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Abstract: This paper aims at developing a novel stability criterion to access the influence of the
time-varying delay on the stability of power systems equipped with a proportional-integral (PI)-based
load frequency control (LFC). The model of the LFC scheme considering time-varying communication
delays is established at first. Then, an improved stability condition related to the information of delay
bounds is deduced by constructing an augmented Lyapunov-Krasovski functional and using a matrix
inequality, and it is expressed as linear matrix inequalities (LMIs) for easily checking. Finally, case studies
for one-area and two-area LFC systems are carried out to show the relationship between delay margins
ensuring the stability and the PI gains of the LFC, and also verify the superiority of proposed stability
criterion compared with the previous ones.
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1. Introduction

Frequency of grid, as the one of important standards for power quality, is required to stay in a
constant or within a small range nearby. For achieving this objective, load frequency control (LFC)
is usually equipped in the power systems as a common technique [1-4]. For traditional small-scale
grids, a dedicated independent communication network is used to ensure the rapid measurements
and control signals transmission [5,6], and the transmission delay is small and often negligible.
However, with the expansion of contemporary power systems and the development of power
marketization, the LFC requires the transmission of relevant information by means of an open
communication network. The open communication network can realize a mass of data and extensive
information exchange, but it will also drop random delays and data packets into the LFC scheme [7-9].
Therefore, in order to assess the performance of the LFC scheme under the open communication network,
the influence of time delays should be well investigated.

So far, many methods have been developed and applied to analyze the influence of the time delay
so as to find the delay bounds, within which the LFC scheme can still work, mainly including the
frequency—domain method [10-12] and the time-domain method [13-15]. The main idea of the former is to
discuss the distribution of the characteristic values for the closed-loop LFC system based on characteristic
index equation. In [10], a two-dimensional region was used for the visualization of the stability of the LFC
system. In order to simplify the procedure of analysis, Sonmez et al. eliminated transcendental terms in
a characteristic equation of LFC systems and converted the transcendental characteristic equation to a
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regular polynomial [11]. Furthermore, the method proposed in [12] realized the elimination process of
transforming the transcendental characteristic equation into the cross frequency standard polynomial. The
frequency-domain method can acquire accurate stability margins under the case of constant delays, while
it cannot process the case of time-varying delays and has certain limitations. For the time-varying delays,
the time-domain method based on the Lyapunov stability theory is more available.

The delay margin of the traditional multi-area LFC scheme [14] and the deregulated market
environment [15] as well as the relationship between the delay margin and the proportional-integral
(PI) gain were discussed. However, since the stability analysis that produces these standards rely on a
large number of free weighted matrix variables, the amount of calculation is huge. In [5,16], by taking
into account both the random delays and the data packet, the stability of LFC scheme was discussed,
but they did not put forward any way based on the delay stability margin to estimate the performance of
the control system. In order to obtain more accurate stability margins, the delay correlation stability for a
deregulated LFC system with probabilistic interval delays [17] or two additive time-varying delays [18]
were analyzed through developing less conservative stability criteria. In [19], for the multi-area power
systems, the exponential stability problem was investigated based on a transformed switching system with
multiple time delays. By modeling the load disturbances as bounded perturbations, the authors in [20]
analyzed the delay-and disturbance-dependent stability of the LFC system. Moreover, several stability
criteria established via the double integral inequality in the form of auxiliary function [21], the truncated
B-L inequality [22], and improved integral inequality [23] were used to improve the results.

Although the aforementioned criteria were developed via different methods, the existing research
results still have room for improvement. More specifically, the criteria developed are used to understand
the influence of the delay on the stability of the LFC systems and to obtain the delay stability region, which
is an allowable region of time-varying delay that the LFC system can tolerate. However, the methods for
developing the above criteria, even the best one in [23], are still conservative so as to lead to conservative
results, which may make a requirement of the communication network more strict than its indeed needs.
Therefore, in order to increase the accuracy of the delay stability region found, how to derive a stability
criterion with less conservatism needs further investigation. This motivates our research.

