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Abstract: In this paper, we focus on the research and analysis of the geometric properties and
symmetry of slant curves and contact magnetic curves in Lorentzian a-Sasakian 3-manifolds. To do
this, we define the notion of Lorentzian cross product. From the perspectives of the Legendre and
non-geodesic curves, we found the ratio relationship between the curvature and torsion of the slant
curve and contact magnetic curve in the Lorentzian a-Sasakian 3-manifolds. Moreover, we utilized
the property of the contact magnetic curve to characterize the manifold as Lorentzian a-Sasakian and
to find the slant curve type of the Frenet contact magnetic curve. Furthermore, we found an example
to verify the geometric properties of the slant curve and contact magnetic curve in the Lorentzian
a-Sasakian 3-manifolds.
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1. Introduction

Sasakian manifolds are a natural generalization of K&hler manifolds to odd-dimensional
manifolds. For («, B) trans-Sasakian structures, if = 0, that manifold will become an
a-Sasakian manifolds. Sasakian manifolds appear as examples of x-Sasakian manifolds
witha = 1 and B = 01in [1]. In 2005, Yildiz and Murathan introduced the notions of
Lorentzian #-Sasakian manifolds [2]. Subsequently, many researchers started to study a
class of Lorentzian a-Sasakian manifolds [3], Ricci solitons [4], Gauss—Bonnet theorem [5],
and #-Ricci solitons [6] in Lorentzian x-Sasakian manifolds. Over the last few years, an
increasing number of scholars have had an increasing interest in the geometric properties
and symmetry of contact magnetic curves and slant curves. The notion of using slant
curves as a generalization of Legendre curves was introduced in [7]. Abdul and Rajendra
introduced slant null curves in [8]. Moreover, Inoguchi studied slant curves in normal
almost contact metric 3-manifolds and magnetic curves in quasi-Sasakian 3-manifolds
in [9,10]. Furthermore, Lee studied slant curves with CR structures in contact Lorentzian
manifolds [11] and supported the usefulness of contact magnetic curves and slant curves
in Lorentzian Sasakian 3-manifolds [12].

One motivation for this paper was our observation in [12]. That is, in Lorentzian
Sasakian 3-manifolds, the ratio relationship between x. and 7. — 1 along a non-geodesic
Frenet slant curve has been proven to be constant . In this paper, we try to derive the ratio
relationship between curvature and torsion along a non-geodesic Frenet slant curve and
along a non-geodesic Frenet contact magnetic curve in Lorentzian x-Sasakian 3-manifolds.
Moreover, we try to find the type of slant curve of non-geodesic Frennet contact magnetic
curve. To do this, we first define the notion of Lorentzian cross product on almost contact
Lorentzian manifolds and derive the six properties of this Lorentzian cross product. Then,
we prove that the ratio relationship between x. and 7. — & along a non-geodesic Frenet slant
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curve is constant, and the ratio relationship between %, and 7. + « along a non-geodesic
Frenet contact magnetic curve is also constant, by using the method of Lorentzian cross
product in Lorentzian a-Sasakian 3-manifolds. We find that the non-geodesic contact
magnetic curve C is a slant pseudo-helix. For future research directions, we hope to do
some related work on singularity theory and symmetry (see [13-20]).

The paper is organized in the following way: In Section 2, we recall some sufficient
and necessary concepts that are the basis for our research, including some notations of slant
curves, magnetic curves and trans-Sasakian structure of («, ). In Section 3, we introduce
the concept of Lorentzian a-Sasakian manifolds. Then, similar to the cross product in
three-dimensional almost contact metric manifolds, we define the notion of Lorentzian
cross on almost contact Lorentzian 3-manifolds. Along a non-geodesic Frenet slant curve
in Lorentzian a-Sasakian 3-manifolds, by using the methods of Lorentzian cross product,
we can prove that the ratio relationship between the x, and 7. — & is constant . For a
null curve, the triad of the vector field {C’, &y, $C’} is not used as the basis and there
does not exist a non-geodesic null slant curve C in Lorentzian a-Sasakian 3-manifolds. In
Section 4, we utilize the property of contact mangnetic curves to characterize the manifold
as Lorentzian a-Sasakian. At the same time, we prove that the slant curve type of the
non-geodesic Frennet contact magnetic curve is a pseudo-helix and prove that the ratio
relationship between the x. and 7. + « is constant along a non-geodesic Frenet contact
magnetic curve in Lorentzian a-Sasakian 3-manifolds. In Section 5, we first give a three-
dimensional manifold M = {(x,y,z) € R% z > 0} and verify that this manifold is a
Lorentzian a-Sasakian 3-manifold, where the Reeb vector field ¢, is F3 and the contact form
isty = %dz. Moreover, we prove that the Frenet slant curve C is geodesic and that there
does not exist a non-geodesic Frenet slant in Lorentzian a-Sasakian 3-manifolds. Finally,
we take a special curve y(s) = bs + ¢ and derive the expression of contact magnetic curves
in Lorentzian a-Sasakian 3-manifolds.

