (2 -2)ea- 05 irwee)]a.

Note that

and

where the beta function is
B(x,y) /t‘"1 t)Y=1dt, x>0,y >0.

Clearly, B(x, x) is decreasing on (0, +o0) and 2177 > 1, then

1 1 1 1 1 1 1
B{—+1,—4+2)=-Bl—+4+1,—+1) <=-B(2,2 —.
(2q+ ’2q+ ) 2 (quL '2q+ ) 2 (2.2) = 12

Thus, (18) is valid.
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(ii) If % < q <1, then by (22) and (26), we can induce that
! B
H(558) - 5 [ e
<(6-a) [ 1|M(t)||f’[tvc+(1ft)ﬁ]ldt
B [ MO [F @] + 1= 3B+ @F - D - 1)

N‘H

f<a>f<ﬁ>}dt

1

sj(<fq;";>) q(zq_+21q)(lf’(w)|+|f’(ﬁ)|)+<2‘17—2><;+61q—2 D@l

Thus, (19) is valid.

5. Applications

In this section, we will use Corollary 1 and Corollary 2 to establish some error estimates
on special means, then the inequalities (11)-(14) are improved.

Proposition 1. Suppose thats,t € R,s <t,0 & [s,t|,n € Z,n > 3orn < —2, then
t—s)[3 _ _ 1 _ _
nogny _ n<|n|( e n—1 n—1 - n—1 n—1
AG" 1) = Lu(s, )| < =2 [ SA(IsI L 1) + 56 (s 1Y) |, @)

A" = Lol < MEED LT (it 10 t) o+ Sl i) |- )

Proof. Let f(x) = x",x € [s,t|,n € Z,n > 3orn < —2, then

(IFit)" = Ao =D =3 ez

Thus, | f'(x) |% is convex on [s, t]. It follows that (27) and (28) hold by using Corollary
1 and Corollary 2, respectively. [

Remark 1. For any q > 1, by the inequalities (17) and (20), we have

=) [3 (ot 1) 2 (2 1) ] < A=) (gt o)

and

WJS)LZ (Is"= 1) +152G<|s”1,|t|n1)} < W[A(M("*l)q,|t|(n71)q>}%.

Thus, for n > 3 or n < —2, we obtain an improvement of the inequalities (11) and (12), which
is an improvement of the inequalities (5) and (6).

Proposition 2. Suppose thats,t € R,s < t,0 & [s, t], then

|A(s*1,t*1) —L(s,H)7Y < tTTS BA(sz,tz) + iG(sz,tz)], (29)
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A(s, ) = L(s,t) | < ;S {7A(52,t2) + 152G(52,t2>} . (30)

Proof. Let f(x) = 1, x € [s,¢], then

(r@i) =m0

Thus, | f'(x) |% is convex on s, t]. It follows that (29) and (30) hold by using Corollary 1
and Corollary 2, respectively. O

Remark 2. For any q > 1, by the inequalities (17) and (20), we have

=2 [2a(n) + o) < 52 ()]

and

Pl el < Pl

Thus, we obtain an improvement of the inequalities (13) and (14), which is an improvement of
the inequalities (7) and (8).

Proposition 3. Suppose that t > s > 0, then

=513 (-1 -1\, 1~(—1 1
1n1(s,t)—1nc(s,t)<4[4A(s t )+ZG<S ot ) (31)

_ F=S17 afs1 1) £ 2651 41
InA(s, t) — Inl(s, t) < [12A<s t )+12G(s t ) (32)

Proof. Let f(x) = Inx, x € [s, ], then

1

(7@ 1) =21 0

Thus, |f'(x) |2 is convex on [s, t]. It follows that (31) and (32) hold by using Corollary 1
and Corollary 2, respectively. [
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