In this paper, a new stability criterion is developed to understand the influence of the time-varying
delays on the stability of Pl-based LFC schemes. Firstly, the models of one-area and multi-area
power systems with Pl-based LFC schemes are given considering the time-varying communication
delays. Then, a stability criterion, which is less conservative than the ones reported in previous
works, is developed by constructing an augmented Lyapunov-Krasovskii functional (LKF) and
applying an integral inequality in the form of auxiliary function to achieve the derivative estimation.
Finally, case studies based on one- and two-area LFC schemes are carried out to discuss the relationship
between the PI gains and the delay margins via the criterion proposed. Simulation studies are performed
for the verification of the effectiveness based on the proposed criterion.

2. Models of LFC Schemes Considering the Time-Varying Communication Delays

In this section, models of both one-area and multi-area power systems equipped with PI controllers
and taking into account the time-varying communication delays are given.

2.1. One-Area LFC Scheme
The block diagram of the simplified one-area LFC with time delays is shown in Figure 1 [24,25]:

)

%(t) = A%(t) + Bu(t) + FAP,
7(t) = Cx(t)
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and AP;, Af, APy, and AP, are the load disturbance, frequency deviation, deviation of mechanical output
from generator, and deviation of the position valve; D and M respectively denote the damping constant of
generator and the moment of inertia of the generator; Ty and T, respectively indicate the time constant
of the governor and the turbine; R denotes the speed drop; B is the frequency deviation factor; and
ACE = BAf is the area control error. The LFC is achieved by using the following PI controller:

U= —KpACE — K; / ACEdt @)

where Kp and K are proportional and integral gains, respectively;

As discussed in the Introduction, the communication channel may encounter the time delay, which is
usually time-varying and has available bounds. Then, similar to the previous work, the delay is expressed
by a time-varying function satisfying the following conditions:

0<T(t) <h p <t(t) <o 3

where h, j11, and p, are constant.
By taking into account the time-varying communication delay in control loop, as well as system (1)

and controller (2), the following closed-loop system is given:

x(t) = Ax(t) + Agx(t — t(t)) + FAD, 4)
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Figure 1. One-area load frequency control (LFC) model diagram.

2.2. Multi-Area LFC Scheme

Compared with single-area LFC scheme, the multi-area LFC model has added tie-lines to connect
each area such that power can be exchanged among different areas. Based on the diagram presented in

Figure 2, the multi-area LFC model containing N control areas can be presented as:

{ 2(t) = A%(t) + Ba(t) + FAB,(t) (5)
£

where

2(t) = [Af; APy AP, / ACE; APy]T

9i(t) = [ACE; /ACEz‘]

v
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Figure 2. Control area i of the multi-area LFC scheme.
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with Tj; being the synchronization coefficient of the tie-line between the control area ith and control

area jth.
The PI controller of area i is shown as follows:

ui(t) = KpiACEi(t) + K[i/ACEi(t>dt (6)

where
ACE; = BiAfi + APy,

with AP;,; being the tie-line power exchange of the ith control area.
By considering the time-varying delays, the Pl-based LFC model for multi-area case is further

described by

x1(t) = Ay (8) + Y Aguix(t — di(t)) + FAD, 7)
i=
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where d;(t),i = 1,2,...n are the time delays in different areas. In order to simplify the analysis,
by assuming those delays be equal, expressed as 7(t) and satisfying Formula (3), the following new
closed-loop system is given:

2 (t) = Arx () + Apx(t — (1) + FAB, ®)
and
A Az - Annw
A1 A 0 A
A= ) ) .
Aint Ainz 0 Ainn
r D; 1 1
W M 9 0 -
0 = &~ 0 0
1 chi chlt
Avji = TRy 0 —-7; 00
B o 0 o0 1
N
| 2nEN, LTy 0 0 0 0
0 0 0 0 O
0 00 0 O
All] 0 0 0 0 O
0 0 0 0 O
| —27T; 0 0 0 0
N
An =Y Ani
i=1
Api = diagl0 - —BKC; --- 0]