2. Preliminaries

A magnetic curve refers to the path followed by a charged particle moving under the
influence of both a magnetic and electric field. A closed 2-form magnetic field F [21] on a
semi-Riemannian manifold (M, g) satisfies

F<XOUY0() = g(q)a(Xuc)/ sz)/ (1)

where X,, Y, € TM and &, is a skew-symmetric (1, 1)-type tensor field, which represents
the Lorentz force associated with F. The magnetic trajectories of F are curve C on M that
satisfies the Lorentz equation

V& = @, (C), @

where V! is the Levi-Civita connection associated with g. The geodesic of M naturally
satisfies the Lorentz equation, that is Vé/C’ = 0. The skew-symmetry of the Lorentz force
®, gives rise to the property of magnetic curves C

6(C,C") = 25(@4(C'),C) =0.
In other words, C has a constant speed curve |C’| = vy. Particularly, if C is parameterized
by the arc-length, the magnetic curve C is called a normal curve.

For a contact Lorentzian manifold, if (M x R, J, G) belongs to the class Wy [22], a trans-
Sasakian structure [23] is an almost contact metric structure (¢g, &a, a, ) on M, where | is
an almost complex structure on M x R [1,24-26], defined by

JXa f ) = (00X = farma(Xe) 55)

where X, € TM, f is a smooth function on M x R, and G is the product metric on M x R.
If the almost complex structure | is integrable, then the contact Lorentzian manifold M is
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either normal or Sasakian. The satisfaction of certain conditions is necessary and sufficient
for M to be considered normal. It is known that a contact Lorentzian manifold M is normal
if and only if M satisfies

N (Xa, Ya) + 210 (Xe, Yo )2 = 0, VX4, Yo € TM,

where Ny, is the Nijenhuis torsion of ¢,. This may be expressed by the condition

(VLLX%)Y& = a(8(Xa, Ya) o — 1 (Ya) Xu) + B(g(Pa X, Ya)Ca — N (Yo )P Xar), 3)

where « and f are smooth functions on M, and we say that the trans-Sasakian structure
[27,28] is type («, B). For (3), it follows that

V%(mézx = —apa Xo + B(Xa — 7a(Xa)Ga), 4)

(ngu’?a)ya = —ag(PaXu, Ya) + B (PaXa, P Vo). @)

Definition 1 ([29]). A trans-Sasakian structure of («, B) is a-Sasakian if B = 0 and « is a non-zero
constant.

In this case, « becomes a constant. If x = 1, then the a-Sasakian manifold is a Sasakian
manifold.

3. Slant Curves of the Lorentzian a-Sasakian 3-Manifolds

The concept of slant curves, which extends the idea of Legendre curves, was presented
in [7] for contact Riemannian 3-manifolds. Such as in the case of these manifolds, a curve is
considered to be slant on a contact Lorentzian manifold if its tangent vector field maintains
a constant angle with the Reeb vector field (i.e., §(C’,{x) = constant). In particular, if
8(C’,&x) = 0, then C is a Legendre curve where the contact angle is 7. On the other hand,
the Reeb flow corresponds to a curve of contact angle 0.

