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Abstract: As hydraulic fracturing is a fluid-rock coupling process, the permeability of the
hydraulic-stimulated fracture network in the initial stage has great effects on the propagation
of the hydraulic fracture network in the following stages. In this work, the permeability of the
hydraulic-stimulated fracture network in shale gas reservoirs is investigated by a newly-proposed
model based on the displacement discontinuity method. The permeability of the fracture network
relies heavily on fracture apertures, which can be calculated with high precision by the displacement
discontinuity method. The hydraulic fracturing processes are simulated based on the natural fracture
networks reconstructed from the shale samples in the Longmaxi formation of China. The flow fields
are simulated and the permeability is calculated based on the fracture configurations and fracture
apertures after hydraulic fracturing treatment. It is found that the anisotropy of the permeability is
very strong, and the permeability curves have similar shapes. Therefore, a fitting equation of the
permeability curve is given for convenient use in the future. The permeability curves under different
fluid pressures and crustal stress directions are obtained. The results show that the permeability
anisotropy is stronger when the fluid pressure is higher. Moreover, the permeability anisotropy
reaches the minimum value when the maximum principle stress direction is perpendicular to the
main natural fracture direction. The investigation on the permeability is useful for answering how
the reservoirs are hydraulically stimulated and is useful for predicting the propagation behaviors of
the hydraulic fracture network in shale gas reservoirs.

Keywords: displacement discontinuity method; hydraulic fracture; shale gas; numerical modelling;
complex fracture network; permeability

1. Introduction

The prediction of the propagation behaviors of the complex fracture network is an essential
requirement for the hydraulic fracturing design of shale gas reservoirs. Many techniques have been
used to investigate the propagation behaviors of the fracture network during fracturing treatment.
For example, micro seismic events have been used to diagnose the location and the mechanism of the
propagation of hydraulic fractures. However, the details of the fracture network cannot be measured
completely by the observation methods. Aside from the observation methods, laboratory experiments
have also been implemented to investigate how hydraulic fractures propagate under different
conditions [1–3]. However, it is difficult to observe the propagation of the complex fracture network
and to know how laboratory experiments are related to reservoir scale [4]. Comparing with the
observation methods and the laboratory experiments, numerical modelling is much more flexible.
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Numerical models can be established according to the field conditions, and all the details can be
exported for analysis. Therefore, numerical modeling is an important tool for engineers to predict the
hydraulic fracture network configurations [5].

However, the modelling of hydraulic fracture network propagation is very challenging.
The propagation of the fracture network is much more complex than that of the idealized
fracture geometries, the propagation of which can be well simulated by the early stage
models, such as the Perkins-Kern (PK) model [6], the Perkins-Kern-Nordgren (PKN) model [7],
the Khristianovich-Geertsma-Deklerk (KGD) model [8], the pseudo-3D models and the planar-3D
models [9,10]. To simulate the propagation of the complex fracture network, the models should capture
all of the essential elements so that the simulation reasonably represents the real process [4]. To track
the fracture trajectory precisely, a large number of grids is always needed. With fracture extending,
the re-meshing should always be implemented. Moreover, as hydraulic fracturing is a fluid-rock
coupling process and any small error of the fracture aperture calculation may cause a huge error of the
fluid solving, the precision of the solver must be very high.

The Displacement Discontinuity Method (DDM) [11–14] is a kind of boundary element
method that is designed for the modelling of the tough problem of fracture network propagation.
Being different with the traditional methods, which need grid meshing for rock matrix, such as the finite
difference method [15], the finite element method [16], the extended finite element method [17–19]
the discrete element method [20,21], the cracking particles method [22,23], etc., the fractures are
treated as the discontinuities of displacements, and grid meshing is needed only for fractures.
Most of the problems mentioned above have been properly resolved. When the fracture propagates,
fracture elements are added without the re-meshing of the existing grids. As the rock matrix is
not discretized, the propagation of the fracture network can be simulated within shorter CPU time.
The fracture aperture can be calculated with higher precision because the stress interactions between
fractures are directly calculated by the analytical solutions. However, as the average fracture spacing
is much smaller than the scale of shale gas reservoirs and there are so many fractures in shale gas
reservoirs, there is no numerical model capable of modelling the propagation of so many fractures.