3. Method of Stability Assessment Based on a New Criterion

In order to check the influence of time delay on the stability of the system modeled by Formula (4)
or Formula (8), a suitable stability criterion is required. Moreover, as discussed in the Introduction, in
order to increase the accuracy of the delay stability region found, the stability criterion should have less
conservatism. Therefore, in this section, a new criterion is developed at first and then the basic procedure
of the method for stability checking is briefly summarized.

3.1. A New Criterion

By constructing a novel augmented Lyapunov functional and using an inequality in the form of
auxiliary function [26] to estimate its derivative, a stability criterion based on delay-related method
is proposed. The following useful lemmas are introduced first.

Lemma 1. [26] For a symmetric matrix R > 0 and any matrix S, the 0 is defined as follows:

t t=(t)
5= —h T (s)Ri(s)ds—h [ 2T(s)Ri(s)ds
t—1(t) t—h
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can be estimated as:

T h—(t -
I l £ ] ( Ry + "=f0 (R, — SR;'ST) s
2

x 1 (Ry — STR;1S) + Ry

g(t) = [xT, 2T (¢ = (), 2T (t = h), v (1), 07 (£), v3 (1), vi (1)]
Ry = diag{R,3R,5R}

T3 = Ry — SR ST

Ty =Ry — STR;'S

I — 1L,
Ei = IT; + 11, — 2T,
Il; — I, + 6114 — 1211¢
- M, I Z
E, = 11, 4+ 1153 — 2115
I, — I3 4 6I15 — 1211,

IT; = [0, i )n/I 0n><(8 iy
t

/t T(t
/tthT( h— S)t ds
t t
/t T(t) Js ;CZ(t))d
/tt hT( /t T(t) )2 Coxw)

S12
S5»

Lemma 2. [27] For a matrix S = ST = [ Sil 1 , there exists the following equivalence relation:
1. S<0;

2. 511 < 0;59% — 512511 512 <0

3. Sy < 0;51 — 512822 512 < 0.

For systems (4) and systems (8), the following stability criterion is acquired.

Theorem 1. For given scalars h and py < 0 < pp, systems (4) or systems (8) is asymptotically stable if there
exists a 6n X 6n matrix P > 0, a 2n X 2n matrix Q > 0, n X n matrices R > 0, Z > 0, and a 3n X 3n matrix S,
such that

T
O, = Fijr=0 EiS <0, t(t) € {p1, p2} (10)
* —Ry
TcT
) — ‘i’mf):h Ezlf <0 t(t) € {2} a1
— I\
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where

g " 2tlR, S E,
Ep * h%T(t)Rl E;

B3 = el Qez — (1 — 1(t))el Qeyq + T} ZITy — 113 ZT15 + K?TIL RIT,
Il = [A,A4,0,0,0,0,0,0]

IT; = (00 (i—1)nr L O (8—iyn

I =TT
i + I — 21143 =12
IT; = Iliq + 611453 — 1211545
er = [I], 113, ()1, (h — ©(t))es, T()TIE, (h — T(t))e "
e = [I1{, (1 — ¢ (t))I1g, 1] — (1 — #(¢))I13,
(1 — ()11 — T3, TI{ — T + t(¢) (T1y — ITe) ", T15 — T1E 4 #(¢)(IT; — ) T]"
= [0, 11{]"
= [113, T1§]"

E;