3.1. Lorentzian a-Sasakian Manifold

A Lorentzian a-Sasakian manifold [2] is a connected (2n+1)-dimensional differentiable
manifold equipped with a metric g, contact form #,, 1-form ¢,, and vector field ¢, satisfying
certain conditions:

$a® = 1410 ® Eu, 1a(Ea) = —1, (6)
8(PuXa, $aYa) = 8(Xa, Ya) + 11 (Xa )70 (Ya), @)
8(Xa,Ca) = 1a(Xa), ®)

Hu© Pa =0, Pala = 0. 9

For all X,,Y, € TM.
From (4) and (5) , a Lorentzian a-Sasakian manifold M satisfies the following condi-
tions:
V%gﬂﬁa = —&Pa Xy, (10)

(Vi 70) Yo = —ag(paXe, Ya), (11)

where V! represents the covariant difference operator on the Lorentzian metric g.
When the manifold is Lorentzian a-Sasakian, by (3) and f = 0, we can obtain the
following:
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Proposition 1. If (MZ”H,(p,x, Cu,Ya, §) is an almost contact Lorentzian manifold, then it is a-
Sasakian if and only if

(Ve Ya = a(8(Xe Ya) o = 110 (Ya) Xa). (12)
Applying the same parameters and computations as in [30], we obtain the following:
Proposition 2. Let (M?"*1, ¢y, &4, 10, §) be a Lorentzian a-Sasakian manifold. Then,
Vo = —anXe — aguhXe, (13)
where h = %ﬁga(ﬁw

If the Lorentzian metric g has a Killing vector field ¢y, that is, M2+ g a K-contact
Lorentzian manifold, then

V%, Ex = —aaXe. (14)

3.2. Frenet Slant Curves

Let C : I — M3 be a unit speed curve in a Lorentzian 3-manifold with ¢(C’,C’) =
€1 = *1. The casual character of C is given by the constant €;. Furthermore, the second and
third casual characters of C are defined as g(N¢, N¢) = €3 and g(Bc, B;) = €3, respectively.
It then follows that the relation €16, = —e3 holds.

If the casual character of a unit speed curve C is 1, it is said to be spacelike; if it is -1,
it is said to be timelike. A Frenet curve is a unit speed curve C for which g(C”,C") # 0.
Along a Frenet curve C, there exists an orthonormal frame field {T, = C’,N,, B.}. The
Frenet—Serret equations are given by:

VL/TC = ek:Ng,
VaNe = —erxTe — €37:Be, (15)
VC,BC = €rT:N;.

where x, = |Vé/C’ | is the geodesic curvature and 7, is the geodesic torsion of C. The vector
fields T, N;, and B, are referred to as the tangent vector field, principal vector field, and
binormal vector field of the curve C, respectively.

A Frenet curve C is a geodesic if and only if its curvature «. is zero. A Frenet curve
with constant geodesic curvature and zero geodesic torsion is a pseudo-circle. A Frenet
curve C with constant geodesic curvature and geodesic torsion is a pseudo-helix.

In a three-dimensional almost contact metric manifold, the cross product is defined as

XaNYy = *g(Xm %Ya)ﬁa - ﬂa(Ya)(PaXa + Ua(Xa)thme VXa, Yo € TM.
Proposition 3. Let {T,, N, B} be an orthonormal Frame fields in a Lorentzian 3-manifold. Then,
TeALNe = e3B;, NeApLBe = €1Te, BiLALT: = €2N,. (16)

Therefore, in an almost contact Lorentzian 3-manifold, we define the Lorentzian cross
product as follows:

Definition 2. Let (MB, G, Cas Ma, §) be an almost contact Lorentzian 3-manifold. The Lorentzian
cross product Ay is defined as

XaALYy = _g(qu (Prxya)grx - Wa(Yoc)(PtxXa + Ua(Xa)(szsz/ VXu, Yo € TM. (17)

The Lorentzian cross product Ay, has the following properties:
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Proposition 4. The Lorentzian cross product Ay in an almost contact Lorentzian 3-manifold
(M3, pu, Ea, Na, §) has the following properties for all X, Yy, Zy € TM:

(1) The Lorentzian cross product is bilinear and anti-symmetric;

(2) Xo ALYy is perpendicular to both X, and Yy,

(3) Xy ALPa Yo = _g<qu Ya)ga =+ Uoc(sz)Ya;