The investigation on the permeability of the fracture network provides an alternative way for
quantifying the fracture network configuration during hydraulic stimulation. First, as hydraulic
fracturing treatment is a fluid-rock coupling process, the investigation on the permeability of a small
region is helpful in predicting the propagation behaviors of the hydraulic fracture network in a bigger
region without knowing the propagation of each individual fracture in the bigger region. Second, as the
aim of fracturing treatment is the permeability enhancement, the investigation of permeability is useful
in answering how well the reservoir is stimulated. The structure of this paper is organized as follows.
First, with a newly-developed numerical model based on DDM, the hydraulic fracturing processes are
simulated based on the fracture network reconstructed from real shale samples. Then, the permeability
of the hydraulic fracture network in different conditions is investigated to analyze the favorable
conditions for the hydraulic fracturing treatment.

2. Numerical Method

2.1. Hydraulic Fracturing

A DDM-based model is used to simulate the propagation of the hydraulic fracture network.
One of the advantages of DDM is the precise solving of the fracture aperture, which is required by the
investigation of permeability, as fracture conductance is sensitively related to the fracture aperture.
The details of the model have been introduced in our previous published papers [24–26]. For the sake
of completeness, the model is briefly introduced below.

Given the normal and shear displacement discontinuities of each fracture element, the induced
stresses by the opening and sliding of the fracture system with N elements can be calculated by [27]:
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σn (x) =
N
∑

r=1

∫ lr
0 [G11 (x, s)w (s) + G12 (x, s)ν (s)]K (x, s) ds

τs (x) =
N
∑

r=1

∫ lr
0 [G21 (x, s)w (s) + G22 (x, s)ν (s)]K (x, s) ds

(1)

where x = (x, y) is the coordinate, w is the normal displacement discontinuity, ν is the shear displacement
discontinuity, lr is the length of fracture r, Gij are the hyper singular Green’s functions, which are
proportional to the plane strain Young’s modulus [27], σn is the normal stress and τs is the shear stress,
obeying Coulomb’s frictional law characterized by the coefficient of friction λ, which limits the shear
stress by:

|τs| ≤ λ σn (2)

that can act in parts of fractures that are in contact, but vanishes along the separated parts. Along the
opened fracture portions, we have:

σn = p f (3)

K is the three-dimensional correction coefficient. Using the parameters given by Wu and Olson [28],
the correction coefficient K proposed by Olson [29] can be written as:

K (x1, x2) = 1− d3[
d2 − (h/2)2

]3/2 (4)

where h is the limited layer thickness perpendicular to the simulation plain and d is the distance
between points x1 and x2.

The fracture growth is based on the maximum hoop stress criterion, with the maximum
mixed-mode intensity factor reaching a critical value:

1
2

cos
θ0

2
[KI(1 + cosθ0 − 3KI Isinθ0] = KIC (5)

where KI and KII are stress intensity factors, KIC is the tensile mode fracture toughness and θ is the
fracture propagation direction relative to the current fracture orientation and satisfies:

KIsinθ + KI I(3cosθ − 1) = 0 (6)

Considering that the permeability of the shale matrix is ultra-low and shale gas transfer from
the matrix to the fracture system in several years during production, while the water injection lasts
only for hours during hydraulic fracturing treatment, the permeation depth of water into the shale
matrix should be much smaller than the average spacing between the simulated fractures, which is
generally at a scale of 0.1 m [30]. As a result, the fluid transfer and interaction between the fracture
and the rock matrix is generally ignored during the modelling of hydraulic fracturing by many
researchers [5,20,27,31,32].

As the aim of the modelling of fracture network propagation is the calculation of permeability,
there is no need to simulate the propagation of the complex fracture network within the whole shale gas
reservoir. By contrast, the configurations of the hydraulic-stimulated fracture network in a relatively
smaller region is enough for the characterization of the permeability. In this work, the characterization
of permeability is implemented based on the outcrop shale samples from the Longmaxi formation of
China. The width of the shale samples is 0.4 m, which is much greater than the average spacing between
natural fractures, and is much smaller than the scale of the shale gas reservoir. Therefore, the variation
of fluid pressure within the simulation region could be neglected, i.e., the fluid viscosity is ignorable.
The hydraulic fracturing process is simulated by increasing the fluid pressure in the fractures linked to
the injection center step by step. Only the discretization of the fractures is needed during the solving.
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In this work, fractures are meshed with constant displacement discontinuity elements. When a fracture
extends, new fracture elements are added to the tip of the fracture without the re-meshing of the
existing grids.