Proof. Construct the candidate LKF as follows:
-t
V(t) = g{(t)Pgl(t)Jr/t cT(s)Qca(s ds+/ §)Zx(s ds-l—h/ / g s)dsdd  (12)
. —T +

where

T

c1(t) = [xT(t), xT(t - T(t))//th(t) xT(s)ds, /tfh xT(s)ds,

t E T (u) () =t 1T (y) r
/t_T(t)/S =0 duds,/t_h /S h—r(t)duds}

Ga(t) = [x(s), 2(s)]"

and P, Q, Z, and R are all positive definite symmetric matrices, which show that V(t) > e||x(t)||* for
sufficiently small € > 0.
Calculating the derivative of V(t) gives

V() = 261 (1) Pg1(t) + 63 () Qg2 (t) — (1 — 1(t))g3 (t — T(1))Qea(t — T(t)) + T () Zx(T)
—x"(t = h)Zx(t —h) + K37 (H)Rk(t) — h ti " 2T (s)Rx(s)ds — h tthr(t) 2T ()Rt (s)ds

=T (t)(E + E] + E3)Z(t) — hé(t), (13)

where E; and Ej3 are defined in Theorem 1.
By using Lemma 1 to estimate §(t) appearing in Formula (13), the estimation of V() is shown as:
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V() < @T(t){& +&T+ E3}C(f)
E Ry + =T (R, — SR-1ST S E
_gT(t) 1 1+ —7 (R 1 ) 1 Z(t)
E; * %(Rl —STR1S) + R’y E;
= ZN()(¥1+ Ep)(t) (14)
where ¥ is defined in Theorem 1, and
By = h _hf(t) ETSRSTE; + %E{ STR;ISE, (15)

The &, < 0, i 1,2, which is equivalent to ¥; + &, < 0 based on Lemma 2 and
convex combination method, for a sufficient small scalar ¢ > 0, results in V() < e||x(t)|%
Therefore, the maintaining of Formula (10) and Formula (11) ensures the asymptotical stability of system
(4) or system (8). [

Remark 1. During the development of the above criterion, two relaxed conditions are obtained by combing the
auxiliary function inequality and the reciprocally convex lemma and constructing a new augmented Lyapunov
functional and they makes the criterion be less conservative than the one reported in [23], which will be illustrated in
the next section.

3.2. Steps of the Method

Theorem 1 developed is used to understand the influence of the delay on the stability of the LFC
systems and to obtain the delay stability region, which is an allowable region of time-varying delay that
the LFC system can tolerate for guaranteeing the stability. This region is composed by a lower bound
and an upper bound. In this paper, the lower bound of the time delay is assumed to be zero, as shown in
formula (3). Thus, what we should determine is the maximally allowable upper bound of the time-varying
delay, so-called delay margin. Moreover, the delay margin can be calculated by testing the feasibility of
the conditions in Theorem 1 (the detailed algorithm can be found in [15]).

The steps for calculating the delay stability region are briefly summarized listed below.

Step 1: Model building. According to the analysis steps in Section 2, LFC models for physical LFC
systems with PI-type controllers are established and converted into standard time-delay system equations.

Step 2: Calculation of delay stability region. Based on Theorem 1, the algorithm in [15] is applied for
the calculation of the delay margin (namely, the maximally allowable upper bound of the time-varying
delay for which the conditions in Theorem 1 are feasible) and then the delay stability margin is given
based on the calculated delay margins and the known lower bounds of delay (0 in this paper).

Step 3: Analysis and verification of simulations. Simulink platform in MATLAB [28] is used to verify
the calculated results based on the original models of LFC power systems.

4. Case Studies

In this section, for one-area and two-area power systems, case studies are given to investigate the
application and effectiveness of the proposed method and to show the improvement of the proposed
criterion than the one reported in previous publications. The parameters concerned are recalled from [23]
and listed in Table 1.
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Table 1. Parameters of concerned systems.