4) Pu Xy = —Ca AL Xo;

(5) Define a mixed product by det(Xy, Yu, Za) = §(XaALYw, Za), we have

det(Xa, Yo, Zu) = —8(Xa, pa Yo ) (Zu) — §(Yuo, PuZu)a(Xu) — &(Zut) PuXa )1 (Yar)

and
det(Xy, Yo, Zy) = det(Yy, Zy, Xy) = det(Zy, Xo, Ya);

(6) g(Xvu (PaYtX)ZlX +8(Ya/ (Paza)Xa +g(Zuu(PaXa)Ya = (Xvu Ya, Za)gou

Proof. (We can prove it in a similar way [31])
Property (1) and Property (2) are trivial.
For Property (3), by using (6), (8), and (17), we obtain

XaAL(PtxYa = _g(qu %zsz)Ca - 77a(¢aya)¢zxxtx + Ua(th)(szzYa
= —8(Xa, Ya + 112 (Ya) Ga) Sa — e (Pa Vo) P X + 0 (Xa) (Yoo + 170 (Ve ) Car)
= —8(Xu, Yu)Ca + 1a(Xu) Ya.

For Property (4), by using (6), (9), and (17), we have

—Ca AL Xe = —8(—Ca, PuXa)Ca — Na(Xe)Pu(—Cu) + Na(—Ga) PuXar
= P Xq.

For Property (5), from (8), (17), and ¢, being a skew-symmetric (1, 1)-type tensor field, we
obtain

g(thALYou Zy) = g(_g(Xou 4’04Ya)§tx —Na (er)‘f’ﬂcxa + Um(Xa)‘Path/ Zy)
= —8(Xa, PuYa)8(Cur Za) — N0 (Ye) 8 (PuXats Za) + 1a(Xa)§ (P Yer, Zu)
= —8(Xu, P Yo (Za) — (Yo, PuZa )1 (Xa) — §(Zats P X) 1 (Yar)-

Moreover, one can easily verify that
det(Xy, Yo, Zo) = det(Yy, Zy, Xy) = det(Zy, Xo, Ya)-

Property (6) is easily obtained from Property (5). O

Proposition 5. Let (M3, ¢, Cus M, §) be a Lorentzian w-Sasakian 3-manifold. Then, we have
VE (XeALYa) = (V5 Xa)ALYa + XaAL(VE VL), (18)

forall Xo, Yo, Zy € TM.
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Proof. By 1, (Xa) = §(Xa, Ca), 1a(Ya) = §(Ya, &x) and (17), we have

v%,x(XaALYa) :V%m (—8(Xa, PaYa)Ca — 1a (Yo ) PaXa + 10 (X ) Pa Yar)
= S(V%,XXM%YA)@ — 8(Xa, (V%a%)ya)ga — 8(Xa, (Pa(V%lea))Ca
— g(Xa,(PaYa)V%aCa — g(V%mYa, Ca)PaXa — g(Ya,VZCa)%Xa
—Ma (Ya)(v%afpa)xa - Wa(Ya)‘Pa(V%“Xa) + g(V%aXa,Ca)(PaYa
+ 8(Xa, V%,ngé)qbzxya + Wa(Xa)(VIZa(Pa)Ya + W(Xa)(ljvé(v%uyvé)
=(V5, Xa)ALYa + XeAL(VE Vo) + A(Xa, Yo, Za),

where
(V%mxa)ALth = —g(V%aXa,qbaYa)Ca - Wa(ya)éf’a(v%axa) + Wa(vzxa)ﬁbaym

XaAL(VZYa) = —g(Xa, %(VZY,X))C“ - Wa(v%wya)%xtx + Wa(Xoc)%(V%aYa)r
A(Xa, Yar Za) = = §(Xa, (V,0)Ya)Ga — 8( X 9uYa) V5, Ga — 8(Yao, VE, Ea)PaXa
— 1 (Ya) (V5,00) X + (X, V5, 80) P Ya + 10 (Xe) (V 5, P0) Ve
As M? is a Lorentzian a-Sasakian 3-manifold, it satisfies (12) and (14). Hence, we have