2.2. Permeability Calculation

The permeability of the hydraulic-stimulated fracture network is calculated by simulating the
single-phase incompressible flow under constant pressure difference at the two opposite sides of the
fractured region. The single phase flow is simulated with a solver based on finite volume method.
The hydraulically-fractured region is meshed with regular grids, and in each grid, the following
equation exists:

∑
j

gij
(

pi − pj
)
= 0 (7)

for grid i and j. The conductivity g depends on the hydraulic fracture network configuration. For the
two grids that are not linked by any fracture, g = k, where k is the permeability of rock matrix. For the
two grids linked by a fracture, the conductivity g is calculated by:

g = k +
w3

12δ
· L

dx + dy
(8)

where δ is the grid width, w is the fracture aperture, L is the length of the fracture segment and dx and
dy are the distances between the two ends of the fractures along x and y axis directions, respectively.

3. Model Validation

The calculation of the fracture aperture is one of the most important foundations of the model.
Given the fluid pressure, the aperture profile of a single fracture in infinite rock follows [33]:

w (x) = −2 (1− νPo)

G
p f a

√
1− x2

a2 (9)

where w is the fracture aperture, a is the fracture half length, pf is the net fluid pressure, x is the distance
to the center of the fracture, G is the shear modulus and νPo is Poisson’s ratio.

The numerical model is validated against the analytical solution. A single fracture is simulated
with the parameters listed in Table 1. The aperture is compared with the analytical solution, as shown
in Figure 1. The numerical results agree well with the analytical one, even when there are only
five grids.

The stress interactions between different fractures are important for the propagation of the fracture
network. In this work, the stress field around two parallel fractures is calculated, and the stress field is
compared with Fast Lagrangian Analysis of Continua (FLAC) 3D and Kresse et al. [31]. It must be
noted that, due to the stress interactions between the two fractures, the aperture of these two fractures
is different with the aperture of a single fracture, as given by Equation (9). The stress field around
the two parallel fractures can be correctly calculated only when the stress interactions between them
are correctly simulated. The numerical setting is shown in Figure 2 Constant internal fluid pressure
is applied to the two fractures. For these two fractures, s/h = 0.5 and h/a = 0.3, where s is the spacing
between these two fractures, h is the fracture height and a is the fracture half length. The origin of the
coordinate system as shown in Figure 2 is at the center of the two fractures. The stresses along the
x axis (y = 0, z = 0 and x > 0) and y axis (x = 0, z = 0 and y > s/2) are compared. The results are shown
in Figure 3. The numerical results of this work match closely with the former works.
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Table 1. Input parameters for the calculation of the fracture aperture, where pf is fluid pressure, G is
shear modulus and σx and σy are the principle stresses along the x and y axis directions, respectively.

Parameter Value Parameter Value

Fracture Length 1 m Layer Thickness Infinite
p f /G 1 Far-Field Stress σx = σy = 0

Poisson’s Ratio 0.1
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(a) σy are along the y axis (x = 0, z = 0 and y > s/2); (b) σx along the y axis (x = 0, z = 0 and y > s/2);
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as (y-s/2)/h; σx and σy are normal stresses along the x axis and y axis directions, respectively; p is the
internal fluid pressure in these two fractures. The numerical modelling by FLAC3D is implemented by
Kresse et al. [31].
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4. Results and Discussion

4.1. Hydraulic Fracture Network

The fracture propagation processes are simulated based on the fracture networks reconstructed
from the shale samples from the Longmaxi formation of China, as shown in Figure 4. The natural
fracture networks are well developed and can be roughly divided into two sets. The length is longer
and the conductivity is better for the horizontal set of fractures. The numerical setting is shown in
Figure 5. All pf the natural fractures are initially closed with the fluid pressure equaling zero. A constant
far field stress condition is applied to the model during the modelling. The maximum principle stress
direction is represented by the angle ϕ, as shown in Figure 5. The width of the simulation region is
0.4 m, which is much smaller than the scale of shale gas reservoirs. Therefore, the variation of fluid
pressure within the region could be neglected, i.e., the fluid viscosity is ignorable. Moreover, as the
natural fractures are well developed, fluid enters all of the connected fractures once fluid reaches the
boundary of the region.
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Figure 5. The numerical setting for hydraulic fracturing stimulation. The natural fractures are marked
by the blue lines. The stress direction is quantified by the angle ϕ, which is the intersection angle
between the maximum principle stress direction and the positive x axis direction.