Parameters T Tg R D B M
Area 1 03 01 005 10 21 10
Area 2 04 017 005 15 215 12
T1p, = 0.1986

4.1. The Case of a One-Area System

For different gains of PI controller (Kp changed in the range of [0, 1.0], K; changed in the
range of [0.05, 1.0]) and two types of delays (i.e.,, constant delays u = 0, time-varying delays
u = 0.9), the stability margins are calculated via the method proposed and listed in Tables 2 and 3.
Moreover, the results reported in [14,20,23] are also given for comparison to account for the superiority of
the method proposed.

From Table 2, the stability margin corresponding to the case of constant delay is larger than that
for the case of time-varying delay. The relationship between the gains of PI controller and the stability
margins, as well as the effects of different types of delays on the stability margins, shown in the tables can
be considered as a reference during the design of LFC schemes. As can be seen, compared with the the
methods in [14,20,23], the method proposed has less conservatism. For example, for the case of Kp = 0.1
and K; = 0.05, the delay margin calculated is increased by more than seven seconds. More specifically,
based on the previous works, the time delay allowable is less than 20.25 s, whereas the system is still stable
when the delay is 29.51 s based on the proposed method. That is to say, under the consideration that the
LFC system is stable and works well, the signals can be transmitted with the delay of 29 s (instead of 20 s),
which may relax the requirement of the communication networks.

Table 2. Delay margins  for the traditional one-area LFC system.

n=0 u =09
Kp  KiI  Theorem1 [23] [14] [20] Theorem1 [23] [14]  [20]
0 005 3091 3091 2792 2792 2750 2726 2045 2637
0 01 1520 1520 1377 1377 1373 1339 993 1296
0 02 7.34 733 669 669 6.61 643 459 625
0 04 339 338 312 312 3.02 201 181 285
0 06 2.05 204 191 191 1.80 171 101 168
0 10 0.93 092 088 088 0.78 075 048 074
01 005 3275 3161 2703 2703 2951 2200 1739 20.25
01 01 1612 1602 1368 1369 1452 1232 916 1107
01 02 7.80 779 694 694 7.02 659 467 593
01 04 3.62 361 329 329 323 311 185 287
01 06 220 219 202 202 1.94 184 105 175

01 1.0 1.02 1.01 0.96 0.96 0.86 0.75 0.48 0.74
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Table 3. Delay margins / « Proportional-integral controller gains (Kp, K;) (one-area LEC, = 0).

h Kr
Kp 0.05 0.1 0.15 0.2 0.4 0.6 1.0

0 3091 1520 996 734 339 205 093
0.05 31.88 1568 1027 758 351 213 098
01 3275 1612 1057 7.80 3.62 220 1.02
02 3423 1683 11.04 817 380 232 1.08
04 3541 1761 1159 856 399 243 112
06 3228 1645 1126 831 379 229 095
1.0 0.60 0.59 058 057 052 047 037

In order to verify the accuracy of the delay margin results, the Simulink platform in MATLAB is used
for time—domain simulation. For the one-area traditional LFC system with PI-type controller (Kp = 0.1,
K; = 0.1), assume that the load disturbance in the area increases 0.1 pu at t = 10 s (AP; = 0.01 pu),
Figures 3 and 4 present the frequency response and area control error with constant delay (# = 0). When
the constant delay % increases to 16.00 s, the time of frequency response is greatly increased, which indicates
that the time delay has an important impact on the system and should be considered. When the delay h
increases to 16.20 s, the system is going to possess unstable responses. It can be obtained that the maximum
time delay tolerated by the LFC system belongs to the interval [16.00 s, 16.20 s]. From Table 2, the stability
delay margin computed by the method proposed is 16.12 s, which is just within the range, indicating that
the calculation of the stability delay margin is accurate.

x10
T T T T T
) N\ /7N 7 (1)=0 R
/ \ /A / \ — — — 7 (1)=16.00 [
/ \ y \ / \ 7 (t)=16.20
_ // \ / \ / \ ; b
> \
2 ) \\ / / \ ,
= ; 7
\ / \ / \
. B / \ / \ / \ / i
/ \ / \ / \ y
/ \ / \ / o
/ Y / _ T
N A — ~
100 150 200 250 300

t(s)

Figure 3. Frequency deviation of one-area LFC model with constant delay.