A(Xou Ya, Za) = “[g(Xm ¢aYa)(PocZa +g(Yar¢aZa)§baXa +g(Zo¢r§baX¢x)¢aYa]~

Using Property (6) of Proposition 4 and (9), we have A(Xq, Ya, Zy) = 0. Hence, we obtain
18). O

The Reeb vector field ¢, is defined as

Co = €1g(§a, TC)TC + eZg(gou NC)NC + €3g(§:x/ Bc)Bc

19
= elﬂa(Tc)Tc + €2’7a(Nc)Nc + 5377w(Bc)Bc‘ ( )

From Property (4) of Proposition 4, Proposition 3, and (19), we have the following:

Proposition 6. For a Frenet curve C in an almost contact Lorentzian a-Sasakian 3-manifold M?,
we have

Pu T = 6263(770((NC)BC - Ua(Bc)Nc)/
¢PaNc = €1€3<77a(Bc)Tc - Wa(Tc)Bc)/
PuBe = elez(ﬂtx(Tc)NC - WN(NC)TC)'

By using (13) and (15), we find that differentiating 7, (T;), 7« (N¢), and 7, (B.) along a
Frenet curve C leads to the following:

Wa(Tc)/ = €2Kc77a(Nc) - txg(Tc,%hTC),
Na(Nc)' = —erxenia(Te) — €3(te — a)1ja(Be) — ag(Ne, puhTe),
1a(Be)" = €2(te — &) o (N:) — ag(Be, puhTe).

When M2 is a Lorentzian a-Sasakian 3-manifold, then
Wa(Tc)/ = €2Kc77a(Nc)/ (20)

ﬂa(Nc), = *Echﬂa(Tc) - 53(7(3 - “)ch(Bc)l (21)

Wa(BC)’ = €2(Tc — a)a(Ne)- (22)
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From (20), if C is a geodesic curve, i.e., k. = 0, in a Lorentzian x-Sasakian 3-manifold,
then C is naturally a slant curve. Considering a non-geodesic curve C, we have the
following:

Proposition 7. In a Lorentzian a-Sasakian 3-manifold, a non-geodesic Frenet curve C is considered
a slant curve if and only if 1, (Nc) = 0.

Proof. From (20) and C being a non-geodesic Frenet curve, we obtain x. # 0. On the one
hand, if C is a slant curve, we have 7, (C") = 17,(T.) = constant. Therefore, if 1, (T;) = 0,
we obtain 77,(N¢) = 0. On the other hand, if 7, (N.) = 0, we obtain 7, (T.)" = 0; therefore
1« (Te) = constant. Hence, the non-geodesic Frenet curve C is a slant curve. [

From (20), (22), and Proposition 7, we obtain that 7,(N;) and #,(B.) are constant.
Thus, by using (21), we obtain the following;:

Theorem 1. The ratio relationship between the . and 1. — « along a non-geodesic Frenet slant
curve is a constant in Lorentzian a-Sasakian 3-manifold M3.

We will now consider a Legendre curve C as a spacelike curve with a spacelike normal
vector. For the Legendre curve C, 17, (C") = 14(T:) = 0, 74(Nc) = 0, and #4(B.) is a
constant. Hence, by (21), we have the following;:

Corollary 1. The torsion of a Legendre curve is a in a Lorentzian a-Sasakian 3-manifold M.

It can be observed that the ratio relationship between . and 7. — « along a non-
geodesic Frenet slant curve is a constant containing a Legendre curve.

3.3. Null Slant Curves

Null curves exhibit distinct properties from spacelike and timelike curves, and their
general theory is developed in [32,33]. These curves find significant applications in general
relativity.

Suppose a regular curve C is a null(lightlike) curve on M3, i.e., at each point x of C,
we have

g(C’',c'y=0,C #0.

The general Frenet frame along C in a Lorentzian a-Sasakian 3-manifold M? is repre-
sented by F = {T, = C’, N;, W}, and it is determined by:

g(Tc/ N;) = g(Wc, We) =1, g(Tc/ T;) = g(Nc/NC> = g(Nc/ We) = g(Tc/ We) =0. (23)

We can easily show that C is geodesic for a null Legendre curve C. Therefore, we
assume that C is non-geodesic for the following research .