Hydraulic fracturing processes are simulated with the parameters listed in Table 2.
The simulations are implemented by increasing the fluid pressure step by step. The fracture networks
under different stress directions and fluid net pressures are shown in Figure 6. As the natural fracture
network is well developed, the initiation of new fractures and the propagation of hydraulic fractures
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are ignorable. The fracture networks after fluid injection depend on both the crustal stress condition
and the natural fractures. The reopening of natural fractures is mainly along the maximum principle
stress direction. Moreover, although fluid net pressure has great effects on the fracture aperture, it has
ignorable effects on the configuration of the reopened natural fracture. In short, the main natural
fractures and the crustal stress condition are the key parameters in determining the hydraulic fracture
network configuration.

Table 2. Input parameters for modelling the hydraulic fracturing process.

Parameter Value Parameter Value

Stress Difference 4 MPa Layer Thickness 0.2 m
Fracture Toughness 1.0 MPa·m0.5 Young’s Modulus 1.8 × 1010 Pa

Poisson’s Ratio 0.1 The Friction Coefficient 0.9Water 2016, 8, 393  7 of 14 
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Figure 6. The hydraulic fracture networks under different conditions. (a) ϕ = 0◦, p f = 3 MPa;
(b) ϕ = 0◦, p f = 5 MPa; (c) ϕ = 45◦, p f = 3 MPa; (d) ϕ = 45◦, p f = 5 MPa. Here, ϕ is the
intersection angle between the maximum principle stress direction and the positive x axis direction,
as shown in Figure 5; p f is the net fluid pressure. The fractures with an aperture greater than 10 µm
are represented by the colored faces; the fractures with shear displacement discontinuity greater than
10 µm are marked by the red lines on the top; and the natural fractures that are not affected by fluid
injection are represented by the gray mesh.

4.2. Flow Fields in the Fracture System

Flow fields are simulated to calculate the permeability of the fracture network. The numerical
setting is illustrated in Figure 7. All of the fracture details, including the fracture apertures and fracture
locations, are obtained from the results of hydraulic fracturing simulations. The sub-regions of the
fracturing region are used. The width of the sub-region is 0.25 m. The orientation of the sub-region is
quantified by the angle θ, as in Figure 7. The fluid flow outside the sub-region is ignored. The flow
fields in the sub-region are simulated by applying a constant pressure difference at the two opposite
sides of the sub-regions.
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The flow fields in the sub-regions are shown in Figure 8. The reopened natural fractures are the
main flow paths and have great effects on the flow fields. Most of the streamlines that are starting
uniformly from the inlets, as shown in Figure 8, converge into the reopened natural fractures. The flow
field also varies significantly with the orientation of the sub-region. When θ = 0◦, i.e., the flow direction
is approximately parallel to the main natural fractures, the flow path is shorter, and the permeability is
stronger. By contrast, when θ is bigger, the flow path is longer and narrower; thus, the permeability is
poorer. In short, the flow fields are much different for the sub-regions under different orientations.
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Figure 8. The flow fields in the sub-regions under different orientations. (a) θ = 0◦, k = 33 mD;
(b) θ = 30◦, k = 22 mD; (c) θ = 60◦, k = 0.53 mD; (d) θ = 90◦, k = 0.19 mD. Here, θ is the orientation angle
of the sub-region, as illustrated in Figure 7; k is the permeability of the sub-region. Fifty streamlines
starting uniformly from the inlet are plotted in these figures.
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4.3. Effects of Fluid Pressure

The permeability of the fracture network is calculated by simulating the flow fields in the
sub-regions under different orientations. The occurrence of the reopened natural fractures and the
permeability under different directions are shown in Figure 9. Fluid pressure has ignorable effects
on the occurrences of the reopened fractures, which is consistent with the observations in Section 4.1.
The permeability increases significantly with the increasing of fluid net pressure, which is caused by
the bigger fracture aperture under higher fluid net pressure. Moreover, the permeability anisotropy
is very strong, as shown in the figures. When fluid net pressure is low, as in Figure 9a,b, the fracture
network permeability is dominated by the main natural fracture direction, which is approximately
parallel to the x axis direction. By contrast, when the fluid pressure is high, as shown in Figure 9c,d,
the fracture network permeability is controlled by the directions of both crustal stress and the main
natural fractures.