T T T T T
[ ~ = o - 7 (1)=0 o
\ /N . O e
\ \ \ T (h=16.
. 0.005 \ y \ v \ y N
2 / \ / \ / \ \ /
oF ,
o , \ / / 7
I / \ \ / \ / \ /
-0.005 |- / \ / \ / \ 7 \ Vi 1
/ / \ / \ Vi \ /
-0.01 / 7 N~ - N~ _
-0.015 1 1 1 1 1
50 100 150 200 250 300

t(s)
Figure 4. Area control error of one-area LFC model with constant delay.
4.2. The Case of a Two-Area System

In order to compare with the results from [14,20,23], the gains of the PI controller in two control areas
are the same. The cases for the value of Kp changed in the range of {0, 0.1}, the value of K; changed in the
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range of [0.2, 1.0], and the value of y belonging in {0, 0.5} are investigated and the results, as well the ones
in the references, are listed in Table 4.

From the table, the results indicate that the relationship between the stability margin and the gains
is complex, which is important for the selection of control gains during the design of the LFC scheme.
The results further show that, compared with the methods in [14,20,23], the proposed one greatly reduces
the conservatism.

The simulation is carried out on the traditional two-area LFC system with a time-varying delay (a sine
curve function satisfying 0 < 7(t) < 6.66 and y = 0.5 shown in Figure 5) and the controller parameter
(Kp =0, K; = 0.2). For such case, according to the calculated stability region, the LFC system should be
stable (due to the delay margin being /., = 6.66 s as shown in Table 4). Frequency responses based on
simulation tests are presented in Figures 6 and 7, in which it is easily seen that the system is asymptotically
stable and illustrates the effectiveness of the calculated results.

Table 4. Delay margins  for a traditional two-area LFC system.

p=0 u=205
Kp Ki  Theorem1 [23] [14] [20] Theorem1 [23] [14] [20]
0 02 7.23 723 660  6.60 6.66 641 555  6.14
0 04 3.24 324 300 3.00 2.95 281 236 268
0 06 1.86 186 174 174 1.65 154 118 140
0 1.0 0.59 058 057 057 0.45 041 022 035
0.1 01 16.01 1597 13.65 13.65 13.97 13.73 11.63 12.58
01 02 7.68 767 688  6.88 7.10 675 535 634
0.1 04 3.47 347 317 317 3.16 284 255 2.83
0.1 06 2.03 203 186 1.86 1.78 153 130 151
8

T (1)(s)

2 I I I I I
0 50 100 150 200 250 300

t(s)
Figure 5. Time-varying delays 7(¢) = 3.3sin(0.05t) + 3.3.

At (pu)

R I I I I
0 50 100 150 200 250 300
t(s)

Figure 6. Frequency responses area 1 of a two-area traditional LFC model with time-varying delays.
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x10

Af, (pu)

6 I I I I I
0 50 100 150 200 250 300

t(s)

Figure 7. Frequency responses area 2 of a two-area traditional LFC model with time-varying delays.

5. Conclusions

This paper has investigated the stability problem of power systems with PI-based LFC scheme by
taking into account the time-varying communication delays. After expressing the concerned system as a
unified linear system with a time delay, the novel delay-dependent stability checking method has been
developed based on a less conservative stability criterion established via an augmented LKF and tighter
matrix inequality. Finally, the examples for both one-area LFC scheme and two-area LFC scheme have been
discussed and the results have analyzed the stability regions for different control gains and have shown
the advantages of the proposed method compared with the ones in the previous works. The method
proposed in this paper can be further applied to other LFC systems, such as deregulated multi-area models,
multi-area models including EVs, etc.
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