The general Frenet equations with respect to the frame F and the covariant derivative
VL on M3 are known from [8]

VET. = hTe + x W,
VENe = —hNe + W, (24)
V%CWC = _TCTC - KCNC/

where } is a smooth function, «, is the geodesic curvature of C, and 7, is the torsion of C.
There is known to exist a parameter g, called the parameter of a distinguished parameter,
for which the function / vanishes in (24). The pair (C(q), F), where F is a Frenet frame
along C with respect to a distinguished parameter g, is called a frame null curve (see [33]).
Generally, (C(q), F) is not unique as it depends on the distribution of 4 and the screen.
Therefore, under Lorentzian transformations, we seek a Frenet frame that has the minimum
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number of curvature functions that are invariant. Such a frame is called the Cartan Frenet
frame for the null curve C of the Frenet frame. In [33], it is shown that if the null curve C(g)
is non-geodesic, such that the following condition for C" = diqC’ holds,

¢(C",C"y=x. =1,

then there only exists one Cartan Frenet frame F that satisfies the following Frenet equations:

VLT =W,
V%CNC = Tcwc, (25)
ViW. = —tT. — N..

Lemma 1. Suppose C is a null curve on a three-dimensional almost contact Lorentzian a-Sasakian
3-manifold. It follows that the triad of vector fields {C’, x, poC'} cannot be considered as a basis of
T M3 at x € C.

Proof. From (6) and (23) at each point x of C, we find that &, is a timelike vector field and C’
is a lightlike vector field. Hence, it is easy to verify that &, and C’ are linearly independent
vector fields along C. If we assume (]),,CC’ belongs to the plane H = span{é,x, c’ }, in the
case of functions m and 1, we have ¢,C' = m&, +nC’. We also obtain C' + 1, (C')&, =
mng, + n>C’ by applying ¢, to both sides of this equality, which implies n?> = 1. Thus,
{C’ ,Car Pu c’ } are linear vector fields along C, which confirms our assertion. [

In summary, in Lorentzian a-Sasakian 3-manifolds, it is impossible for a non-geodesic
null slant curve C to exist.

4. Contact Magnetic Curves

The Reeb vector field ¢, is Killing, in a Lorentzian x-Sasakian 3-manifold. Hence, the
2-form D, is d1ja, i.e., dija(Xa, Yo) = §(Xa, PaYa), for all X, Y, € TM.

Let C : I — M3 be a smooth curve on a contact Lorentzian manifold (M3, s Car Mar §)-
Then, we define a magnetic field on M?> by

Fcfa,ﬂi(X“/ Yy) = _qdﬂzx(xrxl Ya), (26)

where X,, Y, € TM, g is a nonzero constant, and Fz, 5 represents the contact magnetic field
with strength 4.

Using (1), (26), and dyja(Xa, Ya) = §(Xa, paYa), we obtain @, (X,) = q¢puXs. Hence,
from (2), the Lorentz equation is

VL.C' = q¢.C. (27)

This is the geodesic generalized equation under the arc-length parametrization, i.e., VL,C' =
0. For g = 0, it can be observed that the contact magnetic field vanishes identically and the
magnetic curves on M2 are indeed geodesic. These solutions satisfying Equation (27) are
referred to as contact magnetic curves or trajectories.

In contact Lorentzain 3-manifolds, by using (13) and (27), differentiating g(¢x, C')
along a contact magnetic curve C is

d
Eg(é‘mc’) = g(V(L:,(;",X,C’) + 8(Ca, V(L:,C/)

= g(—adaC" — apehC',C") 4 (Ea, 49uC’)
= —ag(¢phC’, C).
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Therefore, we utilize the property of contact magnetic curves to characterize the
conditions of contact magnetic curves and slant curves in Lorentzian 3-manifolds in the
following theorem.

Theorem 2. A contact magnetic curve C is a slant curve if and only if M® is a-Sasakian in a
contact Lorentzian 3-mainfold M>.