These permeability curves shown in Figure 9 have similar shapes. With the variation of the view
angle θ, the permeability of the fracture network varies gradually between the maximum and the
minimum values. For the convenient use of the permeability curves, a fitting formula of permeability
is given as follows,

k(θ) =
kmax + kmin

2
+

kmax − kmin

2
sin(θ − θmax +

π

4
) (10)

where kmin and kmax are the minimum and maximum values of permeability, respectively, and θmax

is the angle when the maximum permeability is reached. Given these three fitting parameters,
the permeability of the hydraulic fracture network can be well described by Equation (10). For the
permeability curves shown in Figure 9, the fitting parameters are listed in Table 3. It can be seen that
the fitting curves agree well with the smoothed data.

The permeability anisotropy is unfavorable to the hydraulic fracturing treatment. The flow
resistant varies more significantly with direction, and thus, the main hydraulic fractures are more easily
formed when the permeability anisotropy is stronger. For convenience, we define the permeability
anisotropy as kmax/kmin. The variations of the permeability anisotropy with fluid net pressure under
different crustal directions are shown in Figure 10. By comparing the results in Figure 10, it is found
that the permeability anisotropy is weaker when ϕ = 45◦ and ϕ = 90◦, i.e., the complex fracture
network is more easily to formed when the angle ϕ is bigger. Moreover, when the intersection angle
between the maximum principle stress direction and the natural fracture direction is small, as in
Figure 10a,c, the permeability anisotropy increases with fluid net pressure. This is caused by the fact
that most of the fractures are tensile fractures when the maximum principle stress direction is parallel
to the natural fracture direction, and the increasing of the fractures aperture with fluid net pressure is
more significant along the maximum principle stress direction. When the intersection angle ϕ = 45◦,
as in Figure 10b, the permeability anisotropy first decreases when the fluid net pressure is smaller than
6 MPa and then increases with fluid net pressure when the fluid net pressure is bigger. The decreasing
of the permeability anisotropy when the fluid net pressure is smaller than 6 MPa is caused by the
formation of the shear fracture network. With the increasing of fluid net pressure, the shear fracture
network is first formed. As the conductance of a shear fracture is mainly related to the roughness
of the fracture surface, the permeability anisotropy is much weaker for the shear fracture network.
Therefore, the formation of the shear fracture network is favorable to the evolution of the hydraulic
fracture network afterwards.
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Figure 10. The variations of the permeability anisotropy with fluid net pressure under different stress
directions. (a) ϕ = 0◦; (b) ϕ = 45◦; (c) ϕ = 90◦.

Table 3. The fitting parameters for the permeability curves under different fluid net pressures.
Here, pf is fluid net pressure.

pf/MPa θmax kmin/mD kmax/mD

1.0 8.6◦ 1.0 10.5
3.0 13.8◦ 1.5 15.0
5.0 22.9◦ 4.0 20.0
7.0 28.1◦ 7.0 43.0

4.4. Effects of Stress Direction

The stress direction is one of the most important parameters to quantify the anisotropy of shale gas
reservoirs. We simulated the hydraulic fracturing process under different stress directions. The results
are shown in Figure 11. The corresponding fitting parameters for the fitting curves are listed in Table 4.
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The stress direction has great effects on the occurrence of the fractures reopened by fluid pressure under
different directions. The natural fractures with a small intersection angle with the maximum principle
stress direction tend to be reopened during the hydraulic fracturing process. However, as there are
only two orthogonal sets of natural fractures, the occurrence of the reopened fractures does not reach
the maximum value along the maximum principle stress direction. The stress direction has great
effects on the permeability. The permeability reaches the maximum value between the directions of the
maximum principle stress and the main natural fractures. For example, the maximum permeability is
reached when the angle θ approximately equals 15◦ and 30◦, respectively, when the angle of maximum
principle stress equals 30◦ and 60◦, respectively, as shown in Figure 11b,c. Moreover, the permeability
is bigger when the maximum principle stress direction is neither parallel to nor perpendicular to the
main natural fracture direction, as shown in Figure 11b,c. This is caused by the formation of the shear
fracture network.