Proof. On the one hand, if C is a slant curve, ¢(C’, &,) = constant, so %g(@a, C’) =0and
M is a-Sasakian. On the other hand, if M is a-Sasakian, the manifold is K-contact, so h = 0
and ¢(C’,&,) = constant. Hence, C is a slant curve. [

Following this along a non-geodesic Frenet contact magnetic curve C, we find the
curvature k. and torsion 7., and we assume that 17,(C') = #,(T.) = a, for a constant a.
Then, using (7), (15), and (27), we obtain

exxc® = 7°8(¢aC’, 9o C') = (1 + a°).

According to the assumptions and deductions made, it can be concluded that C has constant

curvature
ke = |q]\/€2(€e1 + a?), (28)

and from (15), (27), and (28), the principal normal vector field N, is

(562 /
N = ——¢,C, 29
where § = %
By utilizing Proposition 3, (17), and (29), the binormal B, is calculated as

€3B. = TcALN,
562

=C'A
L< €(e1 +a?)

$aC')

der /
= ———2(—€18u +aC)).
(e +a2)< 16 )

Differentiating the binormal vector field B, we obtain

)
Vé/BC = $Vé/(—€1€a + HC/)
e(e1 +a2)
dere (30)
2¢3 L !
= ————=-V(ne; +a c.
er(er +a2) © (a1 + ag)
On another aspect of the binormal vector field, by (15), we obtain
3¢ C’
VLB, = &N, = To——ee—. 31
c’'Pc 2 tciNe c \/W ( )
From (30) and (31), as €16pe3 = —1, we obtain
T, = —0 — €144.

Furthermore, if C is a non-geodesic curve, then

T+ a dea

Ke \/€2(€1 +u2)‘

Therefore, we obtain the following;:




Symmetry 2023, 15, 1077

10 0f 13

Theorem 3. Let C be a non-geodesic Frenet curve in a Lorentzian «-Sasakian 3-manifold. If C
is a contact magnetic curve and « is a constant, then it is a slant pseudo-helix with curvature
ke = |ql\/€2(€1 + a?) and 1. = —a — €1aqg. Moreover, the ratio of k. and T. + « is a constant
along a non-geodesic Frenet contact magnetic curve.

Assuming a Legendre curve is a spacelike curve with a spacelike normal vector field
and 7,(C") = a = 0, we assume that C is a Legendre curve and we can conclude that:

Corollary 2. If a non-geodesic Legendre curve C is a contact magnetic curve in a Lorentzian
a-Sasakian 3-manifold, then it is a Legendre pseudo-helix with curvature k. = |q| and torsion
T = —u.

Using Equation (28) for the geodesic curvature, if e = 1, then 7,(C") = a and
1 <1+a% and we have e, = 1. As e16653 = —1, we can deduce thate; = —1. Ife; = —1,
then 17, (C") = a = coshxy, as C is a geodesic for a = coshxy = 1. Assuming C is a non-
geodesic curve, we have a%2 > 0, which implies that —1 + 4?2 > 0, and we can deduce that
€y = €3 = 1. Therefore, we obtain the following:

Theorem 4. If a non-geodesic Frenet curve C is a contact magnetic curve in a Lorentzian «-
Sasakian 3-manifold M3, then C is one of the following:

(1) a spacelike curve with a spacelike normal vector field or

(2) a timelike curve.

Moreover, we have the following content:

Corollary 3. There is no spacelike curve with a timelike normal vector field in Lorentzian -
Sasakian 3-manifold M3 if C is a non-geodesic Frenet curove.

5. Example of Lorentzian a-Sasakian 3-Manifolds

In this section, we present an example to validate our results.

Example 1. We consider the three-dimensional manifold M = {(x,y,z) € R3 : z > 0} in [6],
where (x,Yy,z) are the standard coordinates of R3. Let

] 0 0 0
F=e 5y’ E=e (ax + ay)' B =a-,

where these vector fields are linearly independent at each point of M, and we take the contact form
Mo = %dz and the Reeb vector field of 1, is {y = F3 = w%.
Let g be the Lorentzian metric

g = edx? + % (—dx +dy)? — %alz2
and

g(F,F) =8k F)=1, g(F,F)=-1, g(h,k) =g(F,F) =g8(k F)=0.

Then, we have
[F1, ] =0, [F, B3] = aFy, [Fy, B3] = aby.