The variations of permeability anisotropy with stress direction are shown in Figure 12.
First, when the angle ϕ increases from 0◦ to 45◦, the variation of permeability anisotropy depends on
fluid net pressure. This can be explained by the formation of the shear fracture network. The fluid
net pressure has great effects on the aperture of fractures, but has ignorable effects on the shearing
of fractures. When ϕ = 0◦, the permeability is influenced only by tensile fractures. By contrast,
when ϕ = 45◦, the permeability is created by both the tensile mode and the shear mode fractures.
As the permeability anisotropy increases dramatically with fluid pressure when ϕ = 0◦, as shown
in Figure 10a, the permeability anisotropy increases when fluid net pressure is lower and decreases
when fluid net pressure is higher when the angle ϕ increases from 0◦ to 45◦. Second, when the
angle ϕ increases from 45◦ to 90◦, the permeability anisotropy decreases. The weaker permeability
anisotropy when ϕ = 90◦ is caused by the increasing of permeability perpendicular to the main natural
fracture direction.
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The black dashed curves are the fitting curves of permeability. The blue lines represent the occurrence
of the fractures reopened by fluid pressure under different directions.
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Figure 12. The variations of the permeability anisotropy with the maximum principle stress
direction under different fluid net pressures. (a) pf = 3.0 MPa; (b) pf = 4.0 MPa; (c) pf = 5.0 MPa.
Here, the permeability anisotropy is defined as the ratio between the maximum and the
minimum permeability.

Table 4. The fitting parameters for the permeability curves under different stress directions.

ϕ θmax kmin/mD kmax/mD

0◦ 2.9◦ 0.4 2.1
30◦ 11.5◦ 0.4 4.0
45◦ 29.8◦ 0.5 5.5
90◦ 101.4◦ 0.8 1.1

5. Conclusions

In this paper, the permeability of the hydraulically-stimulated fracture network in shale gas
reservoirs is investigated by a numerical model based on the displacement discontinuity method.
The hydraulic fracturing processes under different fluid net pressures and crustal stress conditions are
simulated based on the natural fracture network reconstructed from the Longmaxi formation of China.
The fracture network permeability is then investigated based on the fracture configurations obtained
from the hydraulic fracturing simulations.

Firstly, the hydraulic fracturing processes and the flow field in different directions are simulated.
As the natural fracture network is well developed, the increasing of the fracture network permeability
is caused mainly by the reopening of the pre-existing natural fractures, not the propagation of hydraulic
fractures. The configuration of the hydraulic fracture network is affected greatly by the crustal stress
condition. The fluid net pressure also has great effects on the fracturing process and the fracture
aperture, but has ignorable effects on the fracture network configurations. Both the stress direction
and the fluid net pressure have great effects on the permeability of the hydraulic fracture network.

Secondly, the effects of fluid net pressure are investigated. The permeability anisotropy is stronger
when the fluid pressure is higher. The strong permeability anisotropy is unfavorable to the formation
of the complex fracture network. When fluid net pressure is low, the permeability is controlled by the
natural fractures, and the maximum permeability is reached along the main natural fracture direction.
By contrast, when fluid net pressure is high, the permeability is controlled by both the natural fracture
and the crustal stress condition, and the maximum permeability is reached between the maximum
principle stress direction and the main natural fracture direction.

Thirdly, the effects of crustal stress direction are investigated. The crustal stress direction has great
effects on the permeability anisotropy of the hydraulic fracture network. The permeability anisotropy
reaches the minimum value when the maximum principle stress direction is perpendicular to the main
natural fracture direction. The weaker permeability anisotropy can suppress the formation of the main
hydraulic fractures and, thus, is favorable to the formation of the complex fracture network.

Finally, as the permeability curves under different conditions have similar shapes, a fitting
equation, which contains three fitting parameters, is given. By using the proper values of the fitting
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parameters, the fitting curves agree well with the smoothed curves of the permeability. The fitting
equation is useful for the further usage of the permeability curves.
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