The (1,1)-type field ¢y is defined by
Pubr = —F1, pul2 = —F, puF3 = 0. (32)

By applying linearity of ¢, and g, we have
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Ma(Ca)

§(Eua) = =1, ¢u”Xa = Xo + 1a(Xa) & §(PaXars Pa Vo) = §(Xay Ya) + (X)) 10 (Yar)

for all Xy, Yy € TM. The Levi-Civita connection V% of M is

VEF =aFs, VEF, =0, VEF = afy,
VEF =0, VEE =aF3, Vi F =ab, (33)
VEF =0, VEFR =0, VEF; =0.

The contact form 1, satisfies dny(Xu, Yo) = §(Xa, paYa). Moreover, the structure (pu, Cu, far §)
is x-Sasakian.

From the above results, we use the curvature tensor R(Xu, Ya)Zo = a?[g(Ya, Za) Xa —
9(Xu, Zy)Ys). Then, obtaining the components of the curvature tensor is straightforward, as
follows:

R(F, B)F = —a?F, R(F, F3)Fy = —a’F;, R(F, F3)F =0,
R(F, B)F = &®F,, R(Fy,B)F> =0, R(F, F3)F> = —a®F;,
R(F, B)F3 =0, R(Fy, F3)F3 = —a®Fy, R(Fy, F3)F; = —a*Fo.

The sectional curvature [25] is given by

IC(CDUFI') = 7R(€DUF1'1€04,P1‘) = 1,f01’i =1,2

and
K(F, ) =R(F, B, F, ) = —a”.
Thus, we see that the Lorentzian a-Sasakian 3-manifold M3 has constant holomorphic sectional
curvature y = —a2.
Suppose C is a Frenet slant curve in Lorentzian a-Sasakian 3-manifolds that is parameterized
by arc-length. In this case, the tangent vector field takes on the following form:

T = C' = /€1 + a%cosyF; + \/€; + asinyF, + aF3, (34)

where a = constant, y = 7(s). Using (33), we obtain

VL C' = Ve + a2[(—9/siny + aacosy)Fy + (v'cosy + ansiny)Fy + av/e; + a2Fs).  (35)

On the one hand, from (27) and (32), we have k. = 0, that is, C is a geodesic curve; in a Lorentzian
a-Sasakian 3-manifold, C is naturally a slant curve. From (35), (27), and (32), there does not exist a
non-geodesic slant Frenet curve in M.

Let C(s) = (x(s),y(s),z(s)) be a curve in Lorentzian w-Sasakian manifolds. Then, the
tangent vector field C' of C is

_(dxdydz dxd o dzd
~ ‘ds'ds’ds’  dsox dsdy dsoz’
By utilizing the relation:

9 _ 0 _ zp 9 _1
a—é’(Fz F), y_ePl’az_szg’
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From (34), the system of differential equations for the slant curve C in M is

d L
d—j(s) = Ve + a’sinye” 7,

Z—]S/ (s) = Ve1 + a?(siny + cosy)e %, (36)
dz
%(s) = an.

In this particular case, take a special curve y(s) = bs + ¢, where b,c € R. Suppose C : I - M
is a non-geodesic curve that is parameterized by arc-length s in the Lorentzian x-Sasakian 3-manifold.
If C is a contact magnetic curve, then the parametric equations of C are provided by Equation (36)
x(s) = —}e~*\/e1 + aPcos(bs + ¢) + x,

z

)
y(s) = te *\/e1 +a2(—cos(bs + c) + sin(bs + ¢)) + yo,
z(s) = aas + zg.

where xg, Yo, 2o are constants.

6. Conclusions

This paper solves an interesting question of geometric properties and symmetry of
two special types of curves in the Lorentzian a-Sasakian 3-manifolds. We prove the ratio
relationship between %, and 7. — « or k. and 7. + « along the two special types of curves.
We also use the properties of the slant curve and contact magnetic curve to characterize the
manifold as a Lorentzian #-Sasakian 3-manifold. Finally, we provide an example and verify
the slant curve and contact magnetic curve in the Lorentzian a-Sasakian 3-manifolds. As
a future work, we plan to proceed to study some applications of contact magnetic curves
and slant curves with singularity theory and submanifold theory, etc. in [34-37] to obtain
new results and theorems